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INTRODUCTION. 


"L'l^TUDE   approfondie   de   la   nature   est   la   source   la  plus 
f^conde  des  de'couvertes  mathematiques. 

Non  seulement  cette  ^tude,  en  offrant  aux  recherches  un  but 
determine,  a  I'avantage  d'exclure  les  questions  vagues  et  les 
calculs  sans  issue ;  elle  est  encore  un  moyen  assur^  de  former 
r Analyse  elle-meme,  et  d'en  d^couvrir  les  elements  qu'il  nous 
importe  le  plus  de  connaitre  et  que  cette  science  doit  toujours 
conserver. 

Ces  Elements  fondamentaux  sont  ceux  qui  se  reproduisent 
dans  tous  les  effets  naturels."     (Fourier.) 

These  words  of  Fourier  are  taken  as  the  text  of  the  present 
treatise,  which  is  addressed  principally  to  the  student  of 
Applied  Mathematics,  who  will  in  general  acquire  his  mathe- 
matical equipment  as  he  wants  it  for  the  solution  of  some 
definite  actual  problem ;  and  it  is  in  the  interest  of  such 
students  that  the  following  Applications  of  Elliptic  Functions 
have  been  brought  together,  to  enable  them  to  see  how  the 
purely  analytical  formulas  may  be  considered  to  arise  in  the 
discussion  of  definite  physical  questions. 

The  Theory  of  Elliptic  Functions,  as  developed  by  Abel 
and  Jacobi,  beginning  about  1826,  although  now  nearly 
seventy  years  old,  has  scarcely  yet  made   its  way  into  the 
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ordinary  curriculum  of  mathematical  study  in  this  country ; 
and  is  still  considered  too  advanced  to  be  introduced  to  the 
student  in  elementary  text-books. 

In  consequence  of  this  omission,  many  of  the  most  interest- 
ing problems  in  Dynamics  are  left  unfinished,  because  the 
complete  solution  requires  the  use  of  the  Elliptic  Functions ; 
these  could  not  be  introduced  without  a  long  digression, 
unless  a  considerable  knowledge  is  presupposed  of  a  course 
of  Pure  Mathematics  in  this  subject. 

But  by  developing  the  Analysis  as  it  is  required  for  some 
particular  problem  in  hand,  the  student  of  Applied  Mathe- 
matics will  obtain  a  working  knowledge  of  the  subject  of 
Elliptic  Functions,  such  as  he  would  probably  never  acquire 
from  a  study  of  a  treatise  like  Jacobi's  Fundamenta  Nova, 
where  the  formulas  are  established  and  the  subject  is 
developed  in  strictly  logical  order  as  a  branch  of  Pure 
Mathematical  Analysis,  without  any  digression  on  the 
application  of  the  formulas,  or  on  the  manner  in  which 
they  originate  independently,  as  the  expression  of  some 
physical  law. 

In  introducing  these  applications  we  are  following,  to  some 
extent,  the  plan  of  Durege's  excellent  treatise  on  Elliptic 
Functions  (Leipsic,  Teubner);  and  also  of  Halphen's  Traite 
des  fonctions  elliptiques  et  de  leurs  apjplications  (Paris, 
1886-1891). 

But  while  volume  I.  of  Halphen's  treatise  is  devoted  entirely 
to  the  establishment  of  the  formulas  and  analytical  properties 
of  the  functions,  and  the  applications  are  not  discussed  till 
volume  II. ;  in  the  following  pages  it  is  proposed  to  develop 
the  formulas  immediately  from  some  definite  physical  or 
geometrical  problem ;  and  the  reader  who  wishes  to  follow 
up  the  purely  analytical  development  of  the  subject  is  referred 
to  such  treatises  as  Abel's  CEuvres,  Jacobi's  Fundamenta  Nova, 
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already  mentioned,  or  the  Treatises  on  Elliptic  Functions  of 
Cayley,  Enneper,  Konigsberger,  H.  Weber,  etc. 

The  following  works  also  may  be  mentioned  as  having  been 
consulted  in  the  preparation  of  this  work  : — 

Legendre:  Theorie  des  fonctions  elliptiques ;  1825. 

Thomse:  Abriss  einer  Theorie  der  complexen  Functionen 
und  der  Thetafunctionen  einer  Verdnderlichen ;  1873. 

Schwarz:  Formeln  und  Lehrsdtze  zum  Gehrauche  der 
elliptischen  Functionen. 

Klein  (Morrice) :  Lectures  on  the  Icosahedron ;  1888. 

Klein  und  Fricke ;  Vorlesungen  ilher  die  Theorie  der  ellip- 
tischen Modalfunctionen ;  1890. 

Bespeyrous  et  Darboux:  Cours  de  ni^canique ;  1886. 

K  A.  Roberts:  Integral  Calculus;  1887. 

Bjerknes :  Niels  Hendrih  Abel ;  tableau  de  sa  vie  et  de  son 
action  scientifique ;  1885. 

We  shall  begin  by  the  discussion  of  the  Problem  of  the 
Simple  Circular  Pendulum,  as  the  problem  best  calculated  to 
define  the  Elliptic  Functions,  and  to  give  the  student  an  idea 
of  their  nature  and  importance. 

Previously  to  the  introduction  of  the  Elliptic  Functions, 
the  Circular  Pendulum  could  only  be  treated  by  means  of  the 
circular  functions,  by  considering  the  oscillations  as  indefinitely 
small,  and  by  assimilating  its  motion  to  that  of  Huygens' 
Cycloidal  Pendulum,  of  1673. 

But  now  the  employment  of  the  Elliptic  Functions  renders 
the  ordinary  discussion  of  the  Cycloidal  Pendulum  antiquated 
and  of  mere  historical  interest,  and  banishes  from  our  treatises 
such  expressions  as  "  an  integral  which  cannot  be  found,"  or 
"reducible  to  a  matter  of  quadrature"  in  describing  an  elliptic 
integral,  expressions  which  aroused  the  indignation  of  Clifford 
{Mathematical  Papers,  p.  562). 
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According  to  the  new  regulations  for  the  Mathematical 
Tripos  at  Cambridge,  to  come  into  force  in  the  examination 
in  May  1893,  the  schedule  II.  of  Part  I.  includes  "  Elementary 
Elliptic  Functions,  excluding  the  Theta  Functions  and  the 
theory  of  Transformation " ;  so  it  is  to  be  hoped  that  this 
reintroduction  of  Elliptic  Functions  into  the  ordinary  mathe- 
matical curriculum  will  cause  the  subject  to  receive  more 
general  attention  and  study.  These  Applications  have 
been  put  together  with  the  idea  of  covering  this  ground  by 
exhibiting  their  practical  importance  in  Applied  Mathematics, 
and  of  securing  the  interest  of  the  student,  so  that  he  may  if 
he  wishes  follow  with  interest  the  analytical  treatises  already 
mentioned. 

We  beffin  with  Abel's  idea  of  the  inversion  of  Lesfendre's 
elliptic  integral  of  the  first  kind,  and  employ  Jacobi's  notation, 
with  Gudermann's  abbreviation,  for  a  considerable  extent  at 
the  outset. 

The  more  modern  notation  of  Weierstrass  is  introduced 
subsequently,  and  used  in  conjunction  with  the  preceding 
notation,  and  not  to  its  exclusion;  as  it  will  be  found  that 
sometimes  one  notation  and  sometimes  the  other  is  the  more 
suitable  for  the  problem  in  hand. 

At  the  same  time  explanation  is  given  of  the  methods  by 
which  a  change  from  the  one  to  the  other  notation  can  be 
speedily  carried  out. 

It  has  been  considered  sufficient  in  many  places,  for  instance 
in  the  reduction  of  the  Integrals  in  Chapter  II.,  to  write 
down  the  results  without  introducing  the  intermediate  analysis  ; 
as  the  trained  mathematical  student  to  whom  this  book  is 
addressed  will  have  no  difficulty  in  supplying  the  connecting 
steps,  and  this  work  will  at  the  same  time  provide  instructive 
exercises  in  the  subject ;  and  further,  in  the  interest  of  such 
students,  many  important  problems  have  been  introduced  in 
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the  text,  t'orrnirig  immediate  applications  of  theorems  already 
developed  previously. 

I  have  to  thank  Mr.  A.  G.  Hadcock  for  his  assistance  in 
preparing  the  diagrams,  and  in  drawing  them  carefully  to 
scale. 
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Page      6.     Line  9  from  bottom,  read  Huygens. 

42.     Line  6,  read  siu"^*  / 

V  x-y 

48.     Line  5  from  bottom,  read  -  An^^t^  +  Anry-. 

64.     Line  19,  read  Fonctions  dlij)tiques. 

99.     The  diagram  must  be  replaced  by  the  one  given  below. 
The  Nodoid  in  fig.  12,  p.  99,  was  described  by  a  point 
which  was  not  a  focus  of  the  rolling  hyperbola. 
Line  2  from  bottom,  delete  minus  sign  before  radical. 


107. 
138. 
158. 
205. 
213. 

227. 
282. 
328. 


Equation  (7),  read  {c.^-c^^)ID. 
Line  12,  read  36A'(a;,  y). 
Line  6  from  bottom,  read  ^{u  -v)~  <p(u  +  v). 
Line  7  from  bottom,  read  G  +  Lx'  -  X(yz'  -  y'z)  =  0 
with  the  corresponding  subsequent  corrections. 
Line  7,  read  P^/X^  +  Q^^/Xo  =  0. 
Line  5  from  top,  for  rectangle  read  ribbon. 
Line  12  from  bottom,  read  Pror.  L.  M.  S.,  IX. 
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CHAPTER  1. 

THE  ELLIPTIC  FUNCTIONS. 

1.  The  Pendulum ;  introducing  Elliptic  Functions  into 
Dynamics. 

When  a  pendulum  OP  swings  through  a  finite  angle  about 
a  horizontal  axis  0,  the  determination  of  the  motion  introduces 
the  Elliptic  Functions  in  such  an  elementary  and  straight- 
forward manner,  that  we  may  take  the  elliptic  functions  as 
defined  by  pendulum  motion,  and  begin  the  investigation  of 
their  use  and  theory  by  their  application  to  this  problem.   • 

Denote  by  W  the  weight  in  lb.  of  the  pendulum,  and  let 
OG  =  h  (feet),  where  G  is  the  centre  of  gravity  ;  let  Wk-  denote 
the  moment  of  inertia  of  the  pendulum  about  the  horizontal 
axis  through  G,  so  that  W{h^  +  k^)  is  the  moment  of  inertia 
about  the  parallel  axis  through  0  (fig.  1). 

Then  ii  OG  makes  with  the  vertical  OA  an  angle  6  radians 
at  the  time  t  seconds,  reckoned  from  an  instant  at  which  the 
pendulum  was  vertical ;  and  if  we  employ  the  absolute  unit 
of  force,  the  poundal,  and  denote  by  g  (32  celoes,  roughly) 
the  acceleration  of  gravity,  the  equation  of  motion  obtained 
by  taking  moments  about  0  is 

}l^(^H/c2)g=-%Asina 

since  the  impressed  force  of  gravity  is   Wg  poundals,  acting 
vertically  through  G ;  so  that 

\!'^k)dt^  =  -'J''''^'^ 
or,  on  putting  h  +  h^/h  =  l, 

d^O 
^^=-^sin^ (^) 

^        G.E.F.  A 
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If  the  gravitation  unit  of  force,  the  force  of  a  pound,  is 
employed,  then  the  equation  of  motion  is  written 

reducing  to  (I)  as  before. 

2.  Producing  OG  to  P,  so  that  OP  =  l,  GP^k^/h,  the  point 
P  is  called  the  centre  of  oscillation  (or  of  percu-ssion) ;  and  I  is 
called  the  length  of  the  simple  equivalent  pendulum,  because 
the  point  P  oscillates  on  the  circle  AP  in  exactly  the  same 
manner  as  a  small  plummet  suspended  by  a  fine  thread  from 
0  (fig.  2) ;  as  is  seen  immediately  by  resolving  tangentially 
along  the  arc  AP  =  s  =  lO ;   when  the  equation  of  motion  of 

the  plummet  is  ~=     ^g  smO=  -^ sin  t 

or  l{d^e/dt^)=    -g   sinO; (1) 

and  integrating,  ^l(dO/dty^  =  G—g  vers  0 (2) 

These  theorems  are  explained  in  treatises  on  Analytical 
Mechanics,  such  as  Routh's  Rigid  Dynamics,  or  Bartholomew 
Price's  Infinitesimal  Galculus,  vol.  IV.,  and  might  have  been 
assumed  here ;  but  now  we  proceed  further,  to  the  complete 
integration  of  equation  (2). 

3.  First  suppose  the  pendulum  to  oscillate,  the  angle  of 
oscillation  BOA-\-AOB'  being  denoted  by  2a  (fig.  2);  the  angle 
of  oscillation  is  purposely  made  large,  as  in  early  clocks^  in  the 
Navez  Ballistic  Pendulum,  in  a  swing,  or  as  in  ringing  a 
church  bell,  so  as  to  emphasize  the  difference  from  small 
oscillations,  the  only  case  usually  considered  in  the  text- 
books ;  in  fiof.  2  the  ano^le  of  oscillation  is  made  300°. 

Then  d6/dt  =  0  when  0  =  a,  so  that  in  equation  (2) 
C=g  vers  a; 
and  now  denoting  g/l  by  n^,  so  that  n  is  what  Sir  W.  Thomson 
calls  the  speed  (angular)  of  the  pendulum, 
lideidtf  =  7i2(vers  a  -  vers  0) 

=  27i2(sin2ia-sin-2^^), (3) 

since       vers  ^  =  2  sin^J^  ; 

deidt  =  2nj[^mHa-&m^e\ 

and  nt=a^J^^^.  ,, (4) 

yV(smHa -sinHO) 
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and  (4)  is  called  by  Legendre  an  elliptic  integral  of  the  first 
kind;  it  is  not  expressible  by  any  of  the  algebraical,  circular, 
or  hyperbolic  functions  of  elementary  mathematics. 

4.  To  reduce  this  elliptic  integral  to  the  standard  form  con- 
sidered by  Legendre,  we  put 

sin J0  =  sinja  sin  0, 
equivalent  geometrically  to   denoting  the  angle  ABQ  by  </> 
(fig.  2),  where  AQD  is  the  circle  on  AD  as  diameter,  touching 
BB'  in  D,  and  cutting  the  horizontal  line  PN  in  Q. 
For,  in  the  circle  AP, 

A]S'=lYQYse  =  2lsiii^ie; 
and,  in  the  circle  AQ, 

AN=  IAD  vers  20  =  AD  sin^^ 

=  I  vers  a  sin^0  =  21  sin^|a  sin^0. 
Now  sin'^i a  —  sin'^J^  =  sin^Ja  cos^^, 

and  ^0  =  sin  -  ^(sin  Ja  sin  0), 

^T    ,  7  1/1         sin^aCOS0cZ</) 

so  that  die-=  "   •  21      •   2^v 

and  therefore  nt  =  /-— .  „/     .  .   ■,> 

0 

which  is  now  an  elliptic  integral  of  the  first  kind,  in  the 
daoidard  form  employed  by  Legendre. 

(Fondions  Elliptiques,  t.  I.,  chap  YI.) 

5.  In  Legendre's  notation,  sin|a  is  replaced  by  k;  the  quantity 
^(1  — /c- sin"0)  is  denoted  by  A<p  or  A(0, /c) ;  and  the  integral 
yd(plA<f>  or /{l—K^sin^(l))-^d(/)  is  denoted  by  F(p  or  F{(f),K), 

0  0 

and  called  the  elliptic  integral  of  the  first  hind,  cp  being  called 
the  amplitude  and  k  the  modulus. 

Thus,  in  the  pendulum  motion, 

nt  =  F([),  or  i^(0,  sinja). 

Legendre  employs  c  instead  of  k,  and  puts  k  =  sin  Q  (a  difierent 
Q  to  what  we  have  just  employed)  and  calls  6  the  modular 
angle ;  and  he  has  tabulated  the  numerical  values  of  -F(0,  k)  for 
every  degree  of  0  and  0.    (Fonctions  Elliptiques,  1. 11.  Table  IX.) 

Legendre  spent  a  long  life  in  investigating  the  properties  of 
the  function  Fcp,  the  elliptic  integral  of  the  first  kind ;  but  the 
subject  was  revolutionised  by  the  single  remark  of  Abel  (in 
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1823),  that  Fcl>  is  of  the  nature  of  an  inverse  function ;  and  that 
if  we  put  u  =  F(/),  then  we  should  study  the  properties  of  </>, 
the  amplitude,  as  a  function  of  u,  and  not  of  u  as  a  function 
of  </),  as  carried  out  by  Legendre  in  his  Fonctions  Elliptiques. 

6.  Jacobi  proposed  the  notation  0  =  am  u,  or  am(w,  k)  when 
the  modulus  k  is  required  to  be  put  in  evidence ;  and  now, 
considered  as  functions  of  u,  we  have  Jacobi's  notation 

cos  (j)  =  cos  am  u,  sin  0  =  sin  am  u,  A0  =  A  am  u, 
the  three  elliptic  functions  of  u;  and  in  Jacobi's  Fundamento 
Nova  (1829)  the  properties  of  these  functions, 

cos  am  u,  sin  am  u,  A  am  u,      . 
are  developed,  the  elegance  of  Jacobi's  notation  tending  greatly 
to  the  popularity  of  this  treatise. 

7.  Definition  of  the  Elliptic  Functions. 

Jacobi's  notation  is  rather  lengthy,  so  that  nowadays,  in 
accordance  with  Gudermann's  suggestion  {Theorie  der  Modular 
Functionen,  Crelle,  t.  18),  cos  am  i6  is  abbreviated  to  cnu, 
sin  am  u  to  sn  u,  and  A  am  u  to  dnu;  and 

en  u,    sn  u,    dn  u 
are  the  three  elliptic  functions  (pronounced,  according  to  Hal- 
phen,  with  separate  letters,  as  c,  n,  u ;  s,  n,  u ;  d,  n,  u) ;  and  they 
are  defined  by 

en  It  =  cos  (/),  snu  =  sin  (p,  dn  u  =  Acp  =  ^^(1  —  k^  sin^^) ; 
where  0  is  a  function  of  u,  denoted  by  am  u,  and  defined  by 
the  relation 

0 

9 

/-•am  u 

SO  that  u  =  I J{  1  —  K^  sin^^)  "  ^cZ0 ; 

0 

and  — ^ =      ,^     =       ^(1— K:^sin-9!))=        dn  it. 

dcxiu     d  cos  0  .       d(h  , 

Thence     — ^ —  =  — -, — -=  —smd)-f-=—    snudnu; 

du  dvb  ^  du 

and  similarly 

d  sn  u     d  sin  0  ddi  , 

— ^ =  — 5 — -  =  cos  (b  -r-=        en  w  dn  u  ; 

du  du  ^  du 

d^dnit         dAd)         Khin  (b  cos  (h  dd>  „ 

and  —J =       -7^=—     — Irz — ^  V^=  — /c^snucnu 

du  du  A<p         du 
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8.  Returning  now  with  these  definitions  and  this  notation 
to  the  motion  of  the  pendulum,  we  have,  on  comparison, 
u  =  nt,  while  /c  =  sinja,  so  that  the  modular  angle  is  Ja ; 
and         K  =  AD/AB  =  AB/AE,  k^  =  AI)/AE  (fig.  2); 

also         (p  =  am  u,  cos  0  =  en  u,  sin  ^  =  sn  u,  d(p/dt  =  ndnu; 
dO/dt  =  2nK  cnu  =  2nK  en  nt, 
sin^O  =      Ksnu=      /c  sn  ti^, 
cos  J0  =         dnu=        dn  '?i^ ; 
AP  =  AE  sin  ie  =  AB  sn  nt,  PJS=AE cos  ie  =  AE  dn  nt ; 
AN  =  AD  sii^nt,  KD  =  AD  cn^nt,  NE:=  AE  dnHt ; 
NQ  =  ^{AN'.ND)  =  ADsnntcnnt,NP  =  AB8nntdnnt; 
giving  these  quantities  as  elliptic  functions  of  u  or  nt 

9.  We  notice  that  k  =  0  for  infinitely  small  oscillations  of 
the  pendulum,  the  only  case  usually  treated  in  the  text- books ; 
and  now  (j)  =  u  =  nt,  so  that 

cnu  =  cos  u,  snu  =  sin  u,  while  dn  u  =  1  ; 
and  the  elliptic  functions  have  degenerated  into  the  ordinary 
circular  functions  of  Trigonometry. 

But  in  finite  oscillations  of  the  pendulum,  where  k  is  not 
zero,  these  new  functions  are  required,  which  are  called  the 
elliptic  functions;  and  their  geometrical  definition  is  exhibited 
in  ^g.  2,  in  a  manner  similar  to  that  employed  in  Trigonometry 
for  the  circular  functions. 

The  name  elliptic  function  is  somewhat  of  a  misnomer ; 
but  arose  from  the  functions  having  been  first  approached  by 
mathematicians  in  their  attempt  at  the  rectification  of  the 
ellipse  (§  77). 

For  finite  oscillations  the  circular  functions  are  applicable 
only  to  cycloidal  oscillations,  as  discovered  by  Huygkens,  1673, 
whence  the  motion  on  the  arc  of  a  cycloid  is  generally  investi- 
gated at  length  in  elementary  treatises;  but  this  discussion 
may  be  considered  as  of  mere  antiquarian  interest,  now  that  we 
are  proceeding  to  discuss  the  finite  oscillations  of  the  pendulum 
by  the  aid  of  the  elliptic  functions. 

We  may  however  make  here  a  slight  digression  on  cycloidal 
oscillations,  treated  in  the  manner  we  have  employed  for 
circular  oscillations. 
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10.  Gycloidal  Oscillations. 

In  the  cycloid,  fig.  4,  the  angle  ADQ  or  (})  =  nt  (not  amTi^, 
as  in  the  circular  pendulum)  for  all  finite  oscillations;  for 
as  P  oscillates  on  the  arc  BAB'  of  the  inverted  cycloid 
described  by  the  rolling  of  the  circle  AE,  Q  follows  P  at  the 
same  level  on  the  circle  AD  with  constant  velocity. 


For  if  PQN'  meets  the  circle  on  A  E  as  diameter  in  E,  then, 
from  a  well-known  property  of  the  cycloid,  the  tangent  TP  is 
equal  and  parallel  to  AE,  and  half  the  arc  AP ;  and  if  ii,  2^,  (Z*  "^ 
denote  simultaneous  consecutive  positions  of  iY,  P,  Q,  E, 

the  velocity  of  Q_ii.Q£_ii.  Q^l^-^  * 

the  velocity  of  P ~    Pjp"    Nn   Pp 

=  cosec  qQP  sin pPQ  =  cosec  AFQ  sin  AEE 
^\ADAE^^Ap    IAN.  AE _       ^AD 
NQ  AE     AEyAN.ND     J{AE.ND)' 
Now  the  velocity  of  P  =  J{;'lg  .  ND) 

and  therefore  the  velocity  of  Q  =  ^AD^{2g/AE) 
=  A  E^(g/l)  =  n  .AD,  a  constant, 
if  AE=^l;  and  therefore  the  angular  velocity  of  Q  about  D 
is  n,  and  the  angle  ADQ  =  ^  =  nt. 

Therefore  the  oscillations  are  isochronous,  since  the  pei'iod 
^ir/n  =  ^iTj^illg)  is  independent  of  the  amplitude  of  oscillation. 
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But  in  the  circular  pendulum  the  period  increases  with  the 
amplitude  or  angle  of  oscillation;  because  in  the  circle  AP 
(tig.  2)  the  versed  sine  AN  varies  as  the  square  of  the  chord 
AP,  while  in  the  cycloid  AP  (fig.  4)  the  versed  sine  ^iV^  varies 
as  the  square  of  the  arc  A  P. 

The  time  from  P  to  ^  on  the  cycloid  is  equal  to  the  cm. 
(circular  measure)  of  the  angle  ADQ  divided  by  n  or  ^{gjl) ; 
and  generally  the  time  over  any  finite  arc  Pj)  of  the  cycloid 
will  be  equal  to  the  cm.  of  the  corresponding  angle  QDq  divided 
by  n,  supposing  the  body  to  start  from  the  level  of  D. 

This  will  be  true  even  when  the  point  D  is  above  E,  as  at 
D\  so  that  the  body  enters  the  cycloid  with  given  velocity ; 
as  for  instance  in  the  case  of  a  railway  train  entering  with 
given  velocity  V  a  cycloidal  tunnel  BAB'  under  a  river. 

Making  DU^^V^jg,  the  ir)ipehis  of  the  velocity  F,  then 
the  time  occupied  by  the  train  in  the  tunnel  from  B  to  B'  is 
twice  the  cm.  of  AD'G  divided  by  n. 

Also  if  the  length  of  the  tunnel  is  2s,  then  s  =  ^(2lh),  if 
AD,  the  depth  or  versed  sine  of  the  tunnel,  is  h ;  so  that  the 
time  occupied  is 

^an-i^-9   /^an-i   /^— ^^tan-^   l(-^) 

11.  The  Period  of  the  Pendulurn,  and  of  the  Elliptic 
Functions. 

The  period  of  the  pendulum  is  the  name  now  given  to 
the  time  of  a  double  swing,  according  to  the  report  of  a  Com- 
mittee at  the  Conference  of  Electricians  in  Paris,  1889; 
thus,  if  the  swing  is  small,  the  period  is  ^ir^Qlg)  seconds. 

But  if  the  angle  of  vibration  2<x  is  finite,  the  period  is  in- 
creased ;  denoting  the  period  by  T,  and  therefore  the  quarter- 
period,  or  time  of  motion  of  P  from  A  to  B  (fig.  2)  by  \T, 
then  as  t  increases  from  0  to  \T,  0  increases  from  0  to  a,  and  0 
from  0  to  W,  so  that  nt  or  u  increases  from  0  to  K,  where  (§  4) 


Khin^<p)-id(p; 


and  K  (or  PV  in  Legendre's  notation,  and  called  by  him  the 
complete  elliptic  integral  of  the  first  kind)  is  now  called  the 
real  quarter  period  of  the  elliptic  functions,  to  the  modulus  k. 
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Now,  expanding  by  the  Binomial  Theorem, 

and,  by  Wallis's  Theorem, 


A 


4"-     „   ,  1.3.5...  (2to-1) 

(sm  i,rd<l,  =  2.4.6...      2n 


Thus  the  period  of  a  pendulum  of  length  I,  oscillating  through 
an  angle  2a,  is 

As  a  first  approximation  therefore  in  the  correction  for  am- 
plitude of  swing,  the  period  must  be  increased  by  the  fraction 
J(sin  ^a)'^  of  itself,  or  by  100(J  chord  of  a)^  per  cent.- 

Thus  a  pendulum,  which  beats  seconds  when  swinging 
through  an  angle  of  G°,  will  lose  11  to  12  seconds  a  day 
if  made  to  swing  through  8°,  and  26  seconds  a  day  if  made  to 
swing  through  10°.     (Simpson's  Fluxions,  §  464.) 

The  value  of  K  or  /''V  has  been  tabulated  by  Legendre 
for  every  degree  and  tenth  of  a  degree  in  the  modular  angle 
(Fonctions  Mliptiques,  t.  II.,  Table  I.). 

We  denote  the  modular  angle  by  ha,  and  put  Ac  =  sin^a; 
while  cosja  is  denoted  by  k  and  called  the  coonplementary 
modulus,  so  that 

/cH/^=l; 
and  then  F\'  is  denoted  by  K\  and  called  the  comjdementary 
quainter  period. 

The  following  table  (from  Bertrand's  Calcul  Integrcd,  p.  714), 
gives  the  logarithms  of  the  quarter  periods  7i  and  /r,correspond- 
ingtoeveryhalf  degree  in  Ja,thequarter  angle  of  swing;  and  then 

2/c/c'  =  sin  a,  /c  =  sinja,  /  =  COsia, 
and  A  a  is  the  modular  angle. 

The  modular  angle  in  the  Table  is  given  from  0  to  45" ;  to 
determine  K  for  a  modular  anorle  greater  than  45°,  we  look 
out  the  value  of  K'  corresponding  to  the  complementary  modu- 
lar angle. 
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12.  We  notice  that  when   the  modular  angle  is  15°,  then 
log K'IK='2S85Q06  =  I  log :3,  so  that  K'/K=  ^S : 

this  will  be  proved  subsequently ;  but  it  shows  here  that  the 
period  of  a  pendulum  oscillating  through  300°  is  ^3  times  the 
period  when  the  pendulum  oscillates  through  60°. 

Again  we  shall  prove  subsequently  that, 
if  K'/K=  ^7,  then  2/c/= J ; 

so  that  equal  parallel  horizontal  chords,  BB'  the  higher,  and 
bh'  the  lower,  each  of  length  one-eighth  the  diameter,  cut  oil* 
arcs  of  the  circle  below  them,  which  would  be  swung:  through 
by  the  pendulum  in  times  which  are  in  the  ratio  of  ^7  to  1. 

Many  other  similar  numerical  examples  can  be  constructed 
when  the  Theory  of  the  Complex  MultiiMcation  of  Elliptic 
Functions  is  studied. 

13.  When  a  =  j7r,  the  pendulum  drops  from  a  horizontal 
position  and  swings  through  two  right  angles,  as  in  the  Navez 
Electro-Ballistic  Pendulum;  and  now  K=K',Sind  the  modular 
angle  is  Jtt. 

Table  II.  from  Legendre's  Fonctions  Ellij)tiques,  t.  II.,  gives 
to  five  decimals  the  value  of  u  =  F(p  for  every  half  degree  in 
the  value  of  cp,  when  the  modular  angle  is  45° ;  and  thence  by 
means  of  the  preceding  formulas  which  determine  the  motion 
of  the  pendulum  by  elliptic  functions,  the  pendulum  can  be 
graduated  so  as  to  measure  small  intervals  of  time  A^  =  Au/n, 
as  required  for  electro-ballistic  experiments. 

Then  from  Table  II.,  when  K  =  K',  and  K  =  K'  =  h^'2, 
en  11  =  cos  0,  sn  u  =  sin  9^,  dn  il  =  ^{1  —  J  sin^^?)). 

14.  Generally  in  the  pendulum,  K=\nT,  so  that  the  period 

T=^KIn  =  ^KJ{llg). 
When  a:  =  0,  K=^7r,  and  the  period  is  2'7r ^(l/g),  as  proved 
otherwise    in    the    ordinary   elementary   treatises,   for   small 
oscillations  of  the  pendulum. 

But  in  the  finite  oscillations  of  the  pendulum,  with 
u  =  nt  =  4!Kt/T, 
then  (§  8)  dO/dt  =  'Iuk  en  ^KtjT, 

cosJ6l=        dn  4>Kt/T,  etc. 
Putting  ^  =  0,  16  =  0,  we  find 

cnO=l,  snO  =  0,  dnO  =  l  ; 
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and  putting  t=lT,  u  =  K,  0  =  i tt, 

when  the  pendulum  has  swung  to  OB, 

en  K  =  cos  i7r  =  0,  sn  A"=l,  dn  K  =  k'  ; 
wliile  putting  t  =  yi\  u  =  2K, 

when  the  penduhini  is  swinging  backwards  through  the  verti- 
cal OA,  cn2A^=-l,sn2/i=0,  dn2A"=l; 
analogous  to  the  values  of  cos  0  and  sin  ^,  for  6  =  0,  Att,  tt; 
so  that  2K  is  the  half  period  of  the  elliptic  functions,  corre- 
sponding to  the  half  period  tt  of  the  circular  functions. 

d(f)/A(l)  =  /d<p/A<p  ±/d(l)/A</)  =  2 A"  ±  u,  if  0  =  sun  u, 

0  0  0 

therefore  am(2A±i6)=     7r±0=     7r±ani  w  ; 

and  generally  a,m{2m K ±u)  =  mir ± 0  =  tjitt ± am  a  ; 
so  that  cn( 2771  A" ±u)  =  cos{m7r ± am  u)=     (—1  )'"cn  u, 

sn(2mK±u)  =  sin(77i7r±am  u)=  ±{  —  l)'"sn  u, 
while  dn(277iA±u)  =  dn  u  : 

analogous  to        cos(77i7r  ±  ^)  =     ( —  l)"^cos  0, 
sin(77i7r±0)  =  ±(-  l)'"sin  6 ; 
and  representing  the  motion,  tn  half  periods,  past  or  future. 

15.  The  degenerate  Gircidar  and  Hyperbolic  Functions. 

As  a  increases  from  0  to  tt,  /c  increases  from  0  to  1,  and  A^ 
from  Jtt  to  infinity;  the  pendulum  has  now,  with  k  =  1,  just 
sufficient  velocity  to  carry  it  to  the  highest  position,  and  this 
will  take  an  infinite  time. 

For  with  a  =  tt,  equation  (3),  page  3,  becomes 
I {deidtf  =  nr{\  -\-  co.s  0)  =  2n^  cos^i^ ; 


Wsec| 


nt=hiichOdhe 


=  log  tan J(7r -\-0)  =  log(secJ0-f  tani^), 
which  is  infinite  when  d  =  ir. 

In  small  oscillations  the  period  is  27r/7i,  and  the  motion  of 
M,  the  projection  of  P  on  the  horizontal  axis  Ax,  is  then  a 
Simple  Harmonic  Motion  (s.h.m.)  given  by  the  difi'erential 

equation  -^  - + n-x  =  0, 

the  solution  of  which  is 

x  =  A  cosnt,  or  Bsinnt,  or  A  cos nt-\-B sin nt,  or  acos(7?^-|-e)  ; 
so  that  n  is  the  constant  angular  velocity  round  D  of  the  point 
Q  on  the  infinitesimal  circle  AQD,  as  in  the  cycloid. 
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In  Kepler's  Problem  in  Astronomy,  n  represents  what  is 
called  the  Tnean  motion  of  a  planet  or  satellite,  and  nt  oxnt+e 
the  TYiean  anomaly ;  a  satellite  of  Jupiter,  when  observed  in 
the  plane  of  its  orbit,  supposed  circular,  will  appear  to  move 
with  a  s.  H.  M. 

But  with        /c  =  l,  putting  hO  =  ^=  angle  AEP  (fig.  3) 
nt  =ysec  (j)d(p  =  log(sec  ^  +  tan  0), 

0 

so  that         sec  (p  +  tan  0  =  e'^\ 
sec  (j)  —  tan  0  =  g- *^*, 
sec  0  =  J  (e''^  +  e  -  *^^)  =  cosh  nt, 
tan  <p  =  lif-^  -  e  -  ««)  =  sinh  nt, 
sin  ^  =  tanh  nt,  cos  ^  =  sech  nt, 
tanj0  =  tanhj7i^,  and  so  on. 
Also         dQjdt  =  2n  coshO  =  2n  sech  -ti^  ; 
so  that  if  the  angular  velocity  of  the  pendulum  in  the  lowest 
position  OA  is  2n,  the  pendulum  will  just  reach  the  highest 
position  OE ;  but  the  time  occupied  in  reaching  it  will  be  in- 
finite, since  6  =  7r,  0  =  Jtt  makes  nt  and  therefore  t  infinite. 
The  velocity  of  P  in  any  position  is 

l{de/dt)  =  'Inl  cosi0  =  n.EP, 
and  therefore  varies  as  EP. 

If  EP  in  fig.  3  is  produced  to  meet  Ax  in  M\  then 
AM  =  AE  tanj^  =  21  sinh  nt,  EM'  =  EA  secj^  =  21  cosh  nt ; 
so  that,  if  AM'  or  EM'  is  denoted  by  x, 

the  general  solution  of  which  differential  equation  is 
x  —  A  cosh  nt-\-B  sinh  nt. 
16.  When  the  pendulum  just  reaches  the  highest  position 
OE,  K  =  l;  and  u  (or  nt)  and  (p,  the  cm.  of  the  angle  AEP, 
are  connected  by  the  relations 

u  =y  sec  (/)d(l)  =  log  (sec  0  +  tan  0) 

0 

=  cosh  -  %ec  0  =  sinh  "  ^tan  0  =  tanh  -  ^sin  (p  =  2  tanh  -  ^tan  J0. 

Conversely 
0  =  cos  -  ^sech  u  =  sin  -  Hanh  u  =  tan  -  ^sinh  u  =  2  tan  -  ^tanh  Ju ; 
and  then  </>  is  called  by  Professor  Cayley  the  Gudermannian 
of  u,  and  denoted  by  gdu;  so  that  if  0  =  gd  u,  then 

li  =  gd  "  ^^  =  log  (sec  (p  -I-  tan  (p)  =  cosh  "  ^sec  (p,  etc. 
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Hoiiel  proposes  for  0  the  name  of  hyperbolic  amplitude  of 
u,  with  the  notation  cji  =  amh  u,  instead  of  gd  u  ;  so  that 

/*amhM 

u  =  /sec  (pcl^ ; 

0 

ru 

or  0  =  amh  u  = /sech  udu  =  cos  "  ^sech  u  =  sin  "  ^tanh  u,  etc  ; 

0 

analogous  in  the  general  case  of  the  elliptic  functions,  for  any 
modulus  K,  to  (§  7) 


.=/ 


F~  ^u  =  am  u  =  /    dn  udu  =     cos  "  ^cn  u  =      sin  ~  ^sn  u,  etc. 

0 

As  degenerate  forms,  when  k=1, 

en  u  =  sech  u,  sn  u  =  tanh  u,  dD.u  =  sech  i6  ; 
while,  with  /c  =  0, 

en  w  =  cos u,  sn u  =  sin u,  dnu=l. 
Thus,  when  k  =  1,  the  elliptic  functions  degenerate  into  the 
hyperbolic  functions ;  and,  when  /c  =  0,  into  the  circular  func- 
tions ;  but  with  any  other  value  of  the  modulus  k,  the  elliptic 
functions  must  be  considered  as  new  functions,  of  a  higher 
order  of  complexity  than  the  circular  or  hyperbolic  functions. 
The  following  Table,  from  Legendre,  F.  E.,  t.  II.,  Table  IV., 
gives  the  values  of 

u  =  log  (sec  (j)  +  tan  0)  =  log  tan(|7r  +  Icj)) 
for  every  degree  of  0  radians ;  whence  the  numerical  values  of 
the  hyperbolic  functions  of  u  can  be  determined,  by  aid  of  a 
table  of  circular  functions,  and  by  the  relations 

cosh  u  =  sec  (p,  sinh  u  =  tan  0,  tanh  16  =  sin  0* 

For  values  of  u  greater  than  about  4  the  Table  fails ;  but 
then  it  is  sufficient,  to  two  decimals,  to  take 
cosh  u  =         sinh  ii,  =  Je" ; 
logiocosh  u  =  log^gsinh  u  =  Mu  —  log  2  ; 
or,  to  a  closer  approximation, 

logiocosh  u  =  Mu  —  log  2  +  Me " ^", . . ., 
logi^sinh  u  =  Mu  —  log  2  —  Me  -  2", . . . , 
logiotanhu=  ■-2i¥e-2« ..., 

M  denoting  the  modulus  logjo^. 

(Proposed  Tables  of  Hyperbolic  Functions,  Report  to  the 
British  Association,  1888,  by  Prof.  Alfred  Lodge.) 
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TABLE    III. 


</> 

u 

4> 

u 

0 

u 

6 

0-00000 

0  00000 

30 

0-52360 

0-54931 

60 

61 
62 
63 

64 
65 
66 

67 
68 
69 

1-04720 

1-31696 

1 

2 
3 

4 
5 
6 

7 
8 
9 

0-01745 
0-03491 
0-05-236 

0-06981 

0-08727 
0-10472 

0-12217 
0  13963 
0-15708 

001745 
0  03491 
0-05238 

0-06987 
0-08738 
0-10491 

0-12248 
0-14008 
0-15773 

31 
32 
33 

34 
35 
36 

37 
38 
39 

40 

0-54105 
0-55851 
0-57596 

0-59341 
0-61087 
0-62832 

0-64577 
0-66323 
0-68068 

0-56956 
0-59003 
0-61073 

0-63166 
0-65-284 
0-67428 

0-69599 
0-71799 
0-74029 

1  -06465 
108210 
1-09956 

1-11701 
1  -13446 
1-15192 

1-16937 
1-18682 
1  -20428 

1  -35240 
1-38899 
1-42679 

1-46591 
1-50645 
1-54S55 

1-59232 
1-63794 
1-68557 

10 

0-17453 

0-17543 

0-69813 

0-76291 

70 

1-22173 

1-73542 

11 
12 
13 

14 
15 
16 

17 
18 
19 

0-19199 
0-20944 
0-2-2689 

0-24435 

0-26180 
0-27925 

0-29671 
0-31416 
0-33161 

0-19318 
0-21099 
0-22886 

0-24681 
0-26484 
0-28295 

0-30116 
0-31946 
0-33786 

41 
42 
43 

44 
45 
46 

47 

48 
49 

0-71558 
0-73304 
0-75049 

0-76794 
0-78540 
0-80-285 

0-82030 
0-83776 
0-85521 

0-78586 
0-80917 
0-83-284 

0-85690 
0-88137 
0-90628 

0-93163 
0-95747 
0-98381 

71 

72 
73 

74 
75 
76 

77 
78 
79 

1-23918 
1-25664 
1-27409 

1-29154 
1  -30900 
1  -32645 

1-34390 
1  -36136 
1-37881 

1-78771 
1-84-273 
1-90079 

1-96-226 
2-02759 
2  09732 

2-17212 
2-25280 
2-34040 

20 

0-34907 

0-35638 

50 

51 
52 
53 

54 
55 
56 

57 
58 
59 

0-87266 

1-01068 

80 

81 

82 
S3 

84 
85 
86 

87 
88 
89 

1-39626 

2-43625 

21 
22 
23 

24 
25 
26 

27 

28 
29 

0-36652 
0-38397 
0-40143 

0-41888 
0-43633 
0-45379 

0-47124 
0-48869 
0-50615 

0-37501 
0-39377 
0-41266 

0-43169 
0-45088 
0-47021 

0-48972 
0-50939 
0-529-25 

0-89012 
0-90757 
0-92502 

0-94248 
0-95093 
0-97738 

0-99484 
1-01229 
1  -02974 

1-03812 
1  -06616 
1  -09483 

1-12418 
1-154-23 
1-18505 

1-21667 
1  -24916 
1-28257 

1-41372 
1-43117 
1  -44862 

1-46608 
1  -48353 
1-50098 

1-51844 
1-53589 
1-55334 

2-54209 
2-66031 
2-79422 

2-94870 
3-13130 
3-35467 

3-64253 
4-04813 
4-74135 

30 

0-52360 

0-54931 

60 

l\4720 

1-31696 

90 

1-57080 

infinite. 

THE  ELLIPTIC  FUNCTIONS. 


17 


Considered  as  a  function  of  the  latitude  ^,  u  was  called  the 
niemdional  fart  by  Edward  Wright,  1599,  who  first  employed 
it  for  the  accurate  construction  of  the  parallels  of  latitude  on 
the  Mercator  Chart,  by  making  the  ratio  of  the  distance  from 
the  equator  of  the  parallel  of  latitude  0  to  the  distance  between 
the  meridians  whose  difference  of  longitude  is  ^  equal  to  the 
ratio  of  u/0  (§  98). 

17.  Returning  to  the  general  elliptic  functions,  we  notice 
that  Qiihi  +    sn%  =  1 , 

dn-u4-/c%n^w,  =  l, 


dn% 


or,  in  a  tabular  form, 


en 

sn 

dn 

cnu  = 
snu  = 
dni6  = 

cnu 

V(l-cn2u) 

V(l-sn%) 

VCdn^-zc'^V/c 

V(l-clnM/^ 

dnu 

whence  any  one  of  the  three  elliptic  functions  en,  sn,  dn,  can 
be  expressed  in  terms  of  any  other ;  the  three  functions  are 
thus  not  absolutely  necessary,  but  all  three  are  retained  and 
utilized  for  simplicity  of  expression,  as  sometimes  one  and 
sometimes  another  is  most  appropriate  for  the  particular  pro- 
blem in  hand ;  in  the  same  way,  of  the  circular  functions 

cos  ft  sin  0,  tan  0,  cot  0,  sec  6,  cec  0,  vers  0, 
one  would  be  sufficient,  but  all  are  useful ;  and  so  also  with 
the  hyperbolic  functions  cosh  u,  sinh  u,  tanh  u, 

For  the  reciprocals  and  quotients  of  the  elliptic  functions 
en,  sn,  dn,  a  convenient  notation  has  been  invented  by  Dr. 
Glaisher,  according  to  which  1/cn  u  is  represented  by  nc  u, 
1/sn  u  by  ns  u,  1/dn  u  by  nd  u,  en  u/dn  ii  by  cd  i6,  and  so  on. 

In  this  manner  sn  njoxi  it  would  be  denoted  by  sc  u ;  but  it 
is  more  commonly  denoted  by  tanam  u,  abbreviated  to  tnu; 
while  en  u/sn  i6  or  cs  u  would  be  denoted  by  cotam  u,  or  ctn  u. 

According  to  Clifford  {Dynamic^  p.  89)  we  might  abbreviate 
the  designation  of  the  hyperbolic  cosine,  sine,  and  tangent  to 
he,  hs,  and  ht ;  or  we  may  write  them  ch,  sh,  th ;  with  en,  sn, 
tn  for  the  elliptic  functions ;  and  merely  c,  s,  t  for  the  circular 
functions. 


G.E.F. 
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18.  Pendulum  performing  complete  revolutions. 

Secondly,  suppose  the  pendulum  performs  complete  revolu- 
tions (fig.  3). 

We  have  seen  previously  (§  15)  that  if  the  pendulum  has 
an  angular  velocity  2n  =  2^(g/l)  in  fche  lowest  position,  it 
will  just  reach  the  highest  position;  and  therefore  if  this 
angular  velocity  is  increased,  the  pendulum  will  perform  codi- 
plete  revolutions. 

The  integration  of  equation  (1)  in  the  form 

il^dO/dtf  =  G-gl  vers  e 
or  lv'^lg-\-AN=AD,  a  constant,  denoted  by  2i?, 

shows  that  the  velocity  of  P  is  that  which  would  be  acquired 
in  falling  freely  from  the  level  of  a  certain  horizontal  line 
BDB',  which  now  does  not  cut  the  circle,  as  in  fig.  2  when  the 
pendulum  oscillated,  but  lies  entirely  above  the  circle,  as  in 
fig.  3,  at  a  height  2R  above  the  lowest  point  A  ;  and  the  im- 
jpetus  of  the  velocity  of  P  is  the  depth  of  P  below  BB\ 
Denoting  the  angle  AEP  by  ^,  so  that  cj>  =  l6y  then 
n\dcj>ldtf  =  g(2R  - 1  vers  20)  =  2g{R  - 1  sin^), 


or 


@y=f(^4«^"v)=S(^-^^«^'^^^)' 


on  putting  k^  =  l/R  =  AEjAD ;  and  n^ = gjl,  as  before ; 

so  that  ntJK  ^f{\  -  k^  sin^^)  -  ld(t)  =  P(0,  /c), 

0 

in  Legendre's  notation ;  and  inverting  the  function  according 
to  Abel's  suggestion,  with  Jacobi  s  notation, 

iO  =  0  =  am('yi^//c,/c); 
and  now,  with  Gudermann's  abbreviated  notation, 
cos  J^  =  cn7i^/A:, 
sin  J0  =  sn7ii^//c, 

AN=  I  vers  0  =  21  sin20  =  AEsn^nt/Ky 
NE=^AEcn^ntlK,  ND  =  AD  d^^ntJK, 
AP  =  AE  sn  nt/K,  PE=AE  en  nt/K, 
NP  =  21  sin  ^0  cos  \0     =  AE  sn  ntJK  en  ntJK. 
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19.  The  time  of  moving  from  ^  to  ^  is  obtained  by  putting 
0=:j7r,  and  is  therefore  KkJu;  and  therefore  the  period,  or 
time  of  a  complete  revolution,  is  ^Kk/u  (not  ^tKKJn). 

With  the  series  for  K  as  given  in  §  11,  and  with  k'^  =  1/R, 
the  period  of  the  pendulum  for  a  complete  revolution  is 

The  analogous  expression  for  the  period  when  the  pendulum 
oscillates,  rising  on  each  side  to  a  height  2R,  less  than  21,  is, 
as  in  §  11, 

Putting  /c  =  1,  and  R  =  l,  makes  K  infinite,  and  brings  us  back 
again  to  the  separating  case  between  oscillations  and  complete 
revolutions  of  the  pendulum  ;  and  we  thus  regain  for  this 
case  the  original  expressions  involving  hyperbolic  functions, 
previously  investigated  in  §  15. 

But  as  K  now  diminishes  again  from  1  to  0,  the  pendulum 
revolves  faster  and  faster,  until  finally,  when  k  =  0,  we  must 
suppose  the  pendulum  to  revolve  with  infinite  angular  velocity, 
the  fluctuations  of  which  for  different  positions  of  P  are  in- 
sensible ;  and  the  period  is  now  zero. 

20.  We  notice  that,  in  the  circle  AQ  (fig.  2)  the  point  Q 
moves  according  to  the  law 

<f>  —  am  nty 
so  that  Q  moves  round  in  a  circle,  centre  (7,  in  fig.  2  like  the 
point  P  making  complete  revolutions  in  fig.  3. 

But  now,  in  the  motion  of  Q,  gravity  must  be  supposed 
diluted  from  g  to  k^q  ;  for  if  R  or  kH  denotes  the  radius  of  the 
circle  A  Q,  g  the  diluted  value  of  gravity,  and  n  =  s/(9'l^)  ^^^^ 
speed  of  the  pendulum  OQ,  then  we  must  have 

(j)  =  am  nt  =  am  n't/K, 
so  that  n'  =  K7i, 

g'lR^K'g/l. 
g'lg  =  K'Rll=K\ 
We  may  dilute  gravity  in  the  circle  ^Q  by  inclining  the 
plane  of  the  circle  to  the  vertical  at  an  appropriate  angle. 
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21.  Another  way  of  diluting  gravity  would  be  to  replace  the 
circle  ^Q  by  a  fine  tube  in  the  form  of  a  uniform  helix  with 
horizontal  axis  through  its  centre  G  perpendicular  to  the  plane 
of  the  circle  AQ,  and  to  suppose  the  particle  Q  to  move  in  this 
helix  under  gravity. 

Then  we  shall  find  that  if  the  length  of  one  complete  turn 
of  this  helical  tube  is  equal  to  the  circumference  of  the  circle 
AP,  the  particle  Q  moving  with  velocity  due  to  the  level  of  E 
will  follow  the  motion  of  the  particle  P  moving  on  the  circle 
AP  with  velocity  due  to  the  level  of  D,  so  that  PQ  will  always 
be  horizontal,  if  once  it  is  horizontal,  and  P,  Q  will  always  be 
at  the  same  level  during  the  motion. 

For  in  this  case  the  mechanical  similitude  is  secured  by  in- 
creasing the  square  of  the  velocity  of  Q  in  the  ratio  of  1  to 
1//C*,  instead  of  diluting  gravity  to  K^g. 

We  may  secure  the  same  effect  by  supposing  Q  to  be  a  point 
on  a  pendulum  GQ\  of  length  greater  than  GQ  ;  or  else  of  length 
GQ,  but  of  which  the  axis  G  is  cut  into  a  smooth  screw  of 
appropriate  pitch ;  or  else  engaging  with  teethed  wheels,  so  as 
to  increase  the  angular  inertia  about  G. 

22.  If  we  produce  GQ  to  any  fixed  distance  GQ'  =  V,  then  Q' 
will  also  perform  complete  revolutions  like  a  pendulum  of 
length  l\  with  gravity  changed  in  a  certain  fixed  ratio  depend- 
ing on  V ;  and  we  can  keep  gravity  unchanged  by  choosing  V 
so  that  n'^ = g/r  =  ^^n^  =  K^g/l^ 

or  I'  =  I/k^  =  I  cosec^^a ; 

and  now  Q'  revolves  with  velocity  due  to  a  level  at  a  height 
2Z/Ac*  =  2Zcosec*Ja  above  its  lowest  position;  so  that  the  period  of 
revolution  of  a  simple  pendulum  of  length  I  cosec^^^a,  when  the 
velocity  is  due  to  the  level  of  a  line  at  a  height  2^cosec^Ja  above 
its  lowest  point  is  equal  to  the  time  of  oscillation  of  a  simple 
pendulum  of  length  I  through  an  angle  2a  from  rest  to  rest. 

These  problems  on  the  pendulum  have  been  developed  here 
at  some  length,  in  accordance  with  the  idea  of  this  Treatise, 
that  it  is  simple  pendulum  motion  which  affords  the  best 
concrete  illustration  of  the  Elliptic  Functions. 

Similar  principles  are  involved  in  the  following  three 
theorems,  which  the  student  can  prove  as  an  exercise  in  the 
manner  employed  for  the  cycloid  in  §  10. 
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1.  It*  two  vertical  circles,  of  diameters  AD  and  AE,  touch  at 
their  lowest  points  A,  the  time  of  oscillation  from  rest  to  rest 
of  a  particle  in  the  circle  AE  with  velocity  due  to  the  level 
of  D  will  be  to  the  time  of  revolution  of  a  particle  in  the 
circle  AD  with  velocity  due  to  the  level  of  E  in  the  ratio  of 
AE  to  AD  (fig.  2). 

2.  Two  particles  move,  under  gravity,  in  vertical  circles. 
The  one  oscillates ;  the  other  performs  complete  revolutions. 
Prove  that  if  the  height  to  which  the  velocity  of  the  first  is  due 
bears  to  the  diameter  of  the  first  circle  the  same  ratio  as  the 
diameter  of  the  second  circle  bears  to  the  height  to  which  the 
velocity  in  it  is  due  (the  heights  being  measured  from  the  low- 
est points  of  the  circles)  the  ratio  of  the  squares  of  the  times 
in  corresponding  small  arcs — and  therefore  the  squares  of  the 
whole  times  of  oscillation  and  revolution — will  be  that  com- 
pounded of  either  of  the  before-mentioned  equal  ratios  and 
the  ratio  of  the  diameters  of  the  circles. 

3.  Two  equal  smooth  circles  are  fixed  so  as  to  touch  the  same 
horizontal  plane,  their  planes  being  at  diflferent  inclinations ; 
two  small  heavy  beads  are  projected  at  the  same  instant  along 
these  circles  from  their  lowest  points,  the  velocity  of  each  bead 
being  that  due  to  the  height  of  the  highest  point  of  the  other 
circle  above  the  horizontal  plane,  show  that  during  the  motion 
the  two  beads  will  always  be  at  equal  heights  above  the  hori- 
zontal plane. 

23.  We  have  compared  the  motion  of  the  pendulum  in  fig.  1 
with  that  of  the  simple  equivalent  pendulum  composed  of 
the  particle  P  moving  on  a  smooth  circle,  or  at  the  end  of  a 
fine  thread  or  wire  OP ;  oscillating  from  B  to  B'  in  fig.  2,  and 
performing  complete  revolutions  in  fig.  3,  the  velocity  of  P  at 
any  point  being  that  acquired  in  falling  from  the  level  of  D. 

Taking  as  coordinate  axes  the  horizontal  and  vertical  axes 
Ax  and  Ay  through  A,  and  referring  the  motion  of  P  to  the 
coordinates  x  and  y,  then  since  P  describes  the  circle  AP  of 
radius  I,  x^  =  2ly  —  y\ 

Denoting  by  v  =  dsldt  the  velocity  of  P,  then  by  the  principle 
of  energy  \v'^lg  =  2R-y, 

2R  denoting  the  height  of  D  above  A. 
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ds^     ^  .  dx^  P 


,'i~^~^^^.2~ 


dy'~    ^dy^~2ly-y^' 
while  ^{dsldtf = g{2R  -  y) ; 

so  that  il\dy/dtf =g{2R- y)(2ly - y^), 

dt         I  1 


dy     ^(2g)  J{{2R-y){2ly-y^)y 

.  I         n  dy 

J{2g)J  ^{(2R-~y){2ly-y^)y 

0 

called  an  elliptic  integral  in  y,  and  of  the^rs^  Jcind. 

24.  Firstly,  if  the  pendulum  oscillates,  R  is  less  than  Z,  and 
y  oscillates  between  0  and  2R ;  and  the  integral  is  reduced  to 
Legendre's  canonical  form  by  putting  y  =  2R  sin^0 ;  when 

nt  =/(l  -  K^  sin20)  -  idcp  =  F((p,  k), 

0 

where  K^  =  R/l,n^=g/l; 

and  therefore  with  Jacobi's  and  Gudermann's  notation, 

<p  =  8bm(nt,  k) 
and  y  =  2R  sn^nt  =  21k^  sn^nt,  x  =  21k  sn  nt  dn  nt ; 

or         AJSr=AD  sn^nt,  ND^AB  cn^nt,  FU=AFdn^nt, 
as  before,  in  §  8. 

25.  When    k  =  0,  the  oscillations  are  indefinitely  small; 
and  now  y  =  2R  sin^ii^, 

where  i^  is  a  very  small  quantity ; 

0 

an  ordinary  circular  integral. 

It  was  Abel  who  pointed  out  (about  1823)  that  in  looking 
only  at  the  Elliptic  Integrals,  mathematicians  had  been  taking 
the  same  difficult  point  of  view  as  if  they  had  begun  to  deduce 
the  theorems  of  elementary  Trigonometry  from  an  examination 
of  the  properties  of  the  inverse  circular  functions,  as  deduced 
from  the  circular  integrals. 

{Niels-Henrih  Abel.  Tableau  de  sa  vie  et  de  son  action 
scientifique.     Par  C.  A.  Bjerknes.     1885.) 
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26.  Secondly,  if  the  pendulum  performs  complete  revolu- 
tions, as  in  fig.  3,  R  is  greater  than  I,  and  y  oscillates  in  value 
between  0  and  21 ;  we  now  reduce  the  elliptic  integral  in  §  23 
to  Legendre's  standard  form  by  putting  y  =  2l  sin^^, 

when  ntiK  =/{l  -  k^  sin^)  "^c?0  =  F{<l>,  k) 

0 

where  k^  =  IjR, 

the  reciprocal  of  its  former  expression ;  and  now 

0  =  Sim(nt/K,  K),y  =  2l  sn^nt/K,  x  =  2lsn  ntJK  en  ntJK ; 
or    AN=AEsn^ntlK,  NE=AEcn^ntlK,  ND  =  AD  dn^nt/K, 
as  proved  before,  in  §  18. 

27.  In  the  separating  case  between  oscillations  and  complete 
revolutions,  E  =  l,  and  now  k  =  1; 

and      y  =  2l  sin^^  =  I  vers20  =  I  vers  0 ; 

also  (§  23)  nt  =JI>qc  (l)d<p  =  log(sec  <p  -}-  tan  ^) 

0 

=  cosh  "  hec  (p  =  sinh  "  ^tan  0  =  tanh  ~  ^sin  0  =  2  tanh  "  ^tan  J0 ; 
so  that  (f)  =  gdnt,  or  amh  nt, 

and  sec  (p  =  cosh  nt,  tan  0  =  sinh  nt,  sin  0  =  tanh  nt, 

y  =  2l  tanh^n^,  x  =  2l  sech  nt  tanh  nt, 
as  before,  in  §  15. 

28.  Landen's  Point. 

With  centre  E  in  fig.  2  and  radius  EB  describe  a  circle 
cutting  the  vertical  AE  in  L;  then  L  is  an  important  point  in 
the  theory  of  pendulum  motion  and  elliptic  functions,  called 
Landen's  point. 

Since  EB^  =  ED.EA=  EG^  -  GA\ 

therefore  the  circle,  centre  E  and  radius  EB,  will  cut  the  circle 
AQD,  centre  C,  at  right  angles  ;  and 

LQ'  =  LC-^  +  CQ'-^r2LG.GN=2LG.EN=n{l-KjEN', 
since  LG-^-^GQ'==LG^-{-EG^-EL'  =  2LG.EG, 

and         EL  =  EB  =  21k\  EG=1{1+k'^),  LG=l{\-Ky. 

Now,  by  §  20,  the  velocity  of  Q 

=  J{2g' .  EN)  =  J{2gK' .  EN)  =  nK'J{2l .  EN) 
=  n.LQ{l+Ky 

Similarly  in  fig.  3,  where  F  makes  complete  revolutions,  the 
velocity  of  F  =  n.LP{l-\-K)lK,  where  the  Landen  point  L  is 
obtained  by  drawing  a  circle  with  centre  B,  cutting  the  circle 
J. ^  orthogonally,  and  the  vertical  AD  in  L. 
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We  shall  prove  subsequently  that  any  straight  line  through 
L  divides  the  circle  APE  in  fig.  3  (or  the  circle  AQD  in  fig.  2) 
into  two  parts,  each  described  in  half  the  period.' 

29.  Change  from  one  modulus  to  its  o'eciprocal. 
It  is  important  for  the  simplicity  and  for  convenience  of 
tabulation  of  the  elliptic  functions  that  the  modulus  k  should 
not  exceed  unity ;  but  the  preceding  reductions  of  the  motion 
of  the  pendulum  to  elliptic  functions,  in  the  two  cases  in  which 
the  pendulum  oscillates  and  performs  complete  revolutions, 
show  us  how  to  make  the  elliptic  functions  to  a  modulus  /c, 
which  is  greater  than  unity,  depend  on  the  elliptic  functions 
to  the  reciprocal  modulus  1/k,  which  is  less  than  unity. 

For,  on  comparing  the  two  expressions  for  y,  according  as 
the  pendulum  oscillates  or  performs  complete  revolutions, 

y  =  2Esn\nt,  k),  or  2lsn%Knt,  1/k), 
where  k^  =  R/l ; 

so  that  Khn^{nt,  k)  =  sn^Knt,  1/k)  ; 

or,  putting  nt  =  u, 

K  sn(u,  k)  =  sn  {ku,  1/k), 
so  that  dn(u,  a:)  =  en  (ku,  1/k), 

cn{u,  k)  =  dn  (ku,  1/k). 
Independently,  if  we  suppose  ^  =  am(w, /c),  and  if  we  put 
K  sin  (p  =  sin  i/r, 
then  K  cos  ^d(p  =  cos  i/r  d-yjr, 

and     cos  (p  —  ^(1  —  K~hin^\lr)  —  A(\^,  1/k), 
cos  y/r  =  ^{1  —  K^in^cp)    =  A(<p,  k)  ; 

so  that  u  =  /(l-^Khm^(j))-^d(j)  —  /sec  -K/r  d<j) ; 

0 

KU  = /sec  (p  d-yp-  ^  /^  ~  '^  ~  ^sm^xp-y^dyp-, 

or  i/r  =  am(/cu,  1/k)  ; 

and  since  a:  sin  ^  =  sin  i/r,  etc., 

therefore  k  sn(u,  k)  =  sn(/ci6,  1/k),  etc. 

When  u  =  K,  (p^W,  and  i/r  =  sin"i/c;   so  that,  if  k  is  less 

{l—K-hir)P-\p)-H\p: 
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30.  Rectilinear  Oscillations  expressed  hy  Elliptic  Functions. 
In  simple  pendulum  motion,  referred  to  horizontal  and  ver- 
tical axes  Ax,  Ay,  drawn  through  the  lowest  point  Ay  we  have 
shown  in  §§  24,  26,  that 

y  =  IlKhn^nt,  x  =  21k  sn  nt  dn  nt ; 
or  7/  =  2lsn^ntlK,  x  =  2lsn  ntJK  en  ntJK  ; 

according  as  the  pendulum  oscillates  or  performs   complete 
revolutions. 

Treating  the  vertical  motions  separately,  and  differentiating 
according  to  the  rules  established  in  §  7,  we  find,  on  taking 
y  =  'llKT^v^nt^ 
dy/dt  =  UuKhn  nt  en  nt  dn  nt 
d^y/dt^  =  Un'^K^cn^nt  dii^nt  —  sn^nt  dn^nt  —  Khn^nt  cn^nt) 

Taking  y  =  2l8n^nt/K,  we  find  in  a  similar  manner 

d^y_Un^f       y     k^j  ,  SkY\  . 
dt^~  k'  \       I       l^  U^  )' 

both  immediately  obtainable  from  the  equation  of  §  23, 

il\dyldtf^g{2R-y){ny-y^) 
whence  l\d^yldt^)  =  ^g{Rl  -^Ry-ly+ f  2/2). 

We  shall  find  similar  expressions  for  d^y/dt^  when  y  varies 
as  cn^ti^  or  dn^Ti^,  all  of  the  form 

d^yldt^  =  A  +  By  +  Cy. 
Let  us  determine  then,  as  exercises  in  the  differentiation  of 
the  elliptic  functions,  the  acceleration  d^x/dt^,  and  thence  the 
force  at  a  distance  x,  which  will  make  a  body  oscillate  in  a 
straisfht  line  accordinor  to  one  of  the  laws 

a;  =  a  en  7it,  sn  nty  dn  nt,  tn  nt,  no  nt,  nsnt, .... 
Taking  ic  =  a  en  nt, 

dx/dt  =  —nasn  nt  dn  nt 
d^x/dt^  =  —  n^a(cn  nt  dnhit  —  Khn^t  en  nt) 


Wx\ 
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SO  that        ~^+n^x  =  2n\^x(l~^', 

reducing  to  zero  when  /c  =  0. 

It  is  often  simpler  to  find  dx/dt,  and  then  to  express  ^{dx/dt)^ 
as  a  function  of  x ;  and  then  a  differentiation  with  respect  to  t 
will  give  d^x/dt^  immediately  as  a  function  of  x. 

Thus,  if  (3?  =  a  sn  nt, 

dx/dt  =  na  en  nt  dn  nt 

so  that  _  =  _  -^2,2(^1  ^  ^2>)^  ^       ^2       ^ 

reducing  to  zero,  when  k  =  0. 
Similarly,  if  aj  =  a  dn  nt, 

Generally,  when  x  varies  also  as  tn  nt,  nant,  ,.. ,  we  shall 
find  a  relation  of  the  form 

d'^x/dt^  =  juLX-}-2vx^, 
which,  when  multiplied  by  dx/dt  and  integrated,  gives 

l{dx/dtf  =  a+  i/xa;2  +  Ivx"^ 
or  dxjdt  =  J  (20+ fjLX^  +  vx^), 

t=/i2G+fxx^  +  px^)-idx, 
an  elliptic  integral,  of  which  the  diflferent  expressions  are  given 
in  Chapter  II. 

SI.  A  Special  Minimum  Surface. 

Another  interesting  exercise  in  the  differentiation  of  elliptic 
functions  is  to  verify  that  the  surface  discovered  by  Schwarz 
(Gesammelte  Mathematische  Abhandlungen,  vol.  L,  p.  77), 

cncc  +  cn2/  +  cn;s+cna;  cny  cn2;  =  0, 
with  the  modulus  k:  =  J,  is  a  rninimum  surface,  having  zero 
curvature  at  every  point,  and  therefore  satisfying  the  condition 

(1  +  q^)r  -  2pqs  +  (1  +p^)t  =  0, 
p,  q,  r,  s,  t  having  their  usual  meaning  as  partial  differential 
coefficients  of  ;:;  with  respect  to  x  and  y. 


THE  ELLIPTIC  FUNCTIONS.  27 

Schwarz  shows  that  this  condition  is  equivalent  to 

Pi,  yOg  denoting  the  principal  radii  of  curvature  of  the  surface 
(C.  Smith,  Solid  Geometry,  §  255),  where 

Y=  ^  V-  g 

>v/(^H?Hi)' "^    7(:pH2Hi/ 

Let  us  write  c^,  Sp  d^j,  for  en  x,  sn  aj,  dn  a; ;  and  Cg,  Sg*  ^2*  ^3>  ^s* 
d^  for  the  same  functions  of  y  and  2:. 

Then  ^1  +  ^2+03  +  010203  =  0 ; 

and  differentiating  with  respect  to  x, 

-  8  A  -  ^s^hV  -  h^i^i^z  -  CiC^Av  =  0, 

or  ^1^1(1+02^3) 

83(73(1  +  0102) 

But  c3=--f±^, 

. 2_-i  , 2_  g+gAy-fa+q^ _   giV 

'~  '~  (I+O1O2)'  ~(l  +  0iC2)2' 

so  that  83(1  +  0^62)  =  s^Sg,  etc. ; 

Vs^i^  _?A^  _iA^     gsMs 

SiSg^^S  «A  ^3/«3  Si/^i* 

By  symmetry,  ^: 


(^3/83 
so  that  we  may  write 


>v/{(^lK)H(^A)H(c73/S3)'}' 

^"V{(^A)H(W+W«3)'}' 

dx\sj~  §1^  ~     Si^' ^_;g\g^y 

so  that  f ={%(^+^Vf^y^.(ii  ?L+^3£3  )U^|, 
where  D  =  (cZi/sJ^  +  (^2/^^)2 + (d,/s,y ; 


*3 


or 

By  symmetry 


so  that  —-  +  -—  =  0,  provided  that 
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2  ^3  *3  *1  *1  *2 

or  c^s,%^+s,H,^)+...=0; 

or,  since  s^^  =  1  -  c^^,  d^  =  1(3  +  c^% 

or  (Ci  +  C2  4-  C3  +  c^cf^  (3  -  C2C3  -  C3C1  -  C1C2)  =  0, 

and  this  is  true,  in  consequence  of  the  original  relation 

Ci  +  C2  +  C3  +  CiC2C3  =  0. 

The  other  relation  3  —  C2C3  —  CgC^  —  c-^Cc^  =  0 
represents  isolated  conjugate  points,  where 

Cj  =  02  =  ^3  =  1. 

Another  minimum  surface  is 

tn  2/  tn  ::;  +  tn  ^  tn  03  +  tn  a:  tn  2/  4-  3  =  0, 
with  k  =  IJ2,k'=1 

32.  Mliptic  Function  Solution  of  Euler's  Equations  of 
Motion. 

Before  leaving  the  mechanical  interpretation  of  elliptic 
functions,  we  may  just  mention  here  an  important  application, 
the  application  to  the  solution  of  Euler's  equations  of  motion, 
for  a  body  under  no  forces,  moving  about  its  centre  of  gravity, 
or  about  any  fixed  point. 

Euler's  equations  for  p^  q,  r,  the  component  angular  velocities 
about  the  principal  axes,  are  (Routh,  Rigid  Dynamics) 
Adpldt  =  (B-G)qr, 
Bdq/dt  =  (G-A)rp, 
Gdrldt  =  (A'-B)2Dq; 
where  A,  B,  G  denote  the  moments  of  inertia  about  the  princi- 
pal axes  ;  and  two  first  integrals  of  these  equations  are 
Ap-+Bq^-\-Gr'^  =  T,  a  constant ; 
AY+£V  +  Oh'^=G\  a  constant, 
obtained  by  multiplying  Euler's  equations  respectively  by  (i.) 
py  q,  r,  and  adding,  (ii.)  by  J.p,  Bq,  Gr,  and  adding  ;  and  then 
integrating. 

Comparing  these  equations  with  the  equations  of  §  7, 
cn'u  =  —snu  dn  u,  snu  =  en  i6  dn  u,  dn'u  =  —  K^sn  u  en  u, 
where  accents  denote  differentiation  with  respect  to  u,  we 
notice  that  if  A> B>G,  and  the  polhode  includes  the  axis  (7, 
so  that  AT>BT>G''>GT,  we  may  put  u  =  nt,  and 
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p  =  F  cnu,  q=  —  Q  sn  u,  r  =  R  dn  u ; 
and  then,  on  substituting  in  Euler's  equations  of  motion, 
B-G_nP   A-'C_7iQ    A-B_K^nR 
A     ~QR     B    ~EP'      G     ~  PQ' 
Putting  ^  =  0,  and  therefore  p  =  P,  q  =  0,r  =  R;  then 
AP^+CR^  =  T,  A^P^-\-Cm'=G\ 

so  that  P2^____,^.  =  ___; 

and  then  Q^  =  P^^  ^=^lz^y, 

while  n^  -  i^2(A^^i(^Z^  _  UT-G^)(B^G) 

wnne  n  -it  ^^  -  ^^^ 

,  o_P'  A  A-B_G^-GTA-B 

'^~R^  G  B^G'AT-'G^  B-G' 

If  the  polhode  encloses  the  axis  of  greatest  moment  A,  so 
that  AT>G^>BT>GT,  we  must  put 

2.)  =  P  dnu,  q=  —Qsnu,  r  =  Rcnu; 
and  then  determine  P,  Q,  R,  n,  k  as  before ;  when 
o,_{G''-CT){A-B)     ^_AT-G^  B--G 
ABG  '  "  ~  G^-GT  A^B' 

In  the  separating  case,  when  G^  =  BT,  then  k  —  I,  and 
p  =  P  sech  nt,  q=  —Q  tanh  nt,  r  =  R  sech  nt ; 
so  that,  when  if  =  0, 

2_  G"-  B-G     _       ,_G^A-B 
^  ~ABA-G'^~  '^'  ~BGA-G' 
and  initially  or  finally,  when  ^  =  +  oo  , 

p  =  0,  5=  ±(?/5,  r  =  0; 
and  the  body  is  spinning  about  its  mean  axis  B. 

But  when  the  body  is  spinning  about  the  axis  of  greatest  or 
least  moment,  G-'  =  AT=  AY>  or  G'^  =  GT=  Gh'\  and  ac  =  0 ;  and 
the  period  of  a  small  oscillation  is  27r/'?i,  where 

(A-B){A-G)       {A-B){A-G) 

ABG  BG         ^' 

(A^G)(B-G)       (A-G)(B^G) 
^~         ABG       ^~  AB         ^' 

We  shall  return  subsequently  to  these  equations  in  Chap.  III. 


CHAPTER   11. 

THE   ELLIPTIC   INTEGKALS  (OF  THE  FIRST  KIND). 

33.  In  Chapter  I.  we  have  immediately  made  use  of  Abel's 
valuable  idea  of  the  Inversion  of  the  Elliptic  Integral,  which 
is  the  foundation  of  the  modern  theory  of  the  Elliptic  Func- 
tions ;  and  we  have  considered  the  functions  which  are  inverse 
to  the  elliptic  integral,  and  treated  them  as  the  direct  funda- 
mental functions  of  our  Theory. 

Previously  to  Abel's  discovery  (1823)  it  was  the  elliptic 
integral  which  was  studied,  as  in  the  writings  of  Euler  and 
Legendre ;  and,  in  fact,  in  a  physical  and  dynamical  problem 
it  is  the  elliptic  integral  which  arises  in  the  course  of  the 
work  ;  for  instance  in  the  form  of  the  Equation  of  Energy, 

i(dx/clty  =  X,  so  that  J2  t^fdx\JX', 

and  now,  when  X  is  a  cubic  or  quartic  function  of  cc,  so  that 
dP-xIdf  is  a  quadratic  or  cubic,  as  in  §  30,  the  integral  is  called 
an  elliptic  integral  of  the  first  kind ;  and  we  have  to  follow 
Abel  and  determine  the  elliptic  function  which  expresses  x  as 
a  function  of  t. 

To  accomplish  this,  it  will  be  useful  to  employ  the  notation 
of  the  inverse  functions,  given  by  Clifford  (Proc.  London 
Math.  Society,  vol.  vii.,  p.  29 ;  Mathematical  Papers,  p.  207) 
analogous  to  those  used  in  Trigonometry  for  the  inverse 
circular  functions ;  and  to  make  a  collection  of  all  the  important 
cases  that  can  occur. 

34.  The  Circular  and  Hyperbolic  Integrals. 

Starting  with  the  circular  functions,  sin  x,  cos  x,  tan  x,  cot  x, 

. . . ,  we  have,  in  the  ordinary  notation, 

30 


f 

0 
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*    dx 


^  dx 


=  sin  "  ^aj  =  cos  ~  ^,^(1  —  ic^), 
=  cos  -'^x  =  sin  "  -^/^(l  —  aj"^), 


"^  dx  .        ,           ,    ,1 

lH-a;2  a; 

n  .  ,  =  cot -^x  —  tan  -  ^-,  etc. 

a;^+l  X 


We  can  employ  a  similar  notation  with  the  hyperbolic  func- 
tions, cosh  X,  sinh  x,  tanh  x,  coth  cc,  . . . ,  and  write 


/: 


2!     /7i7* 

■jTY-j-^  =  sinh-iaj  =  cosh-V(l+^^)  =  log{V(l+^^)+^}' 


0 

J     i  —  x 

0 


j^     =tanh-ix  =  ilog;-±f(x<l). 


J  -^fZl    =coth-ia;  =  Jlog^— J  (»>!);  etc.; 

and  the  analogy  with  the  circular  functions  is  now  complete, 
and  the  results  can  be  more  easily  remembered  and  written 
down,  than  when  the  logarithmic  function  alone  is  employed. 

To  avoid  complications  due  to  the  TYiulti'plicity  of  the 
values  of  these  and  subsequent  integrals,  in  consequence  of  the 
variable  x  assuming  complex  values  and  performing  circuits  of 
contours  round  the  jpoles  of  the  integral,  we  suppose  for  the 
present  that  x  is  real,  and  increases  or  diminishes  continually, 
so  as  to  assume  all  real  values  once  only  between  the  limits  of 
integration;  also  that  the  positive  sign  is  taken  with  the 
radical  under  the  sign  of  integration ;  we  thus  obtain  what  is 
called  the  principal  value  of  the  integral  or  inverse  function. 


35.  The  Elliptic  Integrals.  .  Ci^^'" 

With  the  elliptic  functions,  sn  u,  en  u,  dn  u,  we  have  (§  7) 

dsnu  ^        dcnu  ,        ddnu  „ 

— J —  =  en  u  dn  u,  — -, —  =  —snuanu,  — ^ —  =  —  /csn  ucnu: 
du  du  du 
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and  cn^w  =  1  —  sn^u,  dn%  =  1  —  K^n^u  ; 

so  that,  if  x  =  sn  u,  then  en  u  =  ^(  1  —  x^),  dn  ii  =  ^(1  —  kV)  ; 

a^d      J    /(I^xKI-kV)^^^^^'^^'  ^^  sn-i(«,  /cX (1) 

0       "^^^ 

when  the  modulus  k  is  required  to  be  put  in  evidence. 

Putting  x  =  l  makes  the  integral  equal  to  K,  the  quarter 
period  corresponding  to  the  modulus  ac  (§  11). 

Similarly,  with 

x  =  cnu,  then  sn  u  =  ^(1  —  x^\  dn  u  =  ^(k:'^  +  kV), 

-^  =  —8nudnu=  —  ^(l  —  o^ .  k^  +  kV), 
du  ^ 


X 


so  that  the  integral  is  K  when  the  lower  limit  is  0. 
Again,  with 

a;  =  dn  u,  then  Ksnu  =  ^(l  —  x^),  Kcnu  =  j^{x^  —  k^)  ; 

and  -^^= —K^snucnu= —^(l—x^.x'^  —  K^), 

du 

y^l             (^x 
jn^^^Tx^ -Ic'') = '^ = ^^ " '^'  ^^  ^^ " X^>  '^) (3) 

a; 

We  may  also  put  o^  =  tn  u,  using  Gudermann's  abbreviation 
of  tn  u  for  tan  am  u  ;  and  now 

du    cn% 
y^^-^^L-^^^u  =  tn-^x,  or  tn-^(x,.) (4) 

0       ^ 

and  the  integral  is  K  when  the  upper  limit  is  oo  . 

Putting  a;  =  sin0,  cos^,  A^,  or  tan^  in  (1),  (2),  (3),  or  (4), 
reduces  the  integral  to 

/l  - Ac^sin-^^)  -id(f>  =  u  =  F(^,  k) 

0 

=  am -1(0,  /c)=sn-i(sin0,  /c)  =  en  -  ^cos  0,  /c)  =  dn-i(A0,  k)  ; 
so  that 
(p  =  am  u,  and  cos  0  =  en  it,  sin  0  =  sn  u,  A0  =  dn  u,  tan  0  =  tn  u. 
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36.  Thus,  with  a>6>a;, 

y"^'          dx _1      _Jx  h\  , 

>v/(a2-aj^62-a:2)--sn    y^,  j, W 

indicating  that  we  must  put  a;  =  6  sin  0 ;  and  then  the  integral 
is  reduced  to 

0 

Similarly,  with  oc>x>a, 

y""""         dx 1        j/a   h\  .^. 

^{x^-aKx^-h^)    a^""    W  J' ^^ 

indicating  the  substitution  a;  =  acosec0  (or  acec^,   as   Dr. 
Glaisher  writes  it). 

Thus,  for  instance,  with  co>x>1/k, 

n         dx  J\      \ 

J  Jil-xKl-  kV)  ~  ^"    \kx'  V' 

X 

Again, 

n        dx  1_  Jx h_    \       .^ 

J  JW^xKW'-x^)    V(«H6')''"    16V(«H62)J' ^^ 

f         dx  _         1  Ah  a_     \ 

/;k-£..->.,°    ^-fcV(' -!)}-<'> 

87.  As  numerical  examples, 

X 

the  integration  required  in  the  rectification  of  the  lemniscate 
r^  =  ap-  cos  20 ;  so  that  r  =  a  en (^2  s/a,  4/^/2). 

with  Dr.  Glaisher 's  notation  (§  17)  of  nc?/  for  1/cnu. 

G.E.F.  C 
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Consider    also    the    vibrations    given    by   the    dynamical 
equation  d^x/dt^  =  —  2n^x(c^ — x^), 

as  in  §30;  so  that  x  =  0  gives  the  point  of  stable  equilibrium, 
and  x=  ±G  gives  the  points  of  unstable  equilibrium. 

Integrating,  supposing  the  motion  to  start  from  rest  where 
x  =  b,  i(dx/dtf=C-n^cV-\-inV 

(i.)  When  b^<c^,  the  motion  is  at  the  outset  towards  the 
origin,  and  dx/dt  =  —  n^(a^  —  x^.lf  —  x^), 

writing  a^  for  Sc^  —  h^ ;  so  that 

n      dx        _r^^  _  f"^^ 

^^~J Jid^-xK^-x^rJ   JX  J   JX 

=  -(  ^— sn~Y)»  with  modulus  - ,  by  (5)  ; 

or  x  —  h^YiiK—ant). 

(ii.)  When  62  =  c",     dxjdt  =  ±72(62 _ x^) ; 
and,  by  §  34,  the  ultimate  state  of  motion  is  given  by 

x  =  h  tanh  hnt,  or  6  coth  hnt, 
according   as   the   motion   falls   away  from   the   position   of 
unstable  equilibrium,  towards  or  away  from  the  origin, 
(iii.)  Whenc2<62<2c2, 

dxjdt  =  +  n^(x^  -a^:x^-  b% 

r^      dx         _  ndx^  __  ndx 

J  J(x'-w'.x''-h^)~J    JX  J    JX 

b  b  X 

=  J(ir-sn-i|),mod.|,by(6); 

or  x  =  bisn(K—bnt)  =  biis{K—bnt). 

(iv.)  When62=2c2, 

/'•^    dx         _1       _^x 
J xj{x^-b^) ~ b  ^^^"^ '  6' 

b 

or  x  —  b  sec  but. 

(v.)  When  6^  >  2c2,  we  must  write  a'^  for  b'^—2c^ ;  and  now 
dx/dt  =  +  nj(a^  +  xKx^-  ¥), 

J  Jia'^^x^.x^-b^) 

-__JL__       1/^  ^        1 

~x/(«H62)^^     UV(^H62)i' 

or  ic  =  6/cn^(a2  +  b^)nt  =  6  n^Jia?- + })^)nt. 
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38.  So  far  the  function  X  has  been  treated  as  an  even 
quartic  function  of  x,  or  as  a  quadratic  function  of  cc^,  resolved 
into  two  real -factors;  but  according  to  Prof.  Felix  Klein  there 
are  certain  advantages  in  considering  the  integrals  obtained 
by  writing  x^=z,  in  (1),  (2),  (3) ;  and  then,  writing  h  for  k^, 

or  2cn-V(l-^X  or  2dn- V(l -^^^r) (11) 

Conversely,  by  writing  for  z  the  values  x'^,  1  —x^,  1—kx'^,  we 
reproduce  the  integrals  (1),  (2),  (.3)  from  (11),  by  the  simplest 
quadric  transformations;  and  it  will  not  cause  confusion  if 
we  sometimes  call  k  the  modulus. 

For  these  and  various  other  reasons,  Prof.  Klein  suggests 
(Math.  Ann.  XIV.,  p.  116)  that  we  should  consider  (11)  as  a 
more  canonical  form  of  the  elliptic  integral  than  (1),  the  form 
with  which  Legendre  and  Jacobi  have  worked. 

39.  Now,   with    X  =  x  —  a.x  —  ^.x  —  y,   and   a>^>y, 
we  have,  if  00  >  a?  >  a, 

f^dx  2  J    la-y 

J{a-y)  yx-y     J{a-y)  ^Ix-y^ 

with/c2  =  Z^  =  (/3-y)/(a-y); 
indicating  that  we  must  put 

a;  —  y  =  (a  —  y)cec20,  ic  —  a  =  (a  —  y)cot-0, 
and  then  x-/3=(/3-  y)A^(f>  cec^<p, 

to  reduce  the  integral  to  Legendre's  canonical  form 

FcJ)  =/{l  -  k  sin^^^)  -  ^d(p. 
0 

Similarly,  by  putting  x-a  =  (a- ^)tsin^<p,  x-^=(a- /3)sec^^, 

/""  Mdx  .    Ix  —  a 

=  c„-V«J  =  dn-V^5f^ ('«) 

where  M  is  used  throughout  to  denote  \s/(^~y)' 
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Thus,  with  oo>x>llk,  integral  (11)  becomes 

r^  dx  =Osn-^    /— 

y  ^{x.l—x.l—kx)     *^  y  kx 

y"'^  dx  ^      _^   I  kx-1 

Jix.l-^x.l^kx)''"^^    yk.x-l 
i/k 


40.  When  a  >  a:  >  /3,  X  is  negative,  and 
•"Mdx  ,    /a-a; 


r_Mdx^  a 

=--V«-:|=Wl^ (^*> 

r'Mdx__  la-y. 


a;  — y 


and  now  the  modulus  k  is  given  by  /c'^  =  A;' =  (a  — /5)/(a  —  y), 
and  the  modulus  is  therefore  complementary  to  the  modulus 
in  (12)  and  (13)  ;  and  the  form  of  the  result  in  these  and  other 
subsequent  integrals  indicates  the  substitution  required  to 
reduce  the  integral  to  Legendre's  standard  form  (§  4) ;  while 
the  results  can  be  verified  by  differentiation. 

Thus,  with  l/k>x>l,  integral  (11)  is  imaginary  and  may 
be  written 

/^'^         dx  _^.       1   jl-kx 

/V(aj.i~«^.i-A^^)~    ""  Vir^ 

X 

=  2i  en  - 1  a/-^^;^  =  2'idn  -  V(A:a;),  mod.  A;'; 

y^^  dx .       1    /  x-l 

Jix.l^xA-'kx)'^''^'^    yi-k.x 

=  2'^cn-\/..   "",  ^  =2idn-\/-,  mod.  k' ; 
yl  —  k.x  yx 

i  denoting  ^(—l). 
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41.  When  /3>a;>y,  X  is  again  positive,  and 

J     JX     -'''    V^-y.a-a. 

=  cn-Jp^i^^  =  dn- J^^, (16) 

A/3-y.a-a;  y  a-x 

="-V&<'»-Vs~^ <■" 


with  A;  =  (/3-y)/(a~y),  as  in  (12)  and  (13). 
Thus 


—  X 

kx 


y^^  dx  _ ,,      _i    /JU- 

Jix.l-xA-lcx)     '^^^    Vl-i 

while  the  result  is  as  in  (11)  when  the  lower  limit  is  0. 
42.  When  y>ic>  —  oo,  X  is  negative,  and 

X 

-*=''    V;8-a;-""    Va-y.;8-a;' ^^'^^ 

J^A^X)-         Va-x 

=  cn->^  =  dn-J^=:?; (19) 

\a  — o;  \  a  — ic 

with  modulus  A;'  =  (a  — /3)/(a--y),  as  in  (14)  and  (15). 
Thus,  with  0>a?>— X  ,  integral  (11)  becomes 

yV(^"l-a;.l-A:(r)'"'^'^''    Vl-oJ 

=  2icn-i^j^^^  =  2idn-i^-— ^,mod.^'; 

/•«  cZa;  _^.      _i   /     1_ 

JjlxVi-x.l^kx)-'^''''''    yi-kx 

=  ^^  ^^"  Vl^=^'^  dn-^^.mod.A:'. 
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43.  We  notice  that  the  substitution 

x  —  y     /8  — y'       x  —  y     /8  — y'        x  —  y     a  —  y' 
makes 

r^  dx n dy 

J s/{x-a,X-p.X-y)~J  s/{y-a.y-^.y-y)\ 

X  7 

or  changes  (12)  into  (17),  or  (13)  into  (16). 

Thus 

n  dx  r§  dy  ^     2K 

J J{x-a.x-p.x-y)  J J{y-a.y-p.y-y)     J{a-yT"^ 
a  7 

where  K'^  =  k  =  (fi  —  y)/(a  —  y). 
Again  the  substitution 

a-x_a-y  ^^x-^_y-y  ^^x-y_^-y 
a  —  p     a  —  y         a  — 13      a—y         a  —  y      a  —  y 
changes  (14)  into  (19),  or  (15)  into  (18);  and  shows  that 
p  dx  fy  dy ^_2Z' 

J J{a-x.x-^.x-y)  J J{a-y.p-y,y-y)     Jia-y)""^     ^ 

/3  -00 

where  k'  =  k^  =  (a  —  )3)/(a  —  y). 

The  substitution  which  changes  any  one  integral  into  another 
is  obvious  by  inspection  of  the  preceding  results.  , 

44.  Thus  the  integral  fdxlJX  can  be  written  down,  ex- 
pressed by  inverse  elliptic  functions,  when  X  is  a  cubic  form 
in  X,  resolved  into  its  three  real  linear  factors. 

For  example,  with  a^  >  W  >  c^, 

X 

an  integral  occurring  in  the  mathematical  theories  of  Electricity, 
Magnetism,  and  Hydrodynamics,  in  connexion  with  ellipsoids. 
As  another  example,  the  student  may  prove  that 

r dS ^irahc  Jc        la^-b'^\ 

J{xlaf  +  (yjbf+{zlcf~^{a^-c^)  ^"^    W    ^'a^-cV' 
when  the  integration  is  extended  over  the  surface  S  of  the 
sphere  x^-\-y^  +  z^  =  r'^ 

(W.  Burnside,  Math.  Tripos,  1881). 
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45.  When  two  of  the  roots,  /3  and  y  suppose,  of  the  cubic 
X  =  0  are  complex,  we  combine  {x  —  P){x  —  y)  into  the  real 
quadratic  {x-mf  +  n^, suppose ;  so  that  X  =  x  —  a.{x  —  mf + n^. 

Now  we  substitute 


X        (x—m)^-{-n 


y     \:x-af  x-a        ' 

a  quadric  substitution,  the  graph  of  which  is  a  hyperbola,  and 
tind  the  turning  values  of  y,  say  y^  and  2/3,  the  values  of  y 
which  make  the  quadratic  in  x, 

{x  —  mf-{-n^  —  y{x  —  a)  =  0 
have  equal  roots ;  so  that  y^  and  2/3  are  the  roots  of 

(^y+my —  (ay +711^  + n'^)  =  0,  01  \y'^  +  (m  —  a)y  —  7i^  =  0. 

Then  y  —  y=^ y-    y  —  y=.^^ 3/ 

-^     ^^       x-a      '^     ^^       x-a 
dy_(x-x,){x-x^), 
ote  {x  —  aY 

x^  and  fljg  denoting  the  values  of  x  corresponding  to  y^  and  2/3, 
and  therefore  denoting  the  roots  of  the  quadratic  equation 

x^  —  2ax  +  2am  —  771^  —  71^  =  0  ; 
so  that  x^  —  m  +  ^y^,  iCg  =  m  +  \y^. 

Then     r^^^r  ^,  r  =/"— ^7-^^-r 

_r  dy 

J  Jiy-y-yi-y-Vz) 

2  J   ly-y,     I  -y,  \ 

=  ^^~-cn-i''^.i (22) 

by  (12),  with        Jc=yJ(y^-y^),  k=  -yjiyi-y^),  * 
since  y^  is  positive  and  y^  negative,  or  yj^> y  >  0  > y.^ 
Again,  with  the  same  substitution, 

y^ d^ r dy 
s/{a-x.(x-mf+n^}-yj(-y.y^-y.ys-y) 


2 

en 


-1  [ys-zi 


s/iVi-yz)         >2/i-2/ 

^^— .cn-1     ^^—% (23) 


by  (19),  to  a  modulus  Jc  the  complementary  modulus  of  (22), 
namely  ^'' =  2/i/(2/i "  2/3)- 
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46.  We  denote  {a  —  mf-\-n^  by  H^  and  then 

and  by  means  of  the  same  substitution  as  in  §  45; 

f dx^ ^       >v/2  _iX^—x 

y \/{x  —  a.{x—mf+n^~~ ^(x^  —  x^f^    x—x^ 

V^'""    XH+ix-^ay"]' 

K'=i-h(a-m)IH, (24); 

r^  dx  1  Jg-(«--cc)    ,\ 

yV{«-«^-(«^~^)'+^']~>v/^''''     [H  +  ia-xy")' 

K''  =  i  +  i{a-m)IH, (25); 

indicating   that   the   substitutions   x  —  a   or  a  —  aj  =  Zr(**^^0')^ 
reduce  the  integrals  to  Legendre's  standard  form  ;   also  that 

2KK=nlH. 
Thus,  as  numerical  examples, 

/"^    dx  1  /x-l-jS     \ 

""  /"^     dx       _  J_       ^fl-x-JS     A 

—  00 

with  2/cAc'  =  J  =  sin  30°,  k  =  sin  15"^,  k  =  sin  75°. 

47.  We  notice  that  0  =  Jx  when  x  =  a±H\  so  that 

r^___dx 

yV{a'-a-(a'-«i)H«^}     v'-ff' ' 

a 

y^ dx 
J{a-'X.{x-mf-\rn^ 

Z"P^ ^ K.  .27) 

Js/{a-x.{x-mf  +  n^~JH ^^'^ 

TV.„c        rZ_J^^_  _  f^^'^2._dx_^  _  ^Xsinl5°) . 


/\ dx 


\/3  +  l 
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i^(sin  75^^) 


/I     dx       _   /--v/3+i  dx       ^J^(sin7i 


-\/3+l 


But,  by  the  Cuftic  substitution  x  =  {4i  —  z^)l^z^, 

270«         '    d 
dx  .^   /""    dz 


then  i_^-(^-lX«'  +  S)'    'te__«'+8 


—  CO  z 

so  that     fj^)  =  -^^f'jW^^)' 

-00  1 

or  i'Csin  75°)  =  ^3i?'(sin  15°), 

that  is,  K'IK=  ^3,  if  /c  =  sin  15°,  as  stated  in  §  12. 

48.  Degenerate  Elliptic  Integrals. 

When  the  middle  root  (3  of  the  cubic  X  —  0  approaches  to 
coincidence  with  either  of  the  extreme  roots,  a  or  y,  or  when 
the  pair  of  imaginary  roots  become  equal,  the  elliptic  integrals 
degenerate  into  circular  or  hyperbolic  integrals. 

We  notice,  from  §  16,  that  when  k  =  0,  sn~^x  becomes  sin"^a:, 
cn"^a;  becomes  cos~^aj,  etc.;  and  that,  when  ^=  1,  sn"^a;  becomes 
tanh~^a;,  cn"^ic  or  dn~^a;  becomes  sech~^ic,  and  tn"^a;  becomes 
sinh  "  ^x. 

Thus,  when  k  =  l,  the  integral  (11) 

ydx  _  /*     ^ 

^{x .l-xA-kx)  j{l-x)Jx 

0 

=  2  tanh"^^ic  =  2sech"^^(l— a;) 
=  2  cosh-\ /=--  -  =  2  sinh-\/. i^    =  sinh-if^. 

y\—x  \i— ic  i—x 

This  supposes  that  ic  <  1 ;  but  with  oo  >  a?  >  1, 

dor 

=  2  coth  -  ^Jx  =  2  cosech  -  V(aJ  - 1) 


/ 


{x—\)Jx 

=  2  sinh  -  \/— ,  =  2  cosh  -  \/- A-  =  sinh  - 1^>^^. 
\aj  — 1  yx  —  l  x—1 

But  when  ^  =  0,  the  integral  (11)  becomes 

0  =2cos-V(l-«^)  =  «in-i2^(aj.l-a;); 

I  ~n — \ \  =  2  cos  -  ^Jx 

*  =2sin-V(l-'^)  =  7r-sin-i2^(ir.l--a;). 
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49.  Making  ^  =  y,  or  a,  in  the  integrals  (12)  to  (19),  and 
still  denoting  JV(«~7-)  %  ^>  ^^^n 

(i.)  with  oo>x>a, 

yr^      Mdx  ,     fx-a        .      ,    ja-y 

{X'-y)J{x-a)  ^X-y  ^X-y 

X 

=  isin-i^fa^^,etc.; 

y^-^       il/c^a;                    .      ,     te  — a-'           "    ,    /a  — y 
; r— 77 r=    sin-\/- =   cos-\/ ^^- ; 
(^-y)v(«  — ^)                  Va?  — 7                 Mx  —  y 

a 

A ^-^ — — c  =  tanh  -^J- — "^  =  sinh  -^J^—^ 

J  {x  —  a)^{x  —  y)  yx  —  y  yx  —  a 

this  integral  being  infinite  when  x  =  a. 
(ii.)  With  a>x>y, 

r      ^^^  ^3inh-^    /^^:^  =  cosh-i   /^:^'>', 

J  {a  —  x)^{x  —  y)  y  a  —  x  y  a  —  x' 

7 

which  is  infinite  when  x  =  a; 

y^«  Mdx  .  ,  ,  la  —  x  ,_,  la-y 
-. ^—77 r  =  smh-\/ =cosh  \/ ^, 
(a?  — y)v(«'-"^)                Vi^  — y               A'a;  — y 

X 

which  is  infinite  when  x  =  y, 
(iii.)  With  y  > cc>  —  00  , 

/^      ^^^  sin-i   /^^^'^^    cos-i   /^-y- 

j{a  —  x)^{y  —  x)  y  a  —  x  y  a  —  x' 

X 

r     ^^'^^  cos-i  /y^^   sin-i  /"-^y; 

J  {o.  —  x)J{y  —  x)  ya  —  x  \a  —  x' 

—  CO 

y*"^      Mdx  ^     -i    Igl-^       .   -.     1    /a  — y 

(y~^)v(a  — ^)  \y  — ^  \y  — i» 

-  00 

this  last  integral  being  infinite  when  x  =  y. 

The  limits  have  been  chosen  so  as  to  exclude  these  infinite 
values. 

50.  Weierstrass^s  Elliptic  Functions  defined. 

When  the  general  cubic  expression  X  is  given,  not  resolved 
into  factors,  then  Weierstrass's  notation  becomes  useful,  and 
may  be  defined  here. 


J  sj 
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Weierstrass  writes  .s+/  for  x,  and  chooses  /  so  as  to  make 
^  disappear  in  the  new  value  of  X,  which  he  denotes  by  \ii ; 
and  thus  S  =  48^  -  g^8 — ^3, 

where  g^  and  g^  are  called  the  invariants  ;  so  that  the  integral 
/""  dx       fcU      n       ds 

and  now,  inverting  the  function  in  Abel's  manner,  s  is  an 
elliptic  function  of  i6,  denoted  by  <^u  in  Weierstrass 's  notation, 
so  that 

J(^^-g^,^gyr\^^r\»^  g^,is■^, (A) 

when  the  invariants  g^  and  g^^  are  to  be  put  in  evidence. 

51.  In  Weierstrass's  notation  we  are  independent  of  the 
particular  resolution  of  B  into  factors ;  but  by  what  precedes 
in  equation  (12),  if,  when  S  is  resolved  into  real  factors, 

,Sf  =  4(6*  —  e^{s  —  e.^{s  —  ^'3),  with  e^  >  e.^  >  Cg, 
then,  with  ac  >  *'  >  e^, 

s 

= I cn-\/^^^  = --     dn-i   /-'"^g 

by  (12);  so  that 

snV(^i-^>=;;^,  cnVK-^>=^> 

dnW(e,-e,)u  =  ^^ (B) 

The  value  of  u  for  s  =  e^  is  denoted  by  cop  and  ^called  the 
real  half  jperiod;  and  by  (20)  we  notice  that 


u 


r-  ds      n.ds  _      K      . 

andby(13)and(By^'-^,=^-i(^i~^2^'^i~"3^^.j ^29) 

With  ^2>s>^3,  >v/>S  is  again  real,  and  by  (16),  (17),  and  (B), 

/■■^^-'-p^i^p--^'.) « 
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52.  For  values  of  s  between  e^  and  e^,  or  between  e^  and 
—  00 ,  ^S  is  imaginary ;  however,  the  value  oi  Jdsj^S  be- 
tween the  limits  e^  and  —  oo  is  denoted  by  cog,  and  called  the 
imaginary  half  'period  ;  so  that,  by  (21), 

fh  ds      p^  ds  _      JK'  . 

"^=7    JsV    v^-^K^ ^^  ^ 

and,  from  (12)  and  (14), 

Also,  from  (14)  and  (15),  with  e^>  s>  e^, 
ds 


r^8='^-t^^^-^^-'  3^'  -^3) (33) 


and,  from  (18)  and  (19),  with  63  >  s  >  —  00  , 

f%='^--t-^~s-^'^-'  ^^'  -4 ^3^) 

J     5^^  =  ^^"'<^~"^'  ^2'  -^3) (36) 

—  00 

53.  The  quantity  ^2^  —  2 7,^3^  is  called  the  discriminant,  and 
is  denoted  by  A ;  it  is  called  the  discriminant,  because  the 
roots  of  >Si  =  0  are  all  three  real,  or  one  real  and  two  imaginary, 
according  as  A  is  positive  or  negative ;  and  A  =  0,  when  two 
roots  are  equal. 

Since  ^  =  4s^ — ^2^  ~ijfs  —  ^(^  ""  ^i)(^^  ~  ^2)(^  ~~  ^3)' 

therefore  6^  +  gg  +  ^3  =  0, 

and     ^2  =  -  ^(^^2^3  +  ^3^1  +  ^1^2)  =  2(^1^  +  e^^  +  e^^),  g^  =  46162^3, 

Therefore 

K  V^  =  (e,  -  e^)(e^  -  e^)/{e^  -  e^f,  1  -  A'^  =  ^gjie^  -  e^)^ 

.  4  (1-A'y_g/ 

'^'^  27       A'*      -A- 

This  quantity  ^gV^  ^^  called  by  Klein  the  absolute  invariant, 
and  denoted  by  J;  and  then,  with  k  for  /c^ 

4  (i-k+ky      _{i+m2-ky{i-2kr 
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54.  For  the  present  we  reserve  the  difficulties  of  interpreta- 
tion of  the  multiple  values  of  the  integral  u=ydsl^S,  due  to  8 
being  allowed  to  assume  complex  values,  and  to  perform 
circuits  round  the  poles,  branch  points,  or  critical  points,  so 
called,  of  the  integral,  given  by  the  roots  of  >S'  =  0. 

We  suppose  the  variable  s  to  pass  once  through  all  real 
values  from  00  to  —  00  ;  and  now 

(i.)  oo>  s>  e, 

u  =      JdslJS  =         p  -  \s  ;  g^,  g^), 

a 

u=w,-JdslJ8=  „,-p-i(''i- V «i-«3^, j (37) 


or 


which,  employing  the  direct  functions,  expresses  the  relation 

9i«>.-n)-e,  =  ''-^''~'' (38) 

(ii.)  e^>  8>  e^, 

u  =  a)i  +  /dsljJS 
t 

=  «,^  +  ip-l(?l=^^«3_e,;    g^,    -^J; (39) 

or         u  =  (Oi  +  w^—/dsl^S 

(iii.)  e2>  8> 63, 

16  =  coj  +  0)3  -i-ydsl^S 

s 

=  <o.+  co,+p-^(^~^^:_^^"''He,;  g,.  g,)  ; (41) 

or         u  =  2a)i  +  w^ —M^l\/^ 

=  2o,,  +  a,,-p-'{'^-';_';-'^+e,) (42) 

8 

(iv.)  63  >  s  >  —  00  , 

u  =  2w^  +  w^  +  /dsl^S 

a 

^2o>,  +  w,+ip-'{'~l'-_^l~''+e,;  g,.  -9,); (43) 


or 


Thus 
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-  CO 

=  2wi  +  2a)3-i^-\-5;  cj.^,  -cy (44) 

ds/J  8  =2o)^  +  2co^, (45) 

—  00 

and  2a)i  is  called  the  real  period,  and  20)3  the  imaginary 
period  of  Weierstrass's  elliptic  function  pu. 

With   Argand's   geometrical   representation   of   a   complex 
quantity,  such  as  x-{-iy,  the  complex  quantity 

■u  =  ta)^  +  tws  (0<t<l,0<r<l) 
represents  all  points  lying  inside  a  rectangle,  called  the  period 
parallelogram. 

As  s  or  ^w  diminishes  continually  from  00  to  —  00  ,  the  argu- 
ment u  describes  the  contour  of  this  rectangle ;  and  for 
u  =  (l)tco^  (0<t<ll    (u.)(jo^  +  fw^{0<f<l), 

(iii.)  tw^  +  W3  (1  >  ^  >  0),  (iv.)         ^0,3  (1  >  r  >  0), 
the  values  of  s  or  pu  are  real,  and  lie  in  the  intervals 

(i.)  oo>s>ep  (ii.)  e^>s>e^,  (iii.)  ec^>s>e^,  (iv.)  e3>s>  — x  ; 
while  the  corresponding  values  of  fu  are  taken  as 

(i.)  negative,  (ii.)  positive  imaginary, 

(iii.)  positive,  (iv.)  negative  imaginary. 

For  any  point  u  inside  the  rectangle  ^u  assumes  a  complex 
value.  (Schwarz,  Elliptische  Funotionerif  p.  74.) 

55.  In  the  same  way,  with  the  integral  (11),  denoting  its 
value  between  the  limits  cc  and  z  by  u, 
(i.)  oD>z>l/lc(^S9), 

^  -  =  '^-'^l  =  '^-'^-'^i^l (^^) 

(ii.)  1/Z^>^>1(§40), 

u  =  2K+  2^sn-(^^^^,    /) 

=  2ir+2iA--2isn-i(^-^-^A^,/) (47) 

(iii.)  1>0>O(§41), 

u=:2K-\-2iK'+2sn\l-}~^ 
\  1  —  kz 

=  4^K'^2iK'-2sn-^Jz (48) 
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(iv.)  0>z>  -oc  (§42), 

=  4i^+4^i^'-2^sn-^(^^_V^,^') (49) 

Therefore  7^^-^-g-^_^^^^  (50) 

—  00 
and  4ir  and  ^iK'  are  called  the  real  and  imaginary  periods  of 
the  corresponding  elliptic  function,  in  this  case  sn^u. 

56.  But  if  we  take   Legendre's  and  Jacobi's  fundamental 
integral  /dx/^X,    where    X  =  1  —x^  .  1  —  k^x^,   and   denote 

r*  00 

IdxlJX  by  u,  then,  by  the  preceding  article,  with  x^  for  z, 

(i.)  oo>a;>l//c, 

u  =  sn-i^  =  iC-sn-\/-^-2::^^ (51) 

(ii.)  l//c>aj>l, 

L-i              -1/^    /1-A2     A 
u  =  A+  isn-^i^J ^ — , /cj 

=  ^+iA--^sn-i(^^,    /) (52) 

(iii.)  1  >i:c>-l, 

u=   iTH-i^'  +  sn-i^^^^J 

=  2A+'iZ'  +  sn-iaj 

=  3A+^^'-«n-i^ji^, (53) 

(iv.)   -1>x>-1/k, 

=  SK+2iK'-isn-^(^^^^,  k) (54) 

(v.)   —1Ik>x>—oc, 

V/c^.iC^— 1 

=  4ij:  +  2i7r-sn-^- (55) 

kx 

Therefore /(I -ajM-A2)-icZaj  =  4Ar4-2ii(:'; (56) 

—00 
and  4>K  and  2iK'  are  called  the  periods  of  the  elliptic  func- 
tion sn  u. 


-x^ 


'V 
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57.  If,  with  l>fl?>— I,  and  X=1  —  x^.1  —  k^x^,  we  denote 
the  integral /^oj/^Z  by  u  ;  then/clxUX=K  (§  11);  and  (§  41) 

0  0 

K-u=Jdxl^X  =  sn-^^^-£^^; 

X 

or,  employing  the  direct  functions, 

VI  •""  X        en  111 

and  then  (§  17) 

cn(ir-«)  =  ^j^,  =  '^^^,or/sdu; (58) 

dn(K—u)  =  ^L    ^  g  9=j-^^,    or  /ndu; (59) 

^  \  1  —  K^'a:;^     dn  u 

relations  analogous  to  equation  (38) ;  or  to  the  relations 

sin(  Jtt  —  0)  =  cos  0,  cos(  Jtt — 0)  =  sin  0, 

of  the  circular  functions  of  Trigonometry. 

58.  When  the  discriminant  A  of  >Sf  is  negative,  and  two  of 
the  roots  of  the  equation  >Sf  =  0  are  imaginary,  we  take  e^  as 
the  real  root,  and  combine  the  product  s  —  e-^^.s  —  e^  into 
(s  —  rtif-^-n^  as  in  §  45 ;  and  since 

S  =  4iS^  —  g^^—g^  =  4(s  —  e^[{s  —  mf  -\-n^}, 

therefore    m  =  —  \e^,  g^^  =  Se^-  —  4tn^,  g^  =  e^  +  ^v}e^ ; 

while  m  =  {e^-mf^-n^  =  lei+n^, 

1  - 16  A'2  _  3^^2/(9^2'  +  ^^')> 

A  =  ^2^  -  27^3^  =  -  47i2J^9e2 + 472,2)2, 

+1.  f  r_^2'=  _(l-16/cV2)3_  _(1-16A;4-16F)^ 

so  that  J-  ^  108/cV2  108/c(l-A;)     * 

,     ^         (l-2/.y^(l  +  32/c-32A;2)2 
*^'"^-  108A;(1-A;)  ^^'^ 

59.  Now,  as  in  §  45,  by  means  of  the  quadric  substitution, 

"-^^=(7^0^-     S-eT  ' ^^^^ 
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^    ,  da     {8  —  ey  —  H^     (s  —  8.){s  —  8o) 

^        8  —  62  ^        s  — 62 

provided  8^  =  62+-^=  J(ei  — e2~"^2)» 

Thence  Sj  +  S3  =  2^2  =  K^i  +  ^s)  —  ^2 — ^2  =  ~  f  ^2  •*"  ^2  5 
or  62=  —1^2'  ^^  ^^^  supposition  that  61  +  62+63  =  0  ; 
and  ^1  =  ^2  +  2//,  62  =  —  2^2,  63  =  ^2  —  2i^. 

<x 
where         S  =  4(o-  —  e-^{cr  —  e^{(T  —  63)  =  4o^  —  y^tj  —  yg, 
suppose ;  and  the  discriminant  A'  of  2  is  now  positive. 

60.    Now,    y2=-4(6263  +  636i  +  6i62)  =  12e22+16ir2, 

73  =  4616263  =  3262  H"^  —  8^2^ 

A' =  72' -  2*^^73' =  256  £?  2(4  jy  2  _  9g^2>)2^ 

Also  with       X2  =  ^-2:^3^2^^2,  X'2=^^2  =  ?^2, 

61      63  -t/i  61      63  4i2 

/lA2>v^2_^^    ~^^2   _  '^"        1  _\2-\'2__§y2_ 

Denoting  by  J'  the  absolute  invariant  of  2,  then  (§  53) 

A'     27       X^X'^     • 
If  we  put  4X2^2  ^  i^y^  then 

*^  -     27t'    '  ^  "^~  277  ' 

while,  with  4acV^  =  t  in  (D), 

(4t-1]_^  (t-1)(8t+1)2  ,„. 

Now,  if  2kk  —2\\\  then  tt'=1,  the  relation  which  holds  in 
the  transformation  from  a  negative  discriminant  in  /S  to  a 
positive  discriminant  in  2. 

If  we  equate  the  values  of  J  in  (C)  and  (E),  we  find 
{1-ky  Jc^  I 

'^"         4/j    '       4(1 -yby  4^(1 -A;)* 

G.E.F.  D 
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61.  When  A  is  negative,  and  when  we  know  the  real  factor 
s  — ^2  of  >Sf;  so  that,  with  i«2^^-'?^'^  =  J^'s/eg, 

S  =  ^(s-e,){{s  +  ie,r+n'}',  ' 
then,  with  R'^  =  \{^el-\-^n%  and  expressed  as  in  §  46, 
n  ds  1  .8-e.-H 

H  vS^V^^^^Vz^"- (^2) 

with  2«:/c'  =  'yi/Zr;   so  that 

by  means  of  which  we  change  from  Weierstrass's  notation  to 
Jacobi's  and  vice  versa,  when  A  is  negative. 

Thus,  for  example,  if  g^  =  0,  then  e^  =  (lg^)\  n^  =  \e^,  R'^  =  Sgg^; 
and,  as  in  §  46, 

"24/3(^3)^"^     l,  +  (^3  +  l)(i^3)F«^^^^  ]' 

62.  Supposing  s  to  range  from  oo  to  —  oo   in  the  integral 
Vj  =  ldsl^B,  when  A  is  negative,  then 

s 

(i.)    00>S>62> 

=^2-^-\^:r7+^2> (64) 

where  0)3  denotes  /ds/^S,  the  rea^  half  'period  of  ^it. 
(ii.)  e2>s>— 00 , 

'^=«^2+n^-\^-:^-e2;  g^  -gs) 

=  0)2-^0).^' -ip-^e^-s:  g^y  -g^), (65) 

where  co^   denotes /ds/^S,  a  pure  imaginary  quantity,  called 

—00 
the  imaginary  half  period  of  pu ;  and  the  period  parallelogram 

(§  55)  is  now  bounded  by  wg  and  wg',  as  adjacent  sides. 

Also  (§47),     w^  =  KIJH,  i^^^iK'lJH. {m) 
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63.  Treating  in  the  same  way  the  integral  (2), 

by  replacing  z  by  \—x^  in  §§  38,  55  ; 
(i.)  oo>x>\, 

=  iJC^icn-\llx,K) (67) 

(ii.)  I>ic>-1, 

u  =  iK' -\- en- '^x 

=  iK'  +  2K-cn-\-x) (68) 

(iii.)  —  1  >  X  >  —  GO  , 

u=  iK'+2K-\-icn-\-llx,  k) 

^2iK+2K-icn-{^'^^^^,.') (69) 

64.  By  the  substitution  x^=  l/y,  the  integral 

r  dx  _n  dy 

J  JiAA-Bx^-^rGx^+Dx^)  J 2, 


J{A4'Bx''  +  Gx^^Dx^)  J 2^{Ay^+By^-{-Gy+n) 


1      /^"ds  ,^^, 


on  putting  y  =  s  —  lB/A;  which  can  be  expressed  by  Weier- 
strass  notation,  or  by  the  notation  of  Jacobi,  when  the  factors 
of  the  denominator  are  known,  as  in  equations  (12)  to  (19) ; 

f  ^^^'^  dx 

J  J{A-\-Bx^+Ga^^-Dx^) 

can  thus  be  reduced  to  elliptic  integrals,  of  the  form  considered 
in  §§  39-61,  the  first  term  by  the  substitution  x^^l/y,  and  the 
second  term  by  the  substitution  x'^  =  z. 

^^"^  yV(^^)^2-4/-3^""H(V3-l)^+a^>  ""''  }' 
the  integration  required  in  the  rectification  of  r^  =  a^cos  3^. 
But  by  substituting  r'^la?=  l/y,  we  find 
a^dr  r"^  ady 


r  aHv  r     ady  ,,      ^    ., 

0 

so  that  ^=p(?;0,4). 
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and  write  M  for  b^(a^  —  c^) ;   then  we  find,  on  substituting 
y  for  l/x^,  and  taking  a,  /3,  y  for  1/c^  l/&^  l/d^ ; 
(i.)  00  >  aj"2  >  a^  comparing  with  equation  (18), 

^  —  o? 


fMdx  ,    la-^-x-^  ,    I 


tt^  .  X^  -r  6^ 


to  modulus  a/-  ' 


b^  .a^  —  c^ 

(ii.)  a^  >  a;2  >  6^,  comparing  with  (17)  and  (16), 
f<'Mdx  _i    Ib^a^-x^ 


ro'      o o. 


(iii.)  Z>2  >  x^  >  c^,  on  comparison  with  (15)  and  (14), 
J   x/C^)"^""    \b^-c\a''-x^ 


=ifc?cc  ,    Ib^.x^-c' 


c.x-- 

i2    i7  2  —  / 


to  modulus 


,    IcKb^-x'     ,      ,    Ic^.a^-x^  ,^^^ 

la^b^-c^ 
^Ib'Ka^-c^' 
(iv.)  c^  >  aj2  >  0,  on  comparison  with  (13)  and  (12), 

r'Mdx__       1   jbKc^-x^ 
J  Ji-xy^'^    "^cKh'-x^ 
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=  ^^    Vcr^^^^  =  ^^    Vt^^^o.-'^ (^^) 

6Q.  When  X  is  a  quartic  function  of  x,  and  we  know  a  factor, 
x  —  a,  oi  X,  then  the  substitution  x  —  a  =  l/y  reduces 

fdx\JX  to  the  form  M/dylJY, 
where  Fis  a  cubic  function  of  y\  and  this  form  can  be  treated 
by  the  preceding  rules. 

But,  independently,  if  we  can  resolve  X  into  four  real  linear 
factors,  x  —  ay  x  —  ^,  x  —  y,  x  —  S, 

so  that  X  =  x  —  a.x  —  /3.X'-y.x  —  S, 

and  we  suppose  that  a>  P>  y>  S;  then  with 

(i.)  QO>x>  a, 
dx 

^(x  —  a.X  —  ^.X  —  y.X  —  S) 

2  1    l/3-S.x-a 

^{a-y./3-S)^''     ^la-S.x-P 

2  dn-J«=^l^^,...(78) 

^  a  —  y.x  —  8      ^     ^ 


A 


2  ,    la^p,x--8 


J(a-y.  13-S)  ^a-y.x-/3 

indicating  that  we  must  put 

.   „,      B  —  S.X  —  a         o,      a  —  B.x  —  S    .„,      a  —  BmX  —  y 
^     a  —  S.x  —  p,'         ^     a  —  S.x  —  /3       ^     a  —  y.x  —  ^ 
to  reduce  the  integral  to  the  standard  form  (§  4) 

2  r        d(f>     

J{a-y.^-S)JJ(l-ksm^<py 

and  then  /c^  =  ^^  =  ^~"^'n~i 

a  —  y.p  —  o 

the  anharmonic  ratio  of  the  four  points  A,B,Gy  D,  the  poles  of 
the  integral  (§  54),  given  hy  x  =  a,^  y,S. 

The  verification  by  differentiation  is  a  useful  exercise  for  the 
student. 
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(ii.)  With  a>x> /3,  we  change  the  sign  of  X  to  make  the 
integral  real;  and  now,  writing  if  for  ix/(«~y-i^-^)  throughout, 
r^Mdx 

X 

-'"^     Va-^.O)-^-"^     ^Ja-^.x-S-'^''    ia-r.x-t'"^^^^ 

/'"^  Mdx 

""''     ya-^.X-y-''''     Sa-^.X-y-'^''     ^  ^-S.X-y'""^^^^ 
but  now  the  modulus  /c'  is  the  complementary  modulus  to  /c,  so 

that  /^  =  F  =  "-^-y-f; 

a  — y.  p  — 0 

the  different  forms  of  the  result  indicate  the  appropriate  substi- 
tution required  for  reducing  the  integral  to  the  Legendrian  form. 

(iii.)  With  /3  >  a?  >  y,  X  is  again  positive,  and 
f^Mdx 
J       sJX 


sn-' 


/3-y.a-a!  V /3-y. a-a;  y^-S.a-x' 

^Mdx 


/ 

-""    Nfi-y.x-S-"^    y^-y.x-8-'^    ^a-y.x-S--^^^' 
with  the  same  modulus  /c  as  in  (78). 
(iv.)  With  y  >  03  >  (5,  X  is  negative,  and 

/-y  Mdx 

L3n-J^4^  =  cn-J^::]^-^  =  dn-J^^^ 

My-S.^-x  yy-S./3-x  y  a-y./3-x       ^ 

\y-^.a-a!  ^y-5.a-a!  Vy-iS.a-a;' 

with  the  modulus  of  (79)  and  (80). 


/ 
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(v.)  With  S>x>—oo,  Xis  positive,  and 
^Mdx 

X 

,     la-y.S-x  ,     ly-S.a-x      ,      ,     ly-S .  B-X        .^^. 

=  sn-\/ — J =  cn-\/^^— ^ =dn-\/^-^'^^ — ,....(80) 

\a-S.y-x  ya-S.y-x  yJ^-S.y-x 

with  the  original  modulus  of  (78),  (81),  and  (82). 

67.  Landens  Transfo'rmation. 

When  Legendre's  and  Jacobi's  standard  integral  (1)  is 
treated  as  a  particular  case  of  these  integrals  (81)  and  (82),  we 
write  a  =  l/X, /3=1,  y= -1,  (5- -  1/X,  so  that  il/=i(l  +  X)A ; 
and  now,  with  y  for  variable, 

r^     i(l-h\)dy 

Jjil-y\l-Xhf) 

'_3n-i  l^+AX-JJ-^n-^    /l-X.1+2/.^     ,    ll-X.l  +  Xy 
-sn    V  2.I-X2/  ~^      V  2.1-Xy  -'^''    ^ l+\.l-\y*"^^^^ 

rj_ja±X)dy__ 
Jjil-y\l-Xhf) 

-"''    V  2.I+X2/  -"''    V  2.I+X2/  "'^''    Vl+X.l+X2/'-^^^'^ 
where  the  modulus  /c  is  now  given  by  k^  =  4X/(1 4-  X)^  so  that 

/c  =  2VX/(l  +  X),/c^  =  (l-X)/(l+X),or(l+0(l+X)  =  2; 
and  we  are  thus  introduced  to  Landen's  transforTnation,  to  be 
discussed  hereafter. 

Changing,  in  §  41,  cc  into  y^,  and  k  into  X-,  we  find 

r"^        dy 

Jj{l-y\l-XY) 

'  "-Vi^.=»-;V'i^=--Vii^ ™ 

with  modulus  X ;  indicating,  on  comparison  with  (86),  results 
such  as 

which  can  be  translated  into  the  v^arious  forms  of  Landen's 
quadric  transformation. 
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Denoting  integrals  (86)  and  (88)  by  u  and  v,  then 

sn2(i^X)  =  ^f-,, 

cn>,  ^)  =  \_^;^,.     dn%v,  X)  =  j^:^, (91) 

whence  .sn(.,  x)  =  (l+'^'M^- '^W^- '^^  etc (92) 

dn(i<.,  (c)  '  ^     ' 

We  can  easily  prove,  or  verify  by  differentiation,  that 

f    i{l  +  \)dy 

=  sn-HJV(l+2/-l+A2/)-W(l-2/-l-A2/)} 
^<tn--^{kJ{\  +  y.\-\y)  +  lJ(\-y.\  +  \y)] 

=  dn-=  \^  — ='^'^'V(l-XV)-Xx/(l-2/^)'^^^^ 

to  the  same  modulus  /c  =  2^X/(l  +  X) ;   so  that,  denoting  this 
integral  by  u,  and  denoting  sn(u,  k)  by  x,  then 

^=Wa  +  2/-l+A2/)-W(l-2/-l->^2/), 

x/a-^')=wa+2/-i-^2/)+ix/a-2/.i+^2/)> 

J    .       .     dn(v,X)+Xcn('y,X)      .,      .     dn('y,X)-Xcn(v,X)  .^j,, 
or  dn(u,  k)=  j^  -%  nd(u,/c)  =  — ^ — j^_-^  (95) 

since  2/  =  s^('^>  ^)'  where  i?  =  (1  +  a:')m  ; 

and  thence 

dn(v,  X)  =  i(l  +  X)dn(u,  Ac)+Kl-A)nd(^,/c), (96) 

Xcn(v,X)  =  -Kl+^)cln(^. '^)-Kl-^W(u,/c); (97) 

(Cayley,  Mliptic  Functions^  p.  188). 
The  relation  (92)  between  x  and  2/,  namely, 

'^ J{l-A^)      ' ^^^^ 

thus  leads  to  the  differential  relation 

^(l-\-\)dy        _  dx  .Qg. 
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68.  The  six  anharmonic  ratios  of  a,  /5,  y,  Sy  arising  by  per- 
mutation or  substitution,  give  rise  to  six  values  of  the  modulus 
k,  given  by 

'•l'-''ihj,^-lj^r W 

orsins^,     cec-0,    cos^O,    sec^^,     -cot^O,    -tan^^,   iik  =  sm~6; 
or  tanh^u,  coth^u,  sech%,  cosh^u,  -cech%,  -sinh-it,  if  /»;  =  tanh%. 

We  may  notice  that  the  expression  for  J  in  (D)  of  §  53  is 
unaltered  if  for  k  we  substitute  any  of  these  other  five  values ; 
and,  on  comparison  with  Weierstrass's  notation, 

J=9,'IA,  J-l  =  27g,'/A, 
so  that  we  may  put 

_l^k+J^      _(l  +  Jc)(l-2k){2^k)  k\l-k)\ 

^2-— 12      '^'-  432  '  ^-      2.5(5      -"^^^^^ 

and  then   e,=:^\{2-k),  e2  =  ^\(-l  +  2k),  e,=  ^\(--l-k); 
so  that       Z;  =  (gg  —  63) /(^i  —  63),  as  in  §  5 1 . 

69.  Degenerate  Forms  of  the  Elliptic  Integral. 

When  two  of  the  roots  a,  jS,  y,  8  become  equal,  the  corre- 
sponding integrals  degenerate  into  circular  and  hyperbolic 
integrals,  which  can  easily  be  written  down,  on  noticing  as 
before  (§  48)  that  (i.)  when  k  =  0,  sn~'^x  becomes  sin"^a;,  cn~^a; 
becomes  cos~^aj,  etc;  (ii.)  when  k=l,  sn-^a?  becomes  tanh-^ic, 
cn-^a?  or  dn~^aj  becomes  sech~^ic,  and  tn"^a5  becomes  sinh~^ic. 

When  two  of  them  are  equal,  we  may  replace  the  four 
quantities  a,  ^,  y,  S  by  the  three  distinct  quantities  a,  h,  c, 
suppose,  where  a>h>c;  and  now  the  degenerate  elliptic 
integrals  fall  into  three  classes,  I.,  II.,  III. 

I.  Writing  M  for  h^(a  -b.a^c);  then 

(i.)  cc>x>  a, 

y^  Mdx  _  .  ,    J   ja  —  h.x^c _      ,  _^    la  —  c.x  —  h 

(x  —  a)^(x-'b.x  —  c)~  Sh  —  c.x  —  a~  yh  —  c.x  —  a' 

(ii.)  a>x>b, 

r^  Mdx ,    J    \a^h.x  —  c _  .  ,_^    la  —  c.x  —  b 

J  {a  —  x)^{x  —  b.x  —  c)~     '        \b  —  c.a  —  x~~'  \  b  —  c.a  —  x 

b 

(iii.)  b>x>c, 

'^  Mdx  ,    la  —  b.x  —  c         .     ,    la  —  c.b  —  x 


y^^  Mdx 1   la  —  b.x  —  c_     .   _^    la- 

(a-x)J{b-x.x--c)~   ''''^    Sb^c,a-x~   ^'''"  VS^ 


c.a—x 
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y*^^           Mdx              _  .    _j    la  —  h.x  —  c _         _j    la  —  c.h  —  x 

{a  —  x)^(b  —  x.x  —  c)~  \  b  —  c.a  —  x          '      \  b  —  c.a  —  x 

e 

(iv.)  c> x>—oo , 

f^           Mdx  .  ,    ,    la  —  h.c  —  x          ,    ,    la  —  c.b—x 

/'/ X    /,7 ^  =  smh-\/ J =  cosh-\/^ . 

J  {a  —  x),J{Jj  —  x.c  —  x)  ^  b  —  c.a  —  x                y  b  —  c.a  —  x 

X 

II.  Writing  M  for  J ^(cfc  -  6 .  6  -  c) ;  then 
(i.)  X  >  cc  >  a, 

/"•^          Mdx              _  .    _i    lb  —  c.x  —  a_         „^    la—b.x  —  c 

J {x  —  b)^{x  —  a.x  —  c)  '          \  a  —  c.x  —  b                y  a  —  c.x  —  b' 

a 

(ii.)  a  >  a?  >  6, 

y^"          Jfc^ic              _  •  -u-i   l^  —  c.a—x_      ,  _j    la  —  b.x  —  c 

{x  —  b)^{a  —  x.x  —  c)~  \  a  —  c.x  —  b~             \  a  —  c.x  —  b' 

X 

(iii.)  6>a;>c, 

yr^          ifc^ic              _  ,    J    lb  —  c.a  —  x_  .  ,  _j    la  —  b.x  —  c 

(b  —  x)^(a  —  x.x  —  c)'~  y  a  —  c.b  —  x~'           y  a  —  c.b  —  x 

c 

(iv.)  c>a;>— 00, 

r'          Mdx _^   lb  —  c.a  —  x_     .    _j    la  —  b.c  —  x 

J Q)  —  x)J{a  —  x.c  —  x)~  y  a  —  c.b  —  x~   '          y  a  —  c.b  —  x 

X 

III.  Writing  ilf  for  J  ^(a  -  c .  6  -  c) ;  then 
(i.)  QO>x>a, 

y^^          Mdx              _  ,  _-^    \a  —  c.x  —  b_  .  ,  _j    Ib-c.x-a 

{x  —  c),J{x  —  a.x  —  b)~  y  a  —  b.x  —  c~             y  a  —  b.x  —  c 

a 

(ii.)  a>x>b, 

yr«          ifc^a; _^   ja  —  cx  —  b    _  .   _j    Ib  —  ca  —  x^ 

{x  —  c)^{a  —  x.x  —  b)~  '      \  a  —  b.x  —  c   ~          y  a—b.x  —  c' 

X 

y^-^          iMa?              _  .      J   ja  —  c.x  —  b_         _^    Ib  —  ca  —  x 

{x  —  c)^{a  —  x.x  —  b)~  '          \  a  —  b.x  —  c~             y  a  —  b.x  —  c 

b 

(iii.)  6  >fl;>c, 

y*^^           il/cZa3              _  .  -  _^    la  —  c.b  —  x_      ,_^    Ib  —  c.a  —  x 

{x  —  c)^{a  —  x.b  —  x)~  \  a  —  b.x  —  c~             y  a  —  b.x  —  c 

(iv.)  c>x>—co, 

y^           Mdx             _  ,  _j   la  —  c.b—x_  .  ,_^    Ib  —  ca  —  x 

{c  —  x)>J{a  —  x.b  —  x)~  y  a  —  b.c  —  x~             y  a  —  b.c  —  x 
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70.  When  all  four  roots  of  the  quartic  X  =  0  are  imaginary, 
so  that 

(x  -  a)(x  -/3)  =  (x-  mf + n\  {x  -  y){x  -S)  =  {x-pY-{-  f, 
jfdxljX=^/{{x-mf-\-vr-.{x-'pf-{-q'}-Ux 
is  reduced  by  the  substitution 

Let  us  suppose  that  X  is  resolved  into  two  quadratic  factors, 

so  that  X  is  of  the  form 

X  =  {ax^  +  2bx  +  c)(Ax^  +  2Bx  +  G\ 

where,  by  supposition,  ac  —  h^  and  AG—B^  are  negative,  so 

that  the  roots  of  X  =  0  are  all  imaginary. 

T   i.                         ax^-\-'lhx-\-c      N  /iAi\» 

^''  2/ =  3^q:^;gjq:^=-^.  suppose, (101)* 

then  the  maximum  and  minimum  of  y,  the  turning  points  of 
y,  being  denoted  by  t/i  and  y^, 

y^-y={Ay^- a){x^ - xfID,  y-y.^={a-  Ay,){x - x^flD, ...(102) 
iCj  and  x^  denoting  the  values  of  x  corresponding  to  2/1  and  y^ 
of  y ;  and  now 

dy  _2(Ab-  aB){x^  -  x){x  -  x^)  ,^^. 

dx  {Ax'  +  2Bx  +  Cf        ^     ^ 

For  x  is  given  in  terms  of  y  by  the  solution  of 

{Ay-a)x^  +  2{By-h)x  +  Cy-c  =  0,... (104) 

and  this  equation  has  equal  roots  at  the  turning  points  of  y^ 
which  are  therefore  given  by  the  quadratic  equation 
{Ay-a){Cy-c)-{By-lf  =  Q, 

or  {^AG-B^)y^-{Ac  +  aC-2Bh)y->rac-h''  =  0, (105) 

and  then 

_      By  —  b  _  ax-\-b  _  bx  +  c      * 

^~  ~Ay-a'  ^^  ^~ZST5~2^+a* 


-A 


dx 
JX  JJ{ND)~jDJy 

^d^ 

2{A  b  —  aB){x^ — x){x — x^^Jy 


-  »/(^2/i  -a-a  -Ay.^r  dy , 

2{Ab-aB)     Js/iy.yi-y-y-yi)' 

and       (Ay^-a){a-Ay.^=  -Ahj^y,-itAa{y^  +  y^)-a^ 
_{Ab-aBf 
AG-B^' 
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SO  that      /4t  =  -77-T^-^n  f-m — -N»  -^10^) 

which,  by  (lo;,  gives  /     ^^^^-^ ^^^:— ^ —  = 

4-sn-J^l^=4-cn- J^^^  =  -l-dn-A  (107) 
x/2/1         V  2/1 -2/2    V2/i         v  2/1 -2/2    V2/1         v'^/i 

with  'c2  =  l-2/2/2/p/c'2  =  2/2/2/1; 

the  last  expression,   by  the  inverse  dn  function,  being  the 
simplest,  as  expressing  a  function  of  an  argument  oscillating 
between  two  positive  limits,  y-^  and  y.^. 
71.  For  example,  if 

X  =  x^-\-  2a^x^cos  2a  +  a* 

=  (x^  4-  2ax  sin  a  +  a^Xa;^  —  2ax  sin  a  +  a^), 
and  if  y=  (x'^  +  2ax  sin  a  +  a^)/(x^—2ax  sin  a  +  ti^), 

then  0^1  =  a,  2/i  =  tan2(j7r  + Ja) ;  0^2=  ~<^>  2/2  =  ^^^^(i'^~2«)5 
so  that        /c'  =  tan2(j7r— Ja)  =  (l  —  sina)/(l  +  sina) ; 

y"^ dx 
^(x^+2a^x^cos2a+a^) 

1            ,    _j    /I  — sina.a)^  +  2aa;sina  +  a^  nos^ 

fsina)  \  l+sina.cc^  — 2aajsina  +  a^ ^       ^ 


and 


^2(1+1 

X         1  ~l~  2! 

But,  bv  substituting:        — ; = , 

dz 


r^  dx ^j_  n 

J  J{x^-^2d^x^Q,o?>  2a  +  a*)     2aJ  J{\ 


z'^ .  cos^a  +  2;2sin^a) 


I                               \          x^  —  a^ 
=  2^cn-x(^;  sma)  =  ^cn-i^j-|^„ (109) 

by  (2),  a  reduction   of   the   elliptic   integral   to   a   different 
modulus,  the  modular  angle  being  now  a ;   affording  another 
illustration  of  Landen's  transformation  of  §  G7. 
Thus,  with  a  =  \iry  equation  (108)  gives 

where  K={J2-\f  (when  K'jK^l) ;  and  by  (109), 

y^^  dx       _j      _j     y^2a;  f    dx       _  ^      -il_3^     j. 

0 

For  other  numerical  examples,  the  student  may  take 
X  =  x^-{-2x^  +  2,  iK*  +  .3aj2  +  3,  icHa^Hl,  a;H2a;2  +  3,  etc. 


THE  ELLIPTIC  INTEGRALS.  61 

72.  When  two  roots  only  of  the  quartic  X  =  0  are  imaginary, 
we  may  still  make  use  of  the  substitution  (§  70) 

2/  =  iV//),  whereX  =  i\^i); 
but  now  take  ac  —  h'^  negative,  and  AC—B^  positive. 

Proceeding  as  before  we  find  that  the  maximum  y^  is  positive, 
but  the  minimum  y.^  is  negative ;  and  y  oscillates  between  0 
and  2/i  for  real  values  of  ^X ;  and 

/dx    _  1  r dy^ 

so  that,  by  (14), 

rj{AC-B-)  1  jy_^^ 

=  -jA ^^^-\l-  =  -77-^ .dn-\l'^^^^,  ...(110) 

s/ivi-ys)       v2/i   s/ivi-Vs)       V 2/1-2/3     ^ 

with  K^  =  2/1/(2/1  -  2/3).  /c'-  =  -  2/3/(2/1  -  2/3)- 

73.  By  another  method  of  reduction  we  shall  find 
(Enneper,  Elliptische  Functionen,  p.  23) 


/; 


dx 


^{x  —  a.x  —  p.{x  —  my+n^ 

=_i_.„-cn-4^<^^>::-^(^^>  A      run 

JiHKf    \H{x-l3)+K{x-ay'')' '^^^^> 

^{a—x.x—l3.{x—my^+n^} 

etc. ;  where     H-  =  (« - m)2  +  n\  K^=  (/3-mf+n^; 
and  ^2  =  ^-i{(a-pf-E''-K^}/HK, 

so  that  2kk  =  n{a -  fi)/HK. 

Degenerate  forms  occur  when  a  and  (3  are  equal ;  and  now 
dx 


J(c 


A 


1  ^^.^.is/{(a-my+n^W{(x-my-^n^} 

^{{a-my"  +  7i^}  n{x-a) 

dx 

(a-x)J{{x-m)^+.n^} 

^Q,^,-iV{(«-m)^+^nV{(^-m)H7in 


s/{(a-my'  +  n^}  nia-x) 
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74.  Replacing  y  by  NjD  in  equations  (102),  then 

Dy,-N={Ay^-a){x^-xf, 
N-  Dy.^  =  {a  -Ay,X^  -  x^^ ; 
so  that  we  may  write,  according  to  Mr.  R.  Russell, 
D  =  Ax^-i-2Bx+G=P(x^-xy-\-Q(x--x^)\ 

]Sr==ax^-\-2hx+c  =p(x^-xy+q(x-xj)^; .....(113) 

where     P  =  {Ay^-a)/(y^-y^),  Q  =  {a-Ay^)l{y^-y^)] 
and  p  =  Py2>  q^^QVv 

Interesting  numerical  examples  can  be  constructed  by  giving 
arbitrary  integral  values  to  x^,  x.^,  P,  Q,  p,  q;   and  now  the 

substitution  z  =  — — % 

X-i  —  X 

will  make,  as  in  §  37, 

fdx  _r      (x^-x^)dz 
J  JX  J  J{^  +  qzKP-\-Qz'^) ^^^^^ 

75.  When  the  factors  of  the  quart ic  X  are  unknown,  we 
employ  Weierstrass's  function,  and  we  shall  show  subsequently 
in  Chap.  IV.  that  the  elliptic  integral  fdxj/JX  is  reduced  to 
Weierstrass's  canonical  form  h/dsj^B  (§  50)  by  the  substitution 

s=-HIX, 
H  denoting  the  Hessian  of  the  quartic  X  (Cayley,  Elliptic 
Functions,  p.  346) ;  we  may  thus  write 

fi\="^^'\-X'  ^-^^) (115) 

where  g^,  g^  are  the  quadrinvariant  and  cubinvariant  of  the 
quartic  X  or  ax^+4!bx^-{-6cx^+4<dx-\-e, 

so  that     g^  —  ae  —  ^hd + 3c^ 

g^  =  ace  +  2bcd  —  ad^  —  eb^  —  c^, 
H  =  (ac  -  ¥)x^  +  2(ad  -  bc)x^  +  {ae  +  2bd  -  ^c^)x^ 
+  2(be-cd)x+ce-d^  ] 
and  the  general  reduction  of  the  elliptic  integral  of  the  first 
kind  Jdx'j^X,  where  X  is  a  cubic  or  quartic  function  of  x, 
is  now  complete. 

The  application  of  this  general  method  to  the  particular 
cases  already  discussed  is  left  as  an  exercise  for  the  student. 

76.  Systematic  Tables  of  the  integrals  of  the  elliptic  functions 
sn  u,  en  Uj  dn  u,  ns  u,  ds  u,  cs  u,  dc  u,  nc  u,  sc  u,  cd  u,  sd  n,  nd  u, 
and  of  their  powers  have  been  given  by  Glaisher  {Messenger  of 
Mathematics,  1881). 
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Suppose /cnticZu  is  required  ;  we  may  write  it 

0 

0 

etc. ;  so  that 

/k  en  udu  =  cos  "  ^(dn  u)  =  sin  "  \k  sn  u)  =  tan  -  \k  sn  u/dn  u) 

0 

=  I  sin  -  \2k  sn  u  dn  u)  =  am(/ci6,  l//c),  etc. 
Similarly, 


/ 


K 


/csnucZu=cosh  "  ^(dnu/zc')  =sinh  "  ^(/ccn  u//c')=tanh  "  ^(/ccnu/dnu) 

,1      dnu+Kcnu     ,      dnu+/ccnu     ,  k 

=  i  log  J =  'og r- =  lo^  J ,  etc., 

dnu  — «:cni6        ®  /c  °dnu  — iccnu 

while      /dn  ucZii.  =  cos  "  ^cn  u)  =  sin  "  ^(sn  u)  =  am  u (116) 

0 

As  an  exercise  the  student  may  integrate  nsit,  dsu,  ...;  also 
sn^i6,  cn%,  dn%, ...;  and  obtain  formulas  of  reduction  for  the 
integrals  of  (sn  u)",  (en  u)^,  (dn  uy^,  .... 

As  a  general  method,  for  (sn  uy^  for  instance,  we  put 
sn^tt  =  s ;  and  now 

By  means  of  the  well  known  formula  of  reduction, 

for  Vp=fx'Pdx\JN,  where  N=^ax^-\-''lhx-\-c, 

we  have,  on  comparison, 

a  =  A;,  6=-Kl+^),  c=l,p  =  i(^-l); 
so  that         Vp  =  lun,  v^+i  =  2t6„+2,  'Wp  - 1  =  2u,i  _  2 ;  and 
(ti  + 1)^^^71+2  — '^(1  +  ^'^)^«+ ('^^  —  l)'^?i- 2  =  sn**- ^it  en  w  dnu,-(l  17) 
the  formula  of  reduction  for  Un=f{^Vi.nYdu. 

When  the  limits  are  0  and  K,  we  obtain  the  recurring  formula 
{n  +  l)A;Un+2  -  '^^(1  +  ^)^n+ (^^  -  l)i^7i-2  =  0, (118) 

analogous  to  Wallis's  formulas  for  /(sin  or  cos  OyhlO. 

0 

The  same  formulas  hold  for  Un  =  {cduy^du,  since  (§  57) 
cdu  =  ^n(K—u). 

Thus  Un  is  made  to  depend  ultimately  on  u^,  already  deter- 
mined, or  on  Ug;  and  a  similar  procedure  will  hold  for  the 
integrals  of  (en  u)**  or  (sd  tt)**,  (dn  u)"  or  (nd  uy\  etc. 


64  THE  ELLIPTIC  INTEGRALS. 

77.  The  Elliptic  Integral  of  the  Second  Kind. 

We  may  mention  here  incidentally  that  the  integrals  of 
sn^u,  cn%,  dn^u,  ns%,  ds^u,  cs^u,  :.. 
require  for  their  expression  new  functions  called  elliptic  in- 
tegrals of  the  second  kind,  such  as  occur  for  instance  in  the 
rectification  of  the  ellipse. 

For  if,  in  the  ellipse  {xlaf^-{ylhf  =  l, 
we  put  x  —  a  sin  ((>,  y  =  h  cos  0 ; 

so  that      -  =yV(l  -  e^sin^ <p)d(p  =/A((p,  e)d^  =/dn^udu,  (119) 

^0  0  0 

on  putting  0  =  am(^(/,  e) ;  and  e,  the  excentricity  of  the  ellipse, 
is  now  the  modulus. 

The  integral  y^(l  —  /c%in20)(i0  or  yA((p,  K)d^  is  denoted  by 

0 

-£'(0,  k)  by  Legendre,  and  called  the  elliptic  integral  of  the 
second  kind ;  and  when  the  upper  limit  is  Jtt,  the  integral  is 
denoted  by  E^k,  or  by  E  simply,  and  called  the  complete  elliptic 
integral  of  the  second  kind. 

Examples. — The  following  examples  are  collected  chiefly 
from  Legend  re's  Functions  Elliptiques ;  the  results,  being 
now  expressed  by  the  inverse  elliptic  functions,  will  serve  as  a 
guide  to  the  substitutions  required  to  reduce  the  integrals  to 
the  standard  elliptic  forms,  and  the  correctness  can  be  tested 
by  differentiation  as  an  exercise. 

l./(l-\-x^)-Ux  =  j2Qn-^i(i-\-x'-)-i,        J^2|. 

0 

3./«--i)-i*-  »-{;^^g_i;,M^}. 

4.   /{x  —  a.x  —  l3)-^dx 
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6.  /{{X'-mf-\-n^}-Ux  =  -4-cn-4 ^ 1,  W^- 

7.  Prove  that,  if  w'^ = 4a3"(l  —  a?**), 

( 1  -  a;**)!  - i/^d^a;  =/(l  -  a;»)i  -  V^cZa;  =  2  -  2/y  (1  - -m;")  -  ic2i^ ; 

and  express  the  result  when  n  =  S,  4,  or  6. 

8.  Prove  that,  if  cc  — a  is  a  factor  of  the  cubic  X,  so  that 

X  =  (x-a){ax^-\-2bx+c) ; 

a 

an  integral  occurring  in  the  determination  of  the  motion  of  a 
projectile  in  a  resisting  medium. 

Evaluate  the  integral  when  aa^+2ba-{-c  =  0,  so  that 
X  =  {x-a)%x-y). 


9.  Prove  that  (i.)  /'£^5^= JJ^ 
^  ^y    l+dnu      \l+dn 


—  dnu 
u 


0 

'-^snitcZ^^- 


^"'V    dni^+/c'     /(l+/cO' 

0 

yr2K 
u  sn^vdu  =  2K{K'-E)/k^. 

0 

i^(0,  /c)sin  (pdcf)  =  -  sin  -  V. 

0 

(v).y  i^^=ix^. 


10.  Prove  that 

E/k'^  >K>E>  2Kk'^I{\ + /c'2). 

11.  Denoting  the  integral  y(A(p)-'^d(l)  by  u^  establish  the 

0 

formula  of  reduction 

nK^Un+2  -  (72,  - 1)(1  +  /c'2)u„ + (u—  2)Un-2  =  "  /c^sin  0  COS  0(A0)  -  ^ 
Evaluate  u„  for  ti  =  2,  3,  4, 


G.E.F. 


CHAPTER  III. 

GEOMETRICAL  AND  MECHANICAL  ILLUSTRATIONS 
OF  THE  ELLIPTIC  FUNCTIONS. 

78.  Graphs  of  the  Elliptic  Functions. 

Now  that  the  Elliptic  Functions  have  been  defined  and  a 
few  of  their  fundamental  properties  have  been  established  in 
Chapter  I.  in  connexion  with  the  pendulum;  while  in  Chap- 
ter II.  the  reductions  of  the  elliptic  integral  to  the  standard 
form  have  been  tabulated,  let  us  consider  some  further  applica- 
tions, and  first  in  connexion  with  the  graphs  of  am  it,  en  u, 
sn  u,  dn  11,  represented  by  curves  whose  equations  are  of  the 
form  y  =  am  x,  en  cc,  sn  x,  or  dn  x. 

The  graphs  of  these  equations  are  given  in  fig.  5,  in  curves 
(i.),  (ii.),  (iii.),  (iv.) ;  the  modular  angle  employed  is  45°,  so  that 
the  curves  can  be  'plotted  from  the  numerical  values  given  in 
Table  II.,  analogous  to  the  graphs  of  the  circular  and  hyper- 
bolic functions,  given  in  ChrystaFs  Algebra,  Part  II.;  thus, 
for  instance,  the  curve  2/  =  amaj  is  the  graph  of  the  relation 
between  0  and  it  in  §  5. 

We  notice  from  the  equations  of  §  57,  Chap.  II.,  that  by 
sliding  the  curves  along  Ox  through  a  distance  ±  K,  the  curve 
y  =  ^nx  becomes  changed  into  y  =  ^Vi{K-{-x)  =  cnxldiHX  or  cdaj, 
and  not  into  y  =  cna: ;  while  the  curve  y  =  cnx  becomes  changed 
into  y  =  cn{x'- K)  =  K^nxldin x  or  /sda;,  and  not  into  2/  =  sn£c; 
so  that  the  curves  y  =  ^nx  and  y  =  cux  are  essentially  distinct 
curves,  and  cannot  be  superposed,  like  2/  =  cos  x  and  y  =  ^\iix. 

The  curve  (i.),  the  graph  of  am  x,  consists  of  a  regular  un- 
dulation, running  along  the  straight  line  y=^7rx/K;  so  that 

am  aj  =  ^Trx/K-i-  periodic  terms  =  ^'7rx/K-\- I.BnSm{mrx/K), 
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in  a  Fourier  series,  where  the  B's  are  to  be  determined  sub- 
sequently ;  and  then  by  differentiation, 

dn  aj  =  (W/K)  { 1  +  2I,nBnCOs{n'7rxlK)], 
So  also  the  graph  of  E<l)  or  Eamu,  the  elliptic  integral  of 
the  second  kind  (§  77)  consists,  like  (i.)  the  graph  of  &mx, 
of  an  undulation  running  along  the  straight  line  y^Ex/K; 
so  that  we  may  write,  in  Jacobi's  notation, 

E&mx  =  Ex/K  +  Zx, 
where  Zx  is  a  periodic  function  of  x,  which  can  be  expressed  in 
a  Fourier  series 

Zx  =  20^  sin  riTrx/K ; 

and  then,  by  differentiation, 

dn^a;  =  E/K-\-(7rlK)XnCn  cos  uwxIK ; 
whence  also  the  expression  for  sn^x  and  cn^a;  in  a  Fourier  series. 


Fig.  5. 

We  proceed  now  to  some  mechanical  and  geometrical  appli- 
cations of  these  curves. 

79.  Problem  I.    The  curve  assumed  by  a  revolving  chain 
We  shall  prove  that 

y/h  =  sn  Kxj'a 

(fig.  5,  iii.)  is  the  equation  of  the  curve  of  a  uniform  chain, 
rotating  steadily  with  constant  angular  velocity  n  about  an 
axis  Ox,  to  which  the  chain  is  fixed  at  two  points,  2a  feet 
apart,  gravity  being  left  out  of  account,  e.g.  a  skipping  rope. 
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Denote  by  t  the  tension  in  poundals  of  the  chain  at  any 
point,  and  by  w  the  weight  in  lb.  per  foot  of  the  chain. 
Then  the  equations  to  be  satisfied  are 

Therefore  tdx/d8  =  T,  a  constant,  the  thrust  in  poundals  in 
the  axis  due  to  the  pull  of  the  chain  ;  and  therefore 

dfdy\  .  n^w       „        d'^y  dx  ,  nhv       ^ 
diby+^2/  =  0,  or  ^  ^  +  -y  3/  =  0, 

the  diflferential  equation  of  the  curve  of  the  chain. 

B  t  1  j-^^— -^ 

dx^    dx^' 

, ,    ,  '  dy  d^y  __  ds  d^s  . 

dx  dx^  ~  dx  dx^ ' 

and  therefore         S+'^?.|=0. 

Integrating,  supposing  y  =  b  when  dy/dx  =  0  and  ds/dx  =  1, 

dx-^^2T^^      ^^' 
so  that         t  =  Tds/dx  =  T+  in^w(b'-  -  y^). 

so  that  x  is  an  elliptic  integral  of  y^  of  the  form  (5)  in 
Chap.  II. ;  and  y  is  an  elliptic  function  of  x,  obtained  by 
invertincr  the  function  of  the  integral. 

To  obtain  this  function,  let  y  =  h  sin  0 ;  then 

^2= fe^cosV^  = -jr(&^  -  2/^)  {1  +  4y  (6^  -  2/-)  |. 


X  K.IC       TvllOu 

so  that  0  =  am K-,  where  —  =  ^„  ; 

a  a        21 

and  y/b  =  snKxla, 

the  equation  of  the  curve  formed  by  the  chain ;  and  now  2a 
denotes  the  distance  between  the  ends  of  the  chain. 
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We  may  denote  T/lnhu  by  h^ ;  and  now 

"  -h^^b'''''''~h^-^b^'  /c2     b^'     "'  It"'     "'  h  ' 
whence  the  modulus  k  and  quarter  period  K  can  be  determined 
when  h  and  a  are  given ;  and 


K"  K 


dx        '       h^ 

while  ^  =  ^A0; 

dx      a    ^ 

,,    ,        ds       2a  ,         a    1       Kh^ .         a    1 

'°  ^''^^       S^  =  W^t'  -  K  A7  =  2a  ^*  -  Z  A0 ' 

and  integrating,  with  the  notation  of  §§  5  and  77, 

If  2^  denotes  the  length  of  the  chain,  then  s  =  l  when  0  =  |x, 
and  i^(0,  /c)  =  iT,  ^(^,  k)=E;  and  therefore 

Z  +  a  =  ^EKh^la  =  6ig;//c  =  2aEIKK'\ 
from  which  /c,  iT,  and  J5^  must  be  found  by  a  tentative  process, 
from  Legendre's  F.E.,  IL,  Table  II.,  when  a-  and  i  are  given. 
For  instance,  if  K  =  K=i,j2,  as  in  Table  II.,  page  11, 
^=1-85407,  ^=  1-350641 ; 
and  6/a=  1-5255,  ^/a=  1-9206. 

80.  When  the  chain  is  fixed  at  two  points  not  in  the  axis, 
nor  in  the  same  plane  through  the  axis,  the  chain  when  re- 
volving in  relative  equilibrium  will  form  a  tortuous  curve, 
which  will  sweep  out  a  surface  of  revolution,  of  which  the 
preceding  curve  2//6  =  sn  iTic/a  is  a  particular  case  of  the 
meridian  curve,  while  the  general  equation  is  of  the  form 
2/2 + ^2  _  h^sn^{Kx/a)  +  c'cii\Kxla). 

For  in  this  more  general  case   the   equations   of  relative 
equilibrium  are  now 

Three  first  integrals  of  these  equations  are 

4=^^ (i> 

and  t-\-^n'^w(y^+z^)  =  X,  a  constant (3) 
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Putting  2/^ + ^"  —  ^'"' 

,,  dy  ,    dz     .dr^ 

'^^"  y-dx^'dx-id^^ 

and  from  (1)  and  (2),    2/^-^^  =  ^  5 
therefore,  squaring  and  adding, 

id.)  =^AiM-V-w 

suppose ;  and  for  r^  to  lie  between  6^  and  c^,  we  must  suppose 
d'^>h'^>r->c^,  and  as  it  is  of  the  form  (17),  p.  37,  we  put 
r2  =  62sin20  +  c2cos29i, 
52  _  ^2  ^  (62  _  c2)cos2^,  r2  -  c2  =  (^2  _  c2)sin20, 

(^2  _  ^2  _  ^2  _  g2  _  (^2  _  c2)sin20  =  {d''  -  0")^^, 

where  /c2  =  (62-c2)/(c^2_c2)^ 

Then     (^y  =  4(62-c2)2cos2^sin2^^' 


T' 


(62  -  c2)2((Z2  _  C2)COS20  sin20  ^2^^ 


or 


C^9!,2       7lW^,2_    ONA2  , 


SO  that  0  =  am  Kxja, 

where        ^^2/^2  ,^  ^4^2(^2  __  c2)/4T2  =  ^{d}  -  0^)1^" ; 

and  then  ^2  =  ^/^ + ;t;2  =  bhn^Kx/a + c^cn^Kx/a, 

the  equation  of  the  surface  swept  out  by  the  chain,  the  meridian 

curve  being  similar  to  curve  (iv.)  in  fig.  5. 

81.  The  chain  will  obviously  take  up  the  form  which,  with 
given  length  between  the  two  fixed  ends,  has  the  maximum 
moment  of  inertia  about  the  axis  of  revolution  ;  and  we  have 
thus  investigated  the  solution  of  an  interesting  problem  in  the 
Calculus  of  Variations. 
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The  form  of  the  chain  for  a  minimum  moment  of  inertia  is 
obtained  by  supposing  that  r^  >  (P,  as  in  (13),  p.  35 ;  and  by 
putting  r'^^(l^  =  {cP  —  b~)taxi^<f), 

r2~62  =  (cZ-2_62)sec20, 
r2-c2  =  ((Z'2-c2)AVsec20, 

K^  =  (b^  —  c^)/(d^~-c^),  as  before. 

SO  that  (j)  =  am  Kx/a, 

and  then  y^+z'^  =  dhec^(p^bH3iii^(l) 

_(P  —  hHn^Kxja 

~      cn^Kx/a 

=  d^nc^Kx/a  -  bhc^Kx/a 
is  the  equation  of  the  surface  of  revolution  upon  which  the 
chain  lies,  when  its  moment  of  inertia  about  the  axis  of  x  is 
a  minimum. 

The  projection  of  the  chain  upon  a  plane  perpendicular  to 
the  axis  is  to  be  investigated  subsequently. 

82.  When  the  two  points  to  which  the  ends  of  the  chain  are 
fastened  lie  in  the  axis,  or  in  a  plane  through  the  axis,  the 
chain  takes  the  form  of  a  plane  curve,  whose  equation  is 

y/b  =  sn  Kx/a 
for  a  maximum  moment  of  inertia,  as  already  showji  in  §  79 ; 
and  y  en  Kx/a  =  d,  or  y  =  dnQ  Kxja 

for  a  minimum  moment  of  inertia ;  which  can  be  proved  as  a 
simple  exercise  in  the  Calculus  of  Variations,  by  considering 
the  variation  of  the  integral 

/{y-'-+\)J{l+f)ds. 

83.  Pkoblem  II.  '•  The  curve  on  which  an  ellipse,  of  semi- 
axes  a  and  6,  n^ust  roll  for  its  centre  to  describe  a  straight  line 
Ox  is  the  curve  whose  equation  is 

2//a  =  dna3/6, 
the  modulus  k  being  the  excentricity  of  the  ellipse." 
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For  if  the  centre  M  of  the  ellipse  describes  the  horizontal 
straight  line  Ox  (fig.  6),  M  must  always  lie  vertically  over  P, 
the  point  of  contact  with  the  fixed  curve,  so  that  the  ellipse 
rests  in  neutral  equilibrium  if  its  centre  of  gravity  is  at  the 
centre  M;  teeth  being  cut  in  the  curves,  if  requisite,  to  prevent 
slipping. 

Therefore  the  polar  subnormal 

,,^         dr  .    ,,      ,,.        1     cos2^  .  sin^^ 
MG  =  —  -^  m  the  ellipse  -g  = 

must  be  equal  to  the  subnormal 


a' 


62 


MQ 


dy  . 


y-^  in  the  fixed  curve  AP,  where  MP  =  r  =  y. 


Fig.  6. 
Now  in  the  ellipse,  difierentiating, 

-J  %  =  {i-li^  sin  0COS  0=  2^(1 -i.  i-1) 

1    1    n    i\ .  ^^  I    1    n    i\    „, 

dr  _  r^{a^  —  r^ .  r^  —  6^) 
""^  "dO"  ab  ' 

so  that  in  the  fixed  curve  AP 

dy  ^     J{a?--y'^.y^-h^) 

dx  ab 

"/;(.-y,--<.r>^°:-&v(-5}- 

by  (9),  p.  33 ;  or,  by  inversion  of  the  function, 

yja  =  dn  xjh. 
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The  arc  of  the  rolling  curve  is  obviously  the  same  function 
of  r  as  the  arc  of  the  fixed  curve  is  of  y;  and  therefore  the 
arcs  are  expressible  by  elliptic  integrals  of  the  second  kind. 

The  curve  AP  can  be  described  as  a  roulette,  by  a  point  P 
fixed  to  a  certain  curve  which  rolls  on  Ox,  and  therefore 
touches  Ox  at  G,  since  G,  the  foot  of  the  normal  PG,  is  the 
centre  of  instantaneous  rotation. 

Since  PM  is  the  perpendicular  from  a  pole  P  on  the  tangent 
of  the  rolling  curve,  and  that  the  relative  orbit  of  P  and  M  is 
the  ellipse,  therefore  the  pedal  of  the  rolling  curve  with  respect 
to  the  pole  P  is  an  ellipse;  or,  in  other  words,  the  rolling 
curve  is  the  first  negative  iiedal  of  an  ellipse  with  respect  to 
its  centre,  that  is,  the  envelope  of  lines  drawn  through  each 
point  on  the  ellipse  perpendicular  to  the  line  joining  the  point 
to  the  centre  of  the  ellipse. 

The  first  negative  pedal  of  an  ellipse  with  respect  to  its 
centre  is  called  Talbot's  curve ;  its  (p,  w)  equation  is 
1  _  cos^ft)     sin^o) . 

and  it  is  of  the  sixth  degree  (Cay ley,  Proc.  R.  B.,  1857-9,  p.  171). 

84.  For  a  rolling  hyperbola,  changing  the  sign  of  6^,  the 
fixed  curve  must  be  given  by 

r         abdy  _       ab  Ja  b        \ 

a 

by  (8),  p.  33;  so  that,  by  inversion  of  the  function. 
afy  =  en  ic/a/c,  or  yja  =  nc  x/aK, 

is  the  equation  of  the  fixed  curve  for  the  hyperbola. 

* 

85.  When  the  fixed  curves  are  of  the  form  of  curves  (ii.)  and 
(iii.)  in  fig.  5,  we  shall  find  in  a  similar  manner  that  the  rolling 
curves  which  will  rest  upon  them  in  neutral  equilibrium  are 
given  by 

l_cosh20     sinh^e        1  _  cosh^^  _  sinh^^ 
^2        ^2    +     ^2    »  or  ^^        ^2  52    • 

Taking  the  first  of  these  two  rolling  curves, 


74  ILLUSTRATIONS  OF 

cie  ab 

so  that  in  the  corresponding  fixed  curve 

dx  ah 

p       abdy  _        ab  (y  a        \ 

^y  ^)^  P-  '^3 ;  so  that,  by  inversion, 

y\a  =  en  x\bKy  with  mod.  k  =  a\ij(p? +6^). 
Similarly  it  can  be  proved  that  the  second  rolling  curve  can 
rest  in  neutral  equilibrium  on  the  fixed  curve  (fig.  5,  iii.) 
yja  —  ^nxja,  with  mod.  a/6. 

86.  Problem  III.  Dynamical  Problem.  "  The  curve 
rcnO  =  c  is  the  relative  orbit  of  the  centres  of  gravity  of  a 
straight  rod  fitting  into  a  smooth  straight  tube,  resting  on  a 
smooth  horizontal  table,  when  struck  by  an  impulsive  couple, 
the  centres  of  gravity  of  the  rod  and  of  the  tube  being  initially 
c  feet  apart." 

Suppose  the  rod  to  weigh  m  lb.  and  the  tube  to  weigh 
M  lb.,  and  denote  the  moments  of  inertia  about  the  centres 
of  gravity  by  mh\  MK^  (lb.  ft.^). 

Then,  if  P  is  the  C.G.  of  the  rod,  Q  of  the  tube  (PQ  =  r),  and 
0  the  (stationary)  C.G.  of  the  system, 

OP  =  Mr/(m+M),  OQ  =  mr/(m  +  M). 

Denoting  by  '^  the  initial  angular  velocity  communicated  to 
the  system  by  the  impulsive  couple,  then  from  the  Principle  of 
the  Conservation  of  Angular  Momentum, 

{m(k^-^OP^)+M(K^-^OQ^)}(deidtl 

Again,  from  the  Principle  of  the  Conservation  of  Energy, 
or,  after  reduction, 


1  mM  /i 

2  m+MK 


S+^S)+K-*^+^^C 
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the  kinetic  energy  in  foot-poundals,  is  constant,  and 

=l£^'^'+i('^'''+MK^}'^' (2) 

Therefore,  employing  the  value  of  dO/dt  given  by  (1), 


mM  /dr^ 


m  +  M 
or,  finally, 

(i^2    ^^      ^  W  +  i¥ii:-^+mifcV(m+i/)' ^  ^ 

so  that  r  is  an  elliptic  function  of  0,  given  by  (8),  p.  33. 
We  therefore  put  r  =  c  sec  <p ;  and  then  find 

g=l-^%inV  =  AV> 
where  ___mJf±MK^___ , 

so  that  0  =  am  0,  cos  (p  =  cnO;  and  therefore 

r  en  0  =  c. 

87.  When  c  =  0,  ic  =  l,  and  this  method  fails;  but  now 

suppose,  where  a^  =  {m-\-  M){mB + MK^)lmM ; 

c^r  .  ,    ,a 

or  7'  sinh  0  =  a, 

the  equation  of  one  of  Cotes's  spirals,  the  relative  orbit  of  the 
centres  of  gravity  of  the  rod  and  tube,  ultimately  described 
after  leaving  the  unstable  position  of  coincidence.     • 

The  system  of  the  rod  and  tube  may  be  supposed  started 
by  any  arbitrary  impulse,  not  necessarily  a  couple,  and  the 
essential  character  of  the  relative  motion  is  unaltered:  but  now 
the  C.G.  of  the  system  is  no  longer  at  rest. 

88.  Other  mechanical  arrangements,  leading  to  the  same 
equations  of  motion,  will  readily  suggest  themselves ;  thus  the 
tube  may  be  supposed  to  be  one  of  the  hollow  spokes  of  a 
wheel  of  weight  M  lb.,  moveable  about  a  fixed  vertical  axis, 
while  the  rod  is  one  of  a  number  of  equal  rods,  or  balls,  of 
collective  weight  m  lb.,  one  in  each  tube,  and  initially  placed 
with  the  C.G.  at  a  distance  c  from  the  axis  of  the  wheel. 


and  now  0  —  I — ,,^'   ^,  ^^  =  sinh  -  ^ 

J  rj{\ 
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Now,  if  the  wheel  is  started  by  an  impulsive  couple  with 
angular  velocity  n,  the  path  of  the  C.G.  of  each  rod  or  ball  in 
its  spoke  will  be  of  the  form 

r  en  ^  =  c. 

89.  Problem  IV.  Central  Orbits  and  Catenaries  expressed 
by  Elliptic  Functions. 

When  a  Central  Orbit,  expressed  in  the  polar  coordinates 
(1/u,  &),  is  described  under  an  attraction  to  the  pole,  of  magni- 
tude P  (dynes  per  gramme),  then,  as  is  proved  in  treatises  on 
Dynamics,  P  is  given  by  the  equation 

P-hv(—^v^  where /i-r^^^-i^ 

and  the  constant  h  is  twice  the  rate  of  area  swept  out  by  the 
radius  vector ;  and  v  the  velocity  is  given  by 

Given  the  equation  of  the  orbit  as  a  relation  between  u  and 
0,  the  value  of  P  as  a  function  of  u  is  thence  easily  determined 
by  differentiation,  as  in  §  30 ;  let  us  then  determine  P  for  the 
orbits  au  =  sn,  en,  tn,  or  dn  mO ; 

also  for  the  inverse  curves 

au  =  ds,  nc,  cs,  or  nd  tyiO, 
in  Glaisher's  notation  ;  the  remaining  orbits 

au  =  cd,  sd,  dc,  ds  m6 ; 
are  not  distinct  curves,  being  merely  formed  by  reflexion  in  the 
line  0=^K/m,  since  cd  7nO  =  sn(K—mO)  (§  57),  etc. 

As  in  §  30,  we  shall  find  by  differentiation  that  (d^uldO^)-\-u  is 
always  of  the  form  Au+Bu^,  so  that  P  is  of  the  form  />tu^+  i/u^ ; 
and  conversely,  given  this  form  of  P,  we  find  by  integration 
that  (d^u/dOy  is  of  the  form  C -\- Du^ -{- Eu^ ;  so  that  0  is  an 
elliptic  integral  of  u,  and  u  an  elliptic  function  of  0,  of  which 
the  results  are  given  in  §  36. 

When  the  orbit  is  given  by 

au  =  sn^m6,  cn^m^,  dn^mO,  ..., 
we  find  by  differentiation,  as  in  §  30,  that  P  is  of  the  form 
\u^ -{•  Iulu^ -{•  vU^ ;  and  conversely,  when  P  is  of  this  form, 
(du/dOy  is  a  cubic  form  in  u;  and  0  is  given  as  an  elliptic 
integral  or  inverse  elliptic  function  of  u,  by  the  results  of 
equations  (12)  to  (45),  Chap.  II. 
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As  an  exercise  the  student  may  determine  the  value  of  P 
and  v^,  as  functions  of  u  or  r,  in  the  orbit 
1  _cr)L^mO    BnhnO 

and  its  inverse  curve,  whose  equation  is  of  the  form 
r2  =  a2cn2me4-&-sn2ma 
Similarly  the  central  forces  required  to  make  a  chain  assume 
the  form  of  one  of  the  preceding  curves  can  also  be  determined 
(Biermann,    Prohlemata    quaedam    mechanica   functionum 
ellipticarum  ope  soluta,  Berolini,  1865). 

When  a  transverse  force  T  is  introduced  into  the  field  of 
force,  then  h  is  no  longer  constant,  but,  as  demonstrated  in 
treatises  on  Dynamics  and  the  Lunar  Theory, 
dh^_2T         T  _dlogh 
de  ~  u^' ^^  h^u^~    dO    ' 

,  .,  d^u  ,  P        T    du 

while  _+u  =  __-^^_, 

so  that  P  =  fc^_  +  ,,+_|_-^.^). 

If  we  assume  P  =  h^u^;  then 


d 
do 


0"^S)+^'f~  =  ^'  ^'  ^S  =  ^'  ^  ''^'^^^- 


But  -j~=hu^,  so  that  -^  —  Cu^,  or  -=-=—(7,  which  shows 
dt  dt  dt 

that  the  body  approaches  the  centre  with  constant  velocity  C. 

Suppose,  for  instance,  we  take  an  orbit  given  by 

mO  =  am  au, 

then  h  =  G^=  G-  dn  au  =  G-ja-K^sm^me) ; 

and  P  =  hV     =     G^—a-K'^sinhne), 

^=  W^  =  -  (72— /c^sin  me  cos  mO ; 
^     dO  m  ' 

so  that  F,  the  potential  of  the  field  of  force,  is  given  by 
and  then  P=  -_-,  T=  — -^. 
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90.  Problem  V.     The  motion  of  Watt's  Governor. 

"The  oscillations  of  Watt's  Governor  between  the  inclina- 
tions a  and  ^  to  the  vertical,  when  constrained  to  revolve  with 
constant  angular  velocity  w,  are  given  by 

tanJ0  =  tanJadn(7i^,  k),  with  /  =  tan J/5/tan Ja, 
where  0  denotes  the  inclination  of  an  arm  to  the  vertical  axis 
at  the  time  t" 

Consider  the  motion  of  either  rod  and  ball,  as  if  unconstrained 
by  the  other,  and  denote  by  G  the  moment  of  inertia  of  the 
rod  and  ball  about  its  axis  of  figure,  and  by  A  the  moment  of 
inertia  about  the  axis  on  which  the  rod  turns  at  the  upper 
joint  0  (fig.  7). 


.     Fig.  7. 

Drawing  the  three  principal  axes  OA,  OB,  OC  at  0,  and 
three  moving  coordinate  axes  Ox,  Oy,  Oz,  such  that  Ox 
and  OA  are  coincident,  Oz  is  vertical,  and  yOz,  BOG  in 
the  same  vertical  plane,  then  the  components  of  angular 
velocity  a,bout  OA,  OB,  OG  are  —(dO/dt),  —oysinO,  cocosO; 
and  the  corresponding  components  of  angular  momentum  are 
'-A(dO/dt),  —Ad)  sin  0,  Geo  cos  0. 

The  components  of  angular  momentum  about  Ox,  Oy,  Oz 
will  therefore  be 

\=  -AidOldt),  h2  =  (G-A)(josmecose,  h^  =  (Gcos^O+Asm^-e)M; 
while  the  component  angular  velocities  of  the  coordinate  axes 
Ox,  Oy,  Oz  are  ^1  =  0,  ^2  =  ^^  ^3  =  ^,  with  the  notation  of 
Routh's  Rigid  Dynamics. 

Take  the  poundal  as  the  unit  of  force,  and  denote  by  M  the 
weight  in  lb.  of  either  arm  and  ball,  by  h  the  distance  in  feet 
from    0   of  the  centre  of  gravity;    the   equation  of  motion 
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obtained  by  taking  moments  about  Ox  or  OA  is 

or       -A(cl^e/dt^)  +  {A-C)a>hmecose  =  Mghsme; (1) 

so  that,  ifA  =  G,  the  motion  reduces  to  simple  pendulum  motion. 
Integrating,  on  the  supposition   that  a>  0  >  ^,  and   that 
de/dt  =  0  when  a  =  a  and  /S, 

^^-^L^ai^cosO-cosaXcosP-cosO) (2) 

The  position  of  relative  equilibrium  is  given  by  d^O/dt^  =  0 ; 
and  then,  if  0  =  y, 

COSy  =  %/i/{(^-a)a)2}  =  J(cosa  +  COs/3), (3) 

so  that  in  these  oscillations  the  point  D,  which  controls  the 
valve,  makes  equal  excursions  above  and  below  its  position  of 
relative  equilibrium. 

The  technical  name  for  these  oscillations  is  "  Hunting  " ;  and 
some  kind  of  frictional  constraint  is  required  to  prevent  these 
oscillations  from  becoming  established. 

(Maxwell,  Froc.  R.  S.,  1868.) 
Denoting  tanja,  tan|^,  tanj^  by  a,  b,  x  respectively,  then 
equation  (2)  may  be  written 

4       dx^_A-'C  Jl-x"    l-a^/1-62     l-a;2\ 
{l+x'fdt^''    A    '^\\^-x'     l+aVVl  +  62     \j^xV 

or  ^  =  ^"^(o^cos^la  cos^ J/3(a2  _  ^2)(^2  _  52) . 

and  this,  by  equation  (9),  p.  38,  gives 

x  —  a  dn('nt  ac),  or  tan  iO  =  tan  Ja  dn  nt, 
where  k  —  hja  =  tan  J/3/tan  \a,  and  n  =  wsin  Ja cos I^aJO-  ~  ^/^ )• 
For  a  small  oscillation,  we  put  a  =  /3;  and  then  /=!,  ic  =  0  ; 
and  now  the  period  of  an  oscillation 

27r^     47r        /    A 
n  ~  wsinay  A  —  C 

91.  If  we  suppose  the  whole  weight  of  a  rod  and  ball  con- 
centrated at  the  centre  of  gravity,  we  have  (7=0,  A=Mh^; 
and  now  the  motion  may  be  assimilated  to  that  of  a  particle 
in  a  smooth  circular  tube,  which  is  made  to  rotate  about  a 
vertical  diameter  with  constant  angular  velocity  w. 

(Prof  B.  Price,  Analytical  Mechanics,  §  403). 
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The  equation  of  motion  (1)  now  reduces  to 

^77/^ ""  ^^^sin  ^  cos  0  =  —  ^  sin  0, 

where  h  denotes  the  radius  of  the  circle ;  and  for  oscillations 
on  one  side  of  the  vertical  between  a  and  ^,  a>6>  /3, 

(dO/dty  =  ft)2(cos  0  -  cos  a)  (cos  /3  -  cos  0), 

the  solution  of  which  is,  as  before, 

tan  J0  =  tan  Ja  dn ')^i^, 

where  /=tan|^/tanja,  n  =  (t)sm^acos^/3. 

If  the  particle  in  its  oscillations  just  reaches  the  lowest 
point  of  the  circle,  /3  =  0;  and  then  k=0,  k=1;  and  now 
dn  nt  degenerates  into  sech  nt  (§  16)  ;  so  that 

tan  ^0  =  tan  Ja  sech  ntf  where  n  =  a)  sin  Ja ; 
the  position  of  relative  equilibrium  being  given  by 
cos  y  =  gl(o%  =  i(l  +  cos  a)  =  cos^ Ja. 
If  the  particle  passes  through  the  lowest  point,  it  will  come 
to  rest  again- where  0=  —a;  and  now 

(dO/dty  —  a)^(cos  0  —  cos  a)(2  cos  y  —  cos  a  —  cos  0\ 
where  2  cos  y  — cos  a  >  1;  and  the  solution  of  this  equation  is 
tanJO  =  tanJacnn^,  where  ')i  =  ft);y/(cos  y  —  cos  a). 
When  a  =  TT,  we  shall  find  the  motion  given  by 

tanie=""yy+^y; 

so  that,  after  an  infinite  time,  the  particle  just  reaches  the  highest 
point  of  the  circle,  where  it  will  be  in  unstable  equilibrium. 

A  still  greater  velocity  of  the  particle  relative  to  the  tube 
will  make  the  particle  perform  complete  revolutions,  which 
will  be  expressed  by 

tan  JO  =  (7  tn  71^. 

We  have  supposed  the  circular  tube  to  be  made  to  rotate 
with  constant  angular  velocity  about  a  vertical  diameter ;  but 
the  motion  of  the  particle  relatively  to  the  tube  will  be  found 
to  depend  on  similar  equations  when  the  tube  is  attached  in 
any  other  manner  to  the  vertical  axis. 
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92.  Such  will  be  the  motion  of  a  pendulum  swinging  about 
an  axis  fixed  to  the  Earth,  and  now  it  is  interesting  to  notice 
other  cases  of  motion  of  bodies  which  can  be  directly  compared 
and  made  to  synchronize  with  the  motion  of  an  ordinary 
pendulum,  swinging  through  a  finite  angle. 

Thus  the  pendulum,  if  moveable  about  a  smooth  vertical 
axis,  which  is  fixed  to  a  wheel  moveable  about  a  fixed 
vertical  axis,  the  inertia  of  the  wheel  being  sufficiently  great 
for  the  reaction  of  the  pendulum  to  have  no  sensible  effect  on 
its  angular  velocity,  will  perform  pendulum  oscillations,  with 
g  replaced  by  ao)^,  co  being  the  angular  velocity  of  the  wheel 
and  a  the  distance  between  the  axis  of  the  wheel  and  of  the 
pendulum. 

Again  a  cylinder  of  radius  a  and  radius  of  gyration  ky  rolling 
inside  a  fixed  horizontal  cylinder  of  radius  6,  will  synchronize 
with  a  pendulum  of  length  l  =  (b  —  a)(l-\-Jc^la^). 

If  the  fixed  horizontal  cylinder  is  free  to  rotate  about  its 
axis,  and  has  its  centre  of  gravity  in  the  axis,  then  the  length 
of  the  equivalent  pendulum  is 

l  =  (b-a){l-\-n),  where  n  =  -^^l (l-^-^  ^^2} 

mk^,  MK^  denoting  the  moments  of  inertia  about  the  axes 
of  the  rolling  and  fixed  cylinders. 

The  rolling  cylinder  may  be  replaced  by  a  waggon  on 
wheels,  and  the  motion  can  still  be  compared  with  that  of 
a  pendulum. 

A  circular  cone,  whose  C.G.  is  in  its  axis  of  figure,  and  j^^hose 
axis  is  a  principal  axis,  performs  pendulum  oscillations  when 
it  rolls  on  an  inclined  plane,  or  inside  or  outside  another  fixed 
cone,  whose  axis  is  sloping,  the  vertices  of  the  cones  being 
coincident;  the  determination  of  /.,  the  length  of  the  equivalent 
pendulum,  in  these  cases  is  left  as  an  exercise  to  the  student. 

In  those  cases  where  the  finite  oscillations  are  not  of  the 
pendulum  character,  we  suppose  the  motion  indefinitely  small ; 
and  now,  in  small  oscillations  under  gravity,  instead  of  giving 
the  formula  for  the  period  of  a  small  oscillation,  it  is  in  general 
simpler  to  give  I,  the  length  of  the  pendulum,  whose  small 
oscillations  have  the  same  period. 

G.E.F.  F 
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Thus  for  the  vertical  oscillation  of  a  carriage  on  springs, 
I  is  equal  to  the  permanent  average  vertical  deflection  of  the 
springs,  due  to  the  weight  of  the  body  of  the  carriage. 

For  the  small  vertical  oscillations  of  a  ship,  l=VIA,  where 
V  denotes  the  displacement  of  the  ship  (in  cubic  feet),  and  A 
the  water  line  area  (in  square  feet) ;  and  if  the  ship  is  floating 
in  a  dock  of  area  B  sq.  feet,  then  it  is  easily  proved  that 

93.  The  Reaction  of  the  Axis  of  Suspension  of  a  Pendulum. 

It  is  important  to  know  the  magnitude  of  this  reaction  in 

the  case  of  a  large  swinging  body,  like  a  bell  in  a  church  tower. 

Denote  by  X  and  Y  the  horizontal  and  vertical  components 

of  this  reaction,  considered  as  acting  on  the  swinging  body ; 

and  take  the  gravitation  unit  of  force,  the  force  of  a  pound. 

Then  X,  Fand  TT,  applied  at  the  centre  of  gravity  G  (fig.  1), 
will  be  the  dynamical  equivalents  of  the  motion  of  the  body, 
collected  as  a  particle  at  G ;  and  since  the  component  accelera- 
tions of  G  are  h(dO/dty  in  the  direction  GOy 

and  h(d'^0/dt'^)  perpendicular  to  GO, 
therefore,  resolving  horizontally  and  vertically, 

Wh{d'eidt^)cos  0  -  Wh{deidt)'sm  6  =  Xg, 
Wh(d^e/dt^)sm  0+  Wh(de I dty cos  e=Yg-Wg; 
while,  from  the  pendulum  motion, 

l{d^eidt^)  =  -g  sin  0,  il%deidty=g(2R-lYevs  6). 
From  these  equations  we  find 

■^=1—  |Sin^0  +  — ,2- cos  6  —  -T-cos  0(1  —  cos  t/), 

Y     ^h        f2h    4^Rh\       .Sh     2n 
or       -pp-l4-^=  -[j^ j^Jcose-{-jCos^6; 

X         (2h    4^Rh\  .     .     3A  .    ^        . 
-tt^=     (-7 j^jsmd — ^smt^cost^, 

and  therefore  the  resultant  of  X  and  F—  W(l  —  h/l)  is  a  force 
^     ,,/     2h  ,  4:M  ,  Sh       A      ■rr.Sh^^j  ,  ,  ^       . 

^V-y+^r+xcos  6)  =  W-^^-(il-hiR-y) 

in  the  direction  GO ;  and  T  varies  as  the  depth  of  P  below 
the  line  y  =  il'\-^R, 

whence  X  and  F  are  easily  constructed. 
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94.  In  the  simple  pendulum,  h  =  I,  and  the  tension  T  of  the 
thread  PO  is  given  by 

T     3 

At  the  end  of  a  swing  y  =  2R,  and  T/Tf  =  1  -  ^Rjl ;  so  that, 
if  2R  is  less  than  I,  T  is  always  positive. 

But  if  2R  is  greater  than  I,  so  that  the  plummet  swings 
through  more  than  180°,  T  changes  sign,  and  the  thread  will 
become  slack,  unless  replaced  by  a  light  stiff  rod. 

When  2R  is  greater  than  2^,  the  pendulum  makes  complete 
revolutions ;  and  now,  at  the  top  of  a  revolution,  y  =  21,  and 
T/W=4!R/l  —  o  ;  and  when  2R  is  greater  than  ^l,  T  is  again 
always  positive,  and  the  plummet  can  be  whirled  round  at 
the  end  of  a  thread,  without  the  thread  becoming  slack. 

95.  When  the  axis  of  suspension  of  the  pendulum  is  hori- 
zontal, and  cut  into  a  smooth  screw  of  pitch  p,  the  equation  of 
energy  gives 

^W(ih^-\-k'-+p^)ideidt)^=  Wg(H-hvevs  Q\ 
if  the  centre  of  gravity  descends  from  a  height  H  above  its 
lowest  position  ;  so  that 

ik'  +  Jc'+p^)(d^e/df)=-gh sin  0, 
and  therefore  l  =  h  +  (Jc^ + p^)/h ; 

and  now  in  addition  to  X  and  F,  the  reaction  of  the  axis  exerts 
a  horizontal  longitudinal  component  Z  and  a  couple  pZ,  given  by 
W     d^e_-Wph  sine 
g  ^  dt^~  /i'-hk^-^p^' 
Similarly  the  increase  in  I  due  to  the  pendulum  being  sup- 
ported on  friction  wheels  may  be  investigated. 

As  an  exercise  the  student  may  investigate  the  small  oscil- 
lations of  a  system  of  clockwork,  in  which  the  wheels  are 
unbalanced  about  the  axes,  and  prove  that  for  small  oscilla- 
tions the  length  of  the  simple  equivalent  pendulum  is  given  by 

I  =  (^wk^^p^)l(Eiuhp'^cos  a), 
where  w  denotes  the  weight,  wh  the  moment,  and  wk-  the 
moment  of  inertia  of  a  wheel  about  its  axis ;  a  denoting  the 
angle  which  the  plane  through  the  axis  and  centre  of  gravity 
makes  with  the  vertical  in  the  position  of  equilibrium ;  and 
p  denoting  the  velocity  ratio  of  the  wheel. 
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96.  The  Internal  Stresses  of  a  Swinging  Body. 

These  internal  stresses  are  most  forcibly  realized  on  board  a 
ship  rolling  in  the  sea,  not  only  in  their  effects  as  producing 
sea-sickness,  but  also  in  causing  the  cargo  to  shift,  if  the  cargo 
is  grain,  coal,  or  petroleum,  in  bulk. 

It  is  usual  to  consider  the  ship  as  acted  upon  by  two  forces, 
(i.)  W  tons,  the  weight  or  displacement  of  the  ship,  acting 
vertically  downwards  through  the  centre  of  gravity  G, 

(ii.)  W  tons,  the  buoyancy  of  the  water,  acting  vertically 
upwards  through  M  the  metacentre  (fig.  8). 

A 


Fig.  8. 

These  two  forces  form  a  couple  of  moment  W.GM.  sin  0 
(foot  tons),  so  that  the  ship  will  roll  about  a  horizontal  longi- 
tudinal axis  through  G,  like  a  pendulum  of  length  GL  =  Tc^jGM 
feet,  Wk^  denoting  the  moment  of  inertia  of  the  ship  about 
this  axis  of  rotation. 

Now  to  find  the  force  which  acts  upon  w,  any  infinitesimal 
part  at  P  of  the  ship,  to  give  it  its  acceleration  and  to  balance 
its  weight,  we  refer  the  point  P  to  axes  Gx  and  Gy,  drawn 
upwards  through  GM  and  perpendicular  to  GM. 
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This  force  will  balance  the  reversed  effective  force  of  'm;  at  P 
and  the  effect  of  gravity  on  w ;  and  therefore,  in  gravitation 
measure,  will  have  components 

~  y  "7/2 ^  V7/ J  +'^  COS  6,  parallel  to  (jx, 

"a^Wa'^  Vdt)  "+"^  ^^^  ^'  parallel  to  Gy. 

O  if 

If  vj  is  suspended  as  a  plummet  by  a  very  short  thread,  the 
thread  will  take  the  direction  of  this  force,  and  will  therefore 
make  an  angle  with  Gx 

^g  sin  e  ~  x(d^e/dt^)  -  yide/dtf 
gcose-{-y(d^eidt^)-x(deidtf 
Supposing  the  ship  to  roll  like  a  pendulum  of  length  I, 
through  an  angle  2a,  then 

l{d'^eidt^)^  -g  sin  6,  and  il(de/dtf  =  g(cose-cos  a) ; 
and  by  §  8, 

d^e/dt^  =  - nhin  0=- 2n'-sm^e cos  J0  =  -  2n\  sn 7it  dn  nt, 

{deidtf  =  27t2(cos  e  -  cos  a)  =  ^n\^m^a  -  sin^O)  =  ^n^^cnhit. 

At  any  instant  the  lines  of  reversed  resultant  acceleration 

will  be  equiangular  spirals,  of  radial  angle  0,  round  the  centre 

of  acceleration  G  as  pole,  the  resultant  acceleration  at  P  being 

gj-  sin  0  cosec  (p,  and  the  resultant  effective  force  Wj  sin  6  cosec  (p, 

when  we  put  GP  =  r,  and  l(d6/dty=g  sin  Scot  ^;  so  that 
tan  <f)  —  (sn  nt  dn  nt)/{2K  cn^nt). 

Superposing  the  effect  of  gravity,  the  resultant  lines  of  force 
or  internal  stress  will  be  equiangular  spirals  of  the  same  radial 
angle  0,  round  a  pole  J,  the  position  of  which  is  obt^ned  as 
follows  (fig.  8) : — Draw  LK  perpendicular  to  GL  to  meet  the 
horizontal  line  GK  in  K;  describe  the  circle  on  GK  as  diameter, 
and  draw  ^/making  an  angle  GKJ=<f>  with  GK\  this  will 
meet  the  circle  in  J. 

For  the  resultant  effective  force  of  w  at  P,  being 

r       r  .    .  ^        PG 

J  =  Wjsm  6  cosec  0  =  w-z^, 

making  an  angle  0  with  GP,  will,  when  compounded  with  w 
upwards,  and  taking  the  triangle  PGJ  turned  through  an 
angle  ^  as  the  triangle  of  forces,  have  a  resultant 

t  =  iu  .PJjGJ,  making  an  angle  (p  with  J  P. 
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This  will  be  the  tension  and  in  the  direction  of  a  short  thread, 
from  which  w  is  suspended  as  a  plummet  at  any  point  P ;  and 
the  deflection  of  this  plumb  line  from  its  original  mean  direc- 
tion in  the  ship  will  be  a  measure  of  the  tendency  of  a  body 
to  slide  or  of  a  grain  cargo  to  shift ;  and  to  a  certain  extent  of 
the  tendency  to  sea-sickness  at  this  point  of  the,  ship  and  at 
this'  instant  of  its  motion. 

The  tendency  will  clearly  have  its  maximum  value  at  the 
end  of  a  roll,  when  dOjdt  =  0,  and  0  =  Jtt,  and  then  /  coincides 
with  K.  (Prof.  P.  Jenkins,  On  the  Shifting  of  Cargoes,  Trans- 
actions of  the  Institute  of  Naval  Architects,  1887.) 

The  plumb  line  at  P  will  now  set  itself  at  right  angles  to 
KP,  while  the  surface  of  water  in  a  tumbler  at  P  will  pass 
through  K ;  and  a  granular  substance  at  P  will  begin  to  slip 
if  KP  makes  with  its  surface  an  angle  greater  than  the  angle 
of  repose  of  this  grain. 

Thus  up  the  mast,  at  a  distance  a  feet  from  G,  water  would 
be  spilt  out  of  a  tumbler,  or  sand  in  a  box  would  shift,  by  the 
rolling  of  the  ship  through  an  angle  2a,  which  would  not  spill 
or  shift,  if  the  ship  heeled  over  steadily,  until  an  inclination  ^ 
(the  angle  of  repose  of  the  sand)  was  reached,  given  by 

tan  /3  =  (1  -I-  a/Otan  a. 

At  the  centre  of  oscillation  L,  where  a=  —I,  there  is  no 
tendency  for  the  water  to  spill,  and  this  shows  that  the  motion 
of  the  ship  is  felt  least  by  going  down  below  as  far  as  possible 
in  the  middle  of  the  ship. 

In  a  swing  the  body  is  very  near  the  centre  of  oscillation, 
so  that  ordinary  swinging  is  very  little  preparation  for  the 
motion  of  a  vessel. 

A  swing  to  act  properly  as  a  preparation  for  a  sea  voyage 
should  be  constructed  as  in  fig.  "5,  to  imitate,  in  full  size,  the 
cross  section  of  the  ship,  suspended  at  M ;  and  now  the  varying 
effect  of  the  motion  can  be  experienced  by  taking  up  different 
positions  on  the  deck,  up  the  mast,  and  in  the  cabins,  con- 
structed in  this  swing. 

Sir  W.  Thomson  proposes  to  find  the  axis  of  rotation  of  a 
ship  and  the  angle  through  which  the  ship  rolls  by  noting  the 
direction  of  the  plumb  lines  of  two  such  plummets,  suspended 
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at  two  given  points  across  the  ship  ;  planes  through  the  plum- 
mets perpendicular  to  the  plumb  lines  at  the  extreme  end  of  a 
roll  would  intersect  in  K\  the  horizontal  plane  through  K  would 
meet  the  median  longitudinal  plane  of  the  ship  in  the  axis  G ; 
while  the  plane  through  K  peri)endiculfir  to  the  median  plane 
would  meet  it  in  X,  whence  GL,  the  length  of  the  equivalent 
pendulum,  and  therefore  the  period  of  small  oscillations  could 
be  inferred,  as  a  check  on  this  construction. 

Example.  A  rod  AB,  whose  density  varies  in  any  manner, 
is  swung  in  a  vertical  plane  about  a  horizontal  axis  through  A. 
Prove  that  the  bending  moment  of  the  rod  is  a  maximum  at  a 
point  P,  determined  by  the  condition  that  the  c.G.  of  the  part 
PB  is  the  centre  of  oscillation  of  the  pendulum. 

97.  Problem  VI.     The  Elastica  or  Lintearia. 

The  Elastica  is  the  name  given  to  the  curve  assumed  by  a 
uniform  elastic  beam,  wire,  or  spring,  originally  straight,  when 
bent  into  a  plane  curve  (fig.  9)  by  a  stress  composed  of  two 
equal  opposite  forces  T,  on  the  assumption  that  at  a  point  P 
at  a  distance  y  from  the  line  of  the  applied  stress  the  bending 
moment  Ty  is  equilibrated  by  a  moment  of  resistance  B/p, 
proportional  to  the  curvature  1/p ;  and  the  constant  B  is  called 
the  flexural  rigidity  of  the  spring  (Thomson  and  Tait,  Natural 
Philosophy,  §  611). 


B'  G  O    M  B 
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Fig.  9. 

Then  Ty  —  B/p,  or  yp  =  B/T=  c^,  suppose ; 

and  by  Kirchhoff  s  Kinetic  Analogue,  the  normal  of  the  Elas- 
tica performs  pendulum  oscillations  on  each  side  of  a  perpen- 
dicular to  the  line  of  stress,  as  the  point  on  the  curve  moves 
with  a  constant  velocity. 
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For,  when  the  normal  has  turned  through  an  angle  0,  the 

1     do    y 
curvature  -  =  —-==  ^^  • 

p     as     c^ 

and  by  differentiation 

ds^~c^ds~     c^^^"^^' 
which  agrees  with  the  equation  of  pendulum  motion 
d^e/dt^  =  -  7i%in  6,  if  s/c  =  nt 
Corresponding  with  the  oscillating  pendulum  we  have  the 
undulating  Elastica,  intersecting  the  line  of  stress  at  an  angle 
a ;  and  thus,  writing  sjc  for  nt  in     8, 

sin  J0  =  /c  sn  s/c,  cos  J^  =  dn  sjc, 
sin  ^  =  —  dyjds  =  2k  sn  s/c  dn  s/c, 
so  that  y  =  2ck  en  s/c, 

measuring  s  from  the  point  A,  at  a  maximum  distance  from  the 
line  of  thrust ;  and  a  graduated  bow  might  thus  be  employed 
for  giving  mechanically  the  numerical  values  of  the  en  function. 
In  the  nodal  Elastica  corresponding  with  the  revolving 
pendulum, 

0  =  2  am  s/ck,  sin  ^  =  2  sn  s/ck  en  s/ck  =  —  dyjds ; 
so  that  y  =  2{cIk)  dn  sjck. 

In  the  separating  case,      /c  =  1,  and  y  =  2c  sech  s/c ;  and 

^0  =  amh  s/c,  sin  ^0  =  tanh  s/c,  tan  ^0  =  sinh  s/c,  etc. 
In  the  undulating  Elastica 

^  =  COS  0  =  ^(1  -  4/c2  sn^s/c  dn%/c)  =  1  -  2k^bu^s/c  ; 

and  in  the  nodal  Elastica 

-y-  =  cos  0  =  v^(l  —  4  sn^s/c  cn^s/c)     =1  —  2  sn%/c ; 
as 

so  that  X  is  given  in  terms  of  s  by  means  of  elliptic  integrals 
of  the  second  kind  (§  77). 

A  great  simplification  is  introduced  when  k  =  k  =  is/'^  >  ^^ 
Elastica  now  cuts  the  line  of  thrust  at  right  angles,  and 

cos  0  =  cnh/c  =  iy^/c^, 
which  shows  that  this  Elastica  is  the  roulette  of  the  centre  of 
a  rectangular  hyperbola,  rolling  on  the  line  of  thrust. 

It  is  easily  proved  that  in  this  curve  the  radius  of  curvature 
p  is  half  the  normal  PO ;  also  that  a  chain  can  hang  in  this 
curve  as  a  catenary,  provided  the  linear  density  is  proportional 
to  (nc  s/cY;  this  is  left  as  an  exercise  for  the  student. 
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When  K  =  0,  the  undulating  Elastica  corresponds  with  small 
oscillations  of  the  pendulum,  and  the  Elastica  is  ultimately 
coincident  with  the  line  of  thrust,  the  ordinate  y  varying 
as  sin  s/c  or  sinx/c;  and  then  the  length  of  the  beam, 
7rc  =  '7r^(B/T},  is  the  extreme  length  at  which  the  straight 
form  of  the  beam  begins  to  become  unstable  under  the 
thrust  T. 

The  nodal  Elastica  becomes  practically  a  circle  when  k:  =  0, 
corresponding  in  KirchhofF's  Kinetic  Analogue  to  the  practi- 
cally uniform  revolutions  of  a  pendulum  when  the  velocity  is 
indefinitely  increased. 

The  Elastica  is  also  called  Bernoulli's  Lintearia^  being  the 
cross  section  of  a  horizontal  flexible  watertight  cylinder,  when 
filled  with  water,  the  free  surface  of  which  lies  in  the  line  of 
thrust  Ox\  for  if  ^  denotes  the  constant  circumferential  tension, 

t/p  =  wy,  the  pressure  of  the  water, 
or  yp  =  t/w  =  c^. 

It  is  also  the  profile  of  the  surface  of  water  drawn  up  by 
Capillary  Attraction  between  two  parallel  plates  (Maxwell, 
Encyclopaedia  Britannica,  Capillary  Action). 

The  student  may  prove,  as  an  exercise,  as  in  §  80,  that  if  the 
wire  is  bent  into  a  tortuous  curve  by  balancing  forces  and 
couples  at  its  ends,  it  will  assume  the  form  of  a  curve  in  a 
surface  of  revolution  defined  by  an  equation  of  the  form 
2/2  -f  02  _  a^cxi^(^slc) + bhn^s/c). 

{Proc.  London  Math.  Society,  vol.  XVIII.) 

98.  Problem  VII.  Sumner  Lines  on  Mercators  Chart 
Sumner  Lines,  so  called  after  Captain  Sumner,  of  Boston, 
Massachusetts,  are  the  projections  on  Mercators  chart  of 
small  circles  on  a  sphere ;  if  simultaneous  observations  are 
taken  of  the  chronometer  and  of  the  altitude  of  the  sun  or  a 
star,  the  observer  knows  that  he  must  lie  on  a  small  circle 
having  its  pole  where  the  Sun  or  star  at  that  instant  was  in 
the  zenith,  and  having  an  angular  radius  the  complement  of 
the  observed  altitude ;  and  two  such  observations  are  em- 
ployed in  Sumner's  Method  for  determining  the  ship's  place. 

According  as  the  observed  altitude  of  the  Sun  or  the  star  is 
greater  or  less  than  the  declination,  the  small  circle  on  the 
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Earth  does  not  or  does  enclose  the  polar  axis;  and  the  cor- 
responding Sumner  line  will  be  a  closed  or  open  curve,  whose 
equation  may  be  thrown  into  the  form 

cosh  y/c  =  sec  a  cos  xJG, (i.) 

or  sinh  2//c  =  tan /3  cos  cc/c (ii.) 

On  Mercator's  chart  (§  16)  the  latitude  0  and  the  longitude 
^  of  a  point  whose  coordinates  are  x,  y  may  be  written 

(P  =  x/c,  d  —  dimhyjcy 
where  ttc/ISO  is  the  length  on  the  chart  of  a  degree  of  longitude 
at  the  equator. 

These  relations  are  obtained  by  noticing  that  the  bearing  by 
compass  of  two  adjacent  points  on  the  chart  will  be  the  same 
as  on  the  terrestrial  sphere,  if 

dy  _     dO 
dx     cos  Od^' 
and  now,  if  x  =  c^,  so  as  to  make  the  meridians  of  longitude 
equidistant  parallel  straight  lines,  then 

dy/dO  =  c  sec  0,  yjc  =Jsqq,  6d0, 
or  (§  16)  0  =  amh  y/c. 

Now  let  S  denote  the  declination  of  the  Sun  or  star,  y  the 
observed  altitude,  0  the  difference  of  longitude  of  the  observer 
and  of  the  object;  then  in  the  spherical  triangle  SPZ 

P8  =  iir-S,  SZ=i7r-a,  PZ=l'w-e,  SPZ=cf>, 
S  denoting  the  Sun  or  star,  Z  the  zenith  of  the  observer,  and 
P  the  pole  of  the  Earth's  axis. 

Since     cos  8Z=  cos  PS  cos  PZ-{-  sin  PS  sin  PZ  cos  SPZ, 
therefore      sin  a  =  sin  ^  sin  6  +  cos  S  cos  0  cos  0, 
or         cos  S  cos  0  =  sin  a  sec  0  —  sin  ^  tan  0 

=  si  n  a  cosh  y/c  —  sin  S  sinh  y/c ; 
and  according  as  a  is  greater  or  less  than  S,  this  is  reducible  to 
the  form  Acosh(y  —  h)/c  or  —Bsmh{y  —  b)lc;  and  this  again 
by  a  change  of  axes  to  the  form  of  (i.)  or  (ii.). 

(Crelle,  XL,  Gudermann,  on  the  Loxodrome ;  Messenger  of 
Mathematics,  XVI.  and  XX.,  Sumner  Lines.) 
Differentiating  equation  (i.)  with  respect  to  x, 
dy  _— sec  a  sin  x/c_       —secasinx/c 
dx  ~       sinh  y/c      ~  ^^(sec^a  cos^x/c  —  1)' 
ds  _  tan  a  _  sin  a 

dx     ^(sec^a  cos^x/c  —  1)     ^(sin^a  —  sin^cc/c) ' 
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so  that,  as  in  §§  3,  4,  and  8, 

sin  x/c  =  /c  sn  s/c,  cos  x/c  =  dn  s/c, 

cosh  y/c  =  sin  a  dn  s/c,  sinh  y/c  =  tan  a  en  s/c, 
the  modular  angle  being  a. 

This  shows  that  s/c  in  the  closed  Sumner  Line  (i.)  may  be 
equated  to  nt  in  the  oscillating  pendulum,  and  then  x/c  will  be 
half  the  angle  made  by  the  pendulum  with  the  vertical ;  also 
in  the  Sumner  Line 

(jjX 

COS  i/r  =  -J-  =  en  s/c,  or  \/r  =  am  s/c, 

the  intrinsic  equation ;  and  p  =  c  sin  a  sec  x/c. 

The  differentiation  of  equation  (ii.)  gives  in  a  similar  manner 

ds^^ 1 

dx~  j^{l—  sin2/3  sin^aj/cy 

so  that  a3/c  =  am  s/c,  with  mod.  angle  /8; 

and  now,  in  the  corresponding  undulating  Sumner  Line,  x/c  is 

half  the  angle  made  with  the  vertical  by  a  revolving  pendulum, 

if  we  put  s/c  =  KTit 

dx 
Also  cos  i/r  = -7- =dn  s/c  =  (en /cs/c,  1/k) 

by  §  29  ;  so  that  \/r  =  am(/cs/c,  l//c), 

the  intrinsic  equation ;  and  p  =  c  cosec  ^  sec  xjc. 


Fig.  10. 

The  second  curve,  by  a  shift  of  origin  a  distance  JttC  to  the 
right,  becomes  sinh  y/c  =  tan  /3  sin  x/c, 

and  then  it  cuts  at  right  angles  the  first  curve  (fig.  10) 
cosh  y/c  —  sec  a  cos  x/c. 
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For,  differentiating  these  equations  logarithmically, 

coth  ^  -:^  =     cot  -. 
c  ax  c 

,     ,  y  dy         ,      X 
tanh  ^  ~—  —  tan  -  , 
c  ax  c  ' 

and  therefore  the  product  of  the  -y^'s  is  ~1. 

In  fact  putting  sec  a  =  coth  a,  the  curves  are  derivable  as 
conjugate  functions  from  the  equation 

x-\-iy  =  csimh{a-i-il3). 

99.  Problem  VIII.     Catenaries. 

"  The  catenary  for  a  line  density  proportional  to  cosh  s/a, 
where  s  is  the  length  of  the  arc  measured  from  the  lowest 
point,  is  of  the  form 

tanh  y/h  =  dn  x/a,  or  dn  x/b, 
according  as  a,  the  ratio  of  the  tension  in  pounds  to  the  density 
in  lb.  per  foot  at  the  lowest  point  of  the  catenary  is  greater 
or  less  than  b ;  the  Catenary  of  Uniform  Strength  being  the 
curve  in  the  separating  case  of  a  =  6." 

The  equation  of  the  Catenary  of  Uniform  Strength,  in 
which  the  linear  density  or  cross  section  is  so  arranged  as  to 
be  proportional  to  the  tension,  is  well  known  (Thomson  and 
Tait,  Natural  Philosophy,  §  583)  being 

eyl^cos  x/b  =  1,  or  e^l^  =  sec  x/b  ; 
or  as  it  may  be  written 

tanh  ^y/b  =  taiU^x/b. 

For  if  (Tq  denotes  the  density  in  lb.  per  foot,  and  o-q^  the 
tension  in  pounds  at  the  lowest  point  A,  <j  the  density  and 
ah  the  tension  at  any  other  point  P,  at  a  distance  s  from  J., 
measured  along  the  curve,  the  equations  of  equilibrium  of 
AP  are 

a-b  cos  yjr  =  crjb,  crb  sin  \/r  ^fcrds. 

Thence  o-  =  o-qSCC  i/r,  andycrc^s  =  cr})  tan  i//- ; 

so  that  (7  =  ctq^  sec^\{/-d\lrlds  =  o-gSec  \Jr, 

or  ds/dxfr  =  b  sec  yfr, 

s  =fb  sec  ylrd-\\r  =  b  cosh  ~  ^sec  y^r^b  cosh  ~  ^0-/0-0, 

0 
o-  =  o-QCOsh  sib. 
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We  might  therefore  take  a  piece  of  uniform  flexible  and 
inextensible  material,  cut  out  from  a  plane  piece  by  two 
catenaries,  or  modified  catenaries,  say  y/c=  ±  cosh  xjh,  and 
hang  it  up  in  a  catenary  of  equal  strength. 

Also  X  =ycos  \lrds  =y^bd\lr  =  byp-, 

y  =^in  ^Irds  =yb  tan  yj/'dylr  =  b  log  sec  i/r ; 
so  that  ylb  =  log  sec  x/b,  or  e^^^  =  sec  x/b, 

the  equation  of  the  Catenary  of  Uniform  Strength. 

But  now  suppose  two  supports  at  the  same  level  to  be  made 
to  approach  or  recede  from  each  other ;  the  piece  of  cloth  or 
the  chain  will  hang  in  a  different  catenary. 

Denoting  by  ctqCC  the  tension  in  pounds  at  the  lowest  point 
A,  and  by  t  the  tension  at  P,  then 

t  cos  \{r  =  a-Qa,  t  sin  yp-  =f(Tdj8  =  a-^  sinh  s/6 ; 

so  that  v  or  -.^  =  tan  \/r  =  -  sinh  , , 

^       dx  ^     a         b 

the  intrinsic  equation  of  the  curve. 

r          abdp 
or  x  =  / - 

an  elliptic  integral,  of  the  form  (10),  p.  33 ;  and  putting  p  =  tan  t/r, 

In  the  separating  case,  a  =  b;  and  then  x  =  b\p',  as  in  the 
Catenary  of  Uniform  Strength ;  the  greatest  possible  span  of 
a  catenary  of  given  material  is  therefore  'jrb  =  irTlw,  where  t 
denotes  the  tenacity  of  the  material,  in  pounds  per  sq.  foot, 
and  w  the  density  or  heaviness,  in  lb.  per  cubic  foot. 

But  with  (X  >  6, 

^=T>v/(l— Ac2cos2i/r)  =  -^A(j7r  +  \^,  k),  whcre  K=b/a; 

so  that  Jtt  -f-  ^  =  am  x/b, 

and  ^  =  tanV^=-^(^, 

ax  ^         sn  x/b 

r—cnx/bsnx/b^        f— Khnx/b  snx/b  j       7^     ,    ,,       ,, 

yy         sJ'xIb        '^=J      l-dn^a;/6     ^^^^"'^    "^"^Z^' 

0 

or  tanh  y/b  =  dn  x/b. 
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With  a<b, 

so  that       yfr  =  am  x/a, 

and  -/  =  tan\/r  = ^, 

ax  ^     cnxja 

/sn  x/a  en  fl?/a  ,        rK^sn  x/a  en  cc/a  , 
cn^x/a  J       dn^x/a—K^ 

0 

a  ,      dna;/a+/c'     ,      ^,    -dna;/a 
2/c      ^dnx/a-K  k 

or     tanh2//6  =  j^^  =  dn(ir-a:ya), 

by  §  57 ;  so  that  by  a  change  of  origin,  taking  the  axis  of  y  in 
a  vertical  asymptote  of  the  curve,  its  equation  may  be  written 
tanh  y/h  =  dn  x/a. 
(Compare  Cayley,  on  A  Torse  depending  on  Elliptic  Func- 
tions, Q.  J.  M.,  XIV,  p.  241.) 

100.  In  the  catenary  formed  by  an  elastic  rope  or  flexible 
wire,  obeying  Hooke's  Law  "  ut  tensio  sic  vis,"  we  may  still 
have  p  =  sinh  u ;  but  u  is  no  longer  proportional  to  the  arc  s. 

We  use  <Tq  to  denote  the  uniform  density  of  the  rope  when 
unstretched,  and  Sq  to  denote  the  length  of  rope  which  stretches 
in  AP  to  length  s,  a-Jb  denotes  as  before  the  tension  in  pounds 
of  the  rope  at  the  lowest  point  A,  and  otqC  is  used  to  denote  the 
modulus  of   elasticity  of   the  rope   in  pounds ;    so  that,  by 

Hooke's  law,  ^  =  i  +  A. 

asQ  o-qG 

Then,  as  before,  for  the  equilibrium  of  AP, 

t  cos  i/r  =  cr^a,    t  sin  i/r  ^Jijds  =  o-qSq, 

so  that  09  =  _^  =  ?o  =  sinh  u, 

dx     h 

if  we  put  §0  =  a  sinh  u ; 

and  then  t  =  a-Q^^ia^ + s^^)  =  a-Qa  cosh  u. 

Then  f-  =  ('l+— ')^=acoshu+-cosh%, 

du     \      o-QC/du  c 

and  -~  =  ^(  l-\-p'^)  =  cosh  u. 
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dcir  Qj 

so  that  .=—  =  a + —  cosh  u, 

du  c 

-r-  =  a  sinh  uA —  cosh  u  sinh  u. 
au  c 

Integrating,  putting  ajc  =  h, 

s/a  =  sinh  u  +  ^h(u  +  cosh  u  sinh  u), 

flj/a  =         u-\-  h  sinh  u, 

2//^  =  cosh  u  +  J/t  sinh%. 

For  the  corresponding  points  on  the  rope,  when  it  is  supposed 

inextensible,  putting  c  =  oo  ,  and  h  =  0, 

sja  =  sinh  u,  xja  =  u,  yja  =  cosh  u, 

giving  an  ordinary  catenary ;  so  that  the  tangents  are  parallel 

at  corresponding  points  of  the  catenaries  of  the  elastic  and  of 

the  inextensible  rope. 

The  terms  depending  on  h,  considered  separately,  define  an 

ordinary  parabola ;  so  that  the  catenary  formed  by  an  elastic 

rope  is  something  intermediate  to  a  parabola  and  a  common 

catenary. 

101.  Problem  IX.     Geodesies. 

"  Investigation  of  the  geodesies  on  the  Gatenoid,  the  surface 
formed  by  the  revolution  of  a  catenary  round  its  directrix,  and 
on  the  Helieoid,  into  which  it  can  be  developed ;  also  of  the 
geodesies  on  the  Unduloid  and  Nodoidy  the  capillary  surfaces 
of  revolution,  of  which  the  meridian  curves  are  the  roulette 
of  the  focus  of  a  conic  section,  an  ellipse  or  hyperbola,  rolling 
upon  the  axis  of  revolution." 

The  simplest  mode  of  determining  a  geodesic  on  a  s*urface  of 
revolution  is  to  treat  it  as  the  path  of  a  particle  moving 
under  no  forces  on  the  surface,  considered  as  smooth,  so  that 
dsjdt  is  constant ;  and  then,  since  the  reaction  of  the  surface 
passes  through  the  axis,  r'^dO/dt  is  constant ;  and  therefore 

r'^^j-  =  6,  a  constant, 
as 

r  and  0  denoting  the  polar  coordinates  of  any  point  of  the 

projection  on  a  plane  perpendicular  to  the  axis  Ox ;  and  thus 

df_d^dr^      2_r* 
dO^'dO^'^de^'^^  ~62- 
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In  the  catenoid     r/a  =  cosh  xja, 

so  that  ^  =  sinh  xla  =  >M:Z^  • 

ax  '  a 

and  therefore,  in  the  geodesic, 

T^  —  o?  dr^     dr^      2_'^ 
~^I2- 5^2+^2  +  ^  -p' 

cZr^_(r2-a2)(r2-62) 

^^  dO'^  P  • 

We  must  distinguish  the  two  cases  according  as  W  ^  a^. 

When  h'^>a^,  then  T^>b^;  the  geodesic  osculates  the  circular 
cross  section  of  radius  h ;  and  we  have 

rsnO  =  h,  with  k  =  ajh, 
as  the  polar  equation  of  the  projection  of  the  geodesic. 

When  y^  <  o?,  then  v^-  >  a^ ;  the  geodesic  crosses  the  circular 
section   of   minimum   radius  a;    and   supposing   it   cuts   the 
meridian  here  at  an  angle  a,b  =  a  sin  a ;  and  now 
r  sn(^//c)  =  a,  the  modular  angle  being  a. 

In  the  separating  case,  b  =  a  and  /c  =  1 ;  and  then  sn  ^  =  tanh  0 ; 
so  that  r  tanh  0  =  a 

is  now  the  polar  equation  of  the  projection  of  the  geodesic,  a 
curve  having  r  =  a  as  an  asymptotic  circle. 

Generally  in  any  geodesic  on  a  surface  of  revolution,  which 

cuts  the  meridian  curve  at  a  distance  r  from  the  axis  at  an 

1  ■        .  do     h 

angle  X,  sinx  =  r^  =  -; 

so  that  sin  x  varies  inversely  as  r. 

102.  Now  suppose  the  catenoid  is  divided  along  a  meridian 
curve  AP,  and  again  along  the  smallest  circular  section  AA\ 
and  that  this  section  A  A'  is  drawn  out  into  a  straight  line,  of 
length  2x(X ;  the  rest  of  the  surface,  if  flexible  and  inextensible, 
will  assume  the  form  of  a  Helicoid,  or  uniform  screw  surface 
of  pitch  a,  such  that  its  equation  is 

taking  the  axis  of  z  along  the  axis  of  the  surface,  and  p,  0  the 
polar  coordinates  of  the  projection  of  a  point  on  a  plane  per- 
pendicular to  the  axis ;  and  AP  will  become  a  generating  line 
of  the  Helicoid ;  this  is  proved  geometrically,  by  noticing  that 
the  length  of  the  helix  PP'  on  the  Helicoid  is  equal  to  the 
length  of  the  circle  PP'  on  the  Catenoid. 
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The  surface  being  inextensible,  and  a  circular  cross  section 
of  the  Catenoid  becomino:  a  helix  on  the  Helicoid,  it  follows  that 

and  since  r^  =  p'^-{-  o?,  therefore  ^  =  ^. 


Therefore  the  equation  of  the  projection  of  a  geodesic  on  the 
helicoid  is  either  of  the  forms 

(p2  +  a2)sn2(0/^)  =  a2, 
p  tn  (0//c)  =  a ; 
or  (p2 + a2)sn2^  =  1)"  =  o.^Ik\ 

adnd) 

P  =  — — 7> 

a:  sn  0  .• 

/3Cn(ir— 0)  =  a/c7«:. 

The  Catenoid  is  the  surface  of  revolution  formed  by  a 
capillary  soap  bubble  film,  when  the  pressure  of  the  air  is  the 
same  on  both  sides  of  the  film.  The  surface  is  easily  formed 
practically  by  dipping  a  circular  wire  into  soapy  water  and 
raising  it  vertically ;  and  it  is  evident  from  mechanical  con- 
siderations that  the  surface  is  a  mininiuvi  surface  (§31). 

The  Helicoid,  into  which  the  Catenoid  can  be  deformed,  can 
be  produced  in  the  same  manner  by  a  film  between  two  coaxial 
helical  wires  of  the  same  pitch  (C.  V.  Boys,  Soap  Bubbles). 

G.E.F.  G 
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These  surfaces  are  particular  cases  of  Scherh's  minimum 
surface,  whose  equation  is 

g  =  atan-i^  +  atan-i  %;  ,7%  ,     ,(  +  6tanh-^%;  ,  ;  '^,  .    „{, 

or 

_      hxJ{x''-{-y^-^a')-ayJ{x^  +  y''-W) 

reducing  to  the  Catenoid  when  a  =  0,  and  to  the  Helicoid 
when  6  =  0. 

The  verification  in  the  manner  of  §  32  is  left  as  an  exercise 
for  the  student. 

103.  The  meridian  curve  of  the  Catenoid  is  the  roulette  AF 
of  the  focus  of  a  parabola  aG,  the  pressure  of  the  air  being  the 
same  on  both  sides  of  the  film  (fig.  12). 

But  when  the  pressure  of  the  air  inside  the  film  is  increased 
or  diminished,  we  find  that  the  surface  of  revolution  formed 
by  the  capillary  film  has  as  meridian  curve  BF  or  OP,  the 
roulette  of  the  focus  of  an  ellipse  or  hyperbola,  the  first  surface 
being  called  the  Unduloid  and  the  second  the  Nodoid. 

(Maxwell,  Capillary  Attraction,  Encyclopcedia  Britannica.) 

Denoting  by  y,  y  the  perpendiculars  from  the  foci  F,  F'  on 
the  axis  Ox  on  which  the  conic  rolls,  then  in  the  Unduloid 
BF,  generated  by  the  focus  P  of  a  rolling  ellipse  hQ, 

y-^y'  =  (FQ  +  QFy OS  xlr  =  2a  cos  rj^, 
and  yy'  =  b^; 

so  that  h^-{-y^  =  2ay  cos  xjr. 

If  in  the  meridian  curve  BF  of  the  Unduloid,  we  denote 
the  radius  of  curvature  by  p,  and  the  normal  FG  by  n,  then, 
since  ^  6^ + 2/'^  =  '^cty  cos  yj/-  =  2ay^/n, 

therefore  -  =  ^ — 5 + ^r- ; 

n     2ay^     2a 

and  since  cos  V^  =  —    -f-  ,f-, 

2ay     2a 

differentiating, 

.     .dxlr     /  62        l\dy 

''''HrK2af-2a)Is' 
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pePCACED 


or 


so  that 


Fig.  12. 

/o     2ay^     2a' 

71     /o     a* 

Then,  if  p  denotes  the  excess  over  the  atmospheric  pressure 
of  the  air  inside  a  capillary  film,  in  the  shape  of  an  Unduloid, 
and  t  the  tension  of  the  film, 

\n    p/     a 
so  that,  if  inside  a  Catenoid,  the  pressure  is  increased,  the 
surface  is  changed  into  an  Unduloid. 

If  the  pressure  is  slightly  diminished  by  p,  the  surface  he- 
comes  a  portion  of  a  Nodoid  GP ;  for  now 


\p     nJ 


and  in  the  meridian  curve  CP  of  the  Nodoid,  the  roulette  of 
the  focus  P  of  a  hyperbola  cR  with  foci  P  and  P", 

y"-y  =  {P"R - PP)cos yfr  =  2a cos yjr,  and  yy'  =  ¥ ; 


so  that 


1)2  _  2/2  z=  2ay  cos  \fr  =  2ay^/n : 
1^^2 I 

n    2av^     2a 
1 


and 


2ay^ 

p     2a2/-     2a 
p  =  tja. 
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In  the  geodesic  on  the  Unduloid, 

y^dO/ds  =  a  sin  y, 
supposing  the  geodesip  cuts  the  meridian  curve  at  an  angle  y 
at  its  maximum  distance  a  from  the  axis;  also  a  =  a(l  +  e),  and 
the  minimum  distance  ^  =  a(l— e),  so  that  a/3  =  b'^,  a+/3  =  2a; 
and  y  lies  between  a  and  /S. 

Now,  in  the  projection  of  the  geodesic  on  a  plane  perpen- 
dicular to  Ox,  writing  r  for  y,  so  that  tan  yfr  =  dy/dx  =  drjdx, 
ds^ _dx^     dr^       2_dr^  2  /    i    2._      '^ 

^^  :im  =  '^^^yin^V^l    g  .  o 1 

ct02  ^  Va^sm^y 

and  r  cos  \fr  =  (h'^-\-  r^)/2a ;  so  that 

.c?02-|'^  4^2     /VsinV     V 

_  (a^  —  r2)(r2  —  P'^){r^  —  a^sin^y)  , 
a2(a  +  /3)'^sin2y  ' 

leading  to  integrals  of  the  form  (72)  and  (73),  p.  52. 

We  suppose  first  that  /3  >  a  sin  y,  so  that  the  geodesic  crosses 
the  minimum  section  of  the  surface,  and  therefore  all  the 
sections  if  produced  ;  and  now  with  a  >  r  >  ^8  >  a  sin  y,  we 
have,  according  to  equation  (72), 

J  x/(«'  -  ^' .  r2  -  ^2   r^  -  a^sin V)  ~         V  a^  -  ^2  r^  ^ 

1      cn^mO  ,  sn^m^ 
or  —  =  — -2-  +  —Q2^-' 

Secondly,  if  a  >  r  >  a  sin  'y>  /3,  then  the  geodesic  osculates 
the  circle  of  radius  a  sin  y,  and  is  limited  by  the  convex  part 
of  the  surface  between  two  such  circles ;  and  the  equation  of 
the  projection  ot  the  geodesic  is  obtained  from  the  above 
merely  by  interchanging  a  sin  y  and  /3. 

In  the  separating  case  a  sin  y  =  /3 ;  and  then  K  =  l,r)i  =  tan  ^y ; 
and  the  polar  equation  of  the  projection  of  the  geodesic  is 
1  __sech2m^  ,  tanh^mO 

a  curve  having  an  asymptotic  circle  y  =  ^8. 

The  formulas  are  similar  for  the  geodesies  on  the  Nodoid. 
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104.  Eulers  Equations  resumed.  Poinsofs  Geometrical 
Representation  of  the  Motion  of  a  Body  under  No  Forces. 

We  now  resume  these  equations  of  motion,  of  which  the 
solution  by  elliptic  functions  has  been  indicated  in  §  32. 

By  the  Principle  of  the  Conservation  of  Angular  Momentum 
(Routh,  Rigid  Dynamics,  Chap.  IX.)  the  axis  OG  of  the  re- 
sultant angular  momentum  G  will  be  fixed  in  space ;  and  the 
direction  cosines  of  this  axis  with  respect  to  the  principal 
axes  of  the  body  being 

AplG,  Bq/G,  Cr/G, 
the  component  angular  velocity  about  00  will  be 

(jT  6r 

where,  as  before,  T  denotes  twice  the  kinetic  energy  of  the  body. 

It  is  convenient  to  denote  this  component  of  angular  velocity 
about  00  by  a  single  letter,  say  /x;  and  also  to  replace  G  and  T 
by  D^i  and  D^i.\  making  TjG  =  jj.  and  G^IT=  D;  and  then  D  will 
be  a  constant  quantity,  of  the  same  dimensions  as  J.,  jB,  0. 

If  /  denotes  the  moment  of  inertia  about  the  instantaneous 
axis  of  rotation  OP,  and  if  OP  denotes  the  vector  of  the 
momental  ellipsoid  at  Q,  then  /varies  as  0P~^,  so  that  we  may 
put  I=Dh^lOP'^,  where  h  is  a  new  constant  length. 

Now,  if  ft)  denotes  the  resultant  angular  velocity  about  OP^ 
T=^Iw\  or  I)^'  =  DhVIOP^ 
so  that  the  angular  velocity  w  varies  as  OP ;  and 
h_OP  _x_y  _z 
/UL       (a      p     q     r  •• 

The  direction  cosines  of  the  normal  of  the  momental  ellipsoid 
at  P  being  proportional  to  Ax,  By,  Gz,  or  Ap,  Bq,  Or,  are 
therefore  ApjG,  Bq/G,  Cr/G ;  so  that  00,  the  axis  of  G,  is 
perpendicular  to  the  tangent  plane  at  P ;  and  if  00  meets  this 
tangent  plane  in  0,  it  follows  that  00 =h,  so  that  the  tangent 
plane  at  P  is  a  fixed  plane  ;  and  during  the  motion  the 
momental  ellipsoid  rolls  on  this  fixed  plane,  called  the  in- 
variahle  plane,  with  angular  velocity  proportional  to  OP. 

The  curve  traced  out  by  the  point  of  contact  P  on  the 
momental  ellipsoid  is  called  the  polhode,  and  the  curve  traced 
out  by  P  on  the  invariable  plane  is  called  the  herpolhode ; 
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these  names  are  due  to  Poinsot,  as  well  as  this  geometrical 
representation  of  the  motion. 

(Theorie  nouvelle  de  la  rotation  des  corfs,  Paris,  1852.) 
The  equation  of  the  momental  ellipsoid  may  now  be  written 

while  Ax/Dh,  ByjDh,  Cz/JDh  are  the  direction  cosines  of  the 
invariable  line  OG ;  so  that 

AV  4-  52^/2 + OV  =  D'^h\ 
The  polhode  is  therefore  the  curve  of  intersection  of  these 
two  coaxial  quadric  surfaces,  and  therefore  lies  on  the  cone 

A{A-D)x^-{-B{B-D)if-\-G{G-D)z''  =  {), 
called  the  polhode  cone ;  and  the  projections  of  the  polhode 
on  the  principal  planes  are  therefore 

{A  -  B)By^  -{-{A-G)  Gz^  =  (A-  D)Dh\  .... 

105.  Denoting  by  v  the  component  angular  velocity  of  the 
body  about  the  axis  OH,  where  OH  is  equal  and  parallel  to  CP, 

Ap^^-  Bq^+  Gr^=  T  =Dfi\ 

AY + B\^ + av =G^= DV' ; 

and,  by  solution  of  these  equations, 

A-B.A-G  ,       2     ^1  .  l^^     ^'  2        2 

-gg  -      V''"=^      \B'^c)^~BG     =  ^  ^ ^« '  suppose, 

or  =  1/2  +  M  —  —  V 1  —  ^  j  ^2  ^  ^2  _  ^^^  suppose ; 

B-G.B-A.      .(.     m/-,     ^\    9      2       2 

G-A.G-B  2      2  ,  ^     -^\(^     JD\    2      0       . 

and  in  these  equations  we  may  replace  p,  q,  7\  w,  /m,  v  by 
X,  2/,  z^  OP  J  h,  p,  respectively,  where  p^  =  OF^  —  Ji^. 
Example. — Prove  that 

{4)' <'>!)' *i<fi)'-<'>'-y- 

and  simplify 
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106.  On  the  supposition  that 

AT> BT>  G'>  CT,  or  A  >B>D>C, 
r  never  vanishes,  and  the  polhode  encloses  the  principal  axis  G\ 
but  p  and  q  alternately  vanish,  so  that  v^  oscillates  in  value 

between  (^-■^{^- 1^ and  (l -  J)g- ly. 

If  we  put    ^,=  g-  i){(i  -  J)eos^e+(l  -gsin^o), 
then  A'p^^Dfu^P^^cos^d, 

We  now  find,  on  substituting  in  one  of  Euler's  equations, 
de^     ^  JL-C.B-G/A-D      o.  .  B-D 


dt^ 


=^^—^b'g-\a^'''''^+b-c''''V 


^"^      di-  =  -^^       ABC       '^^^^^^^^> 
the  solution  of  which 'is  of  the  form,  as  before  in  §^  18  and  32, 

6  =  a.m{nt,  k), 

where  ^2  =  i)^2____.„_,  ,^a  .2  =  ^____, 

the  anharmonic  ratio  of  A,  B,  D,  C;  while 

Ap^  =  Diui^^^enHt, 
A  —  G 

A  —  G 
giving  (§  32) 

^     A.A-G^'  ^  "B.B-G^'  ^  ~G.A-G^' 

107.  Quadrantal  Oscillations. 

The  oscillations  given  by  a  differential  equation  of  the  form 
d^e/dt^=^  -mhin  e  cos  e 
are  called  quadrantal  oscillations  (Thomson  and  Tait,  Natural 
Philosophy,  §  322),  the  system  having  two  positions  of  stable 
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equilibrium  given  hj  6  =  0  and  0  =  7r,  and  two  unstable  posi- 
tions in  the  remaining  quadrants,  given  by  0=±j7r;  for 
instance,  an  elongated  piece  of  soft  iron  in  a  uniform  magnetic 
field,  or  an  elliptic  cylinder  moveable  about  its  axis  in  a  cur- 
rent of  liquid  performs  quadrantal  oscillations.    (Q.  J.  M.,  xvi.) 

When  the  system  performs  complete  revolutions,  the  solu- 
tion is  (§  18)  0  =  am(m^//c, /c) ; 

but  if  it  oscillates  about  the  positions  of  stable  equilibrium, 
given  by  ^  =  0,  the  solution  is  (§  29) 

0=  am(m^,  l//c), 
or  cosO=   dn{mtlK,  k), 

sin  6  =  K  8n(mt/K,  k), 
where  k  is  less  than  unity. 

The  second  solution  will  apply  to  the  second  state  of  motion 
in  §  82,  where  AT>  G^>BT>CT,  or  A>  D>  B>C, s^nd  where 
p  never  vanishes,  and  the  polhode  encloses  the  principal  axis  A . 

108.  Differentiating  the  equations  of  §  105  with  respect  to  t, 

cU_  dv_A-B.A-G  dp_B-G.B-A  dq_G-A.G-B  dr 
BG        ^dt 

B-G.G-A.A^B 


"^dt'^it'        BG       ^dt  GA        ^dt~        AB       '  dt 


ABG 


pqr; 


J    2 

or         -^  =  — /v/(4  .  wa  —  (iP' .  (jOb^  —  00^ .  coc^-ft)^), 

so  that  ft)^  and  v^  are  elliptic  functions  of  t,  of  the  form  given 
by  equation  (15),  p.  36. 

But,  on  reference  to  equation  (A),  p.  43,  we  see  that 

if  Ba,  eb,  Cc  denote  the  roots  of  4:S^—g^s—g^  =  0;    so  that  on 
comparison  we  may  make 

wa^  —  co^,  wb^  —  (jo\  o)c^  —  o)^,  or  va^—v\  Vb^  —  P^  Vc^  —  A 
proportional  to       pu  —  ea,  fu  —  Cb,  <pu  —  ec\ 
or,  symmetrically,  we  can  put 

Ap"  =  -  m\B  -  G)((pu  -  ea\ 
Bq^=  -m\C-A)(fu-eb\ 
Gr^=  -m%A-BXpu-ec); 
where  the  factor  -  m^  is  introduced  for  the  sake  of  homogeneity, 
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m  being  of  the  dimensions  of  an  angular  velocity,  such  as  p,  q, 
r,  o),  yu,  J/ ;  and  now,  on  substitution  in  Euler's  equations, 
dvu^        B-G.G-A.A-B    „     (B-G    G-A     A-B\    .       „ 

.suppose;  so  that  i6  =  a  constant ±7i^. 

109.  As  in  §  32,  we  take  A>B>G)  and  then 
(i.)when       AT>BT>G^>CT,oyA>B>D>G, 
r  never  vanishes,  and  we  must  take 

so  that  6i  =  Cc,  ^2  =  6(1,  €^  =  eb; 

(ii.)when        AT>G'^>BT>GT,orA>D>B>G, 
p  never  vanishes  ;  and  then 

and  we  must  take       ei  =  ea,  62  =  e^  e.^  =  ei,. 

Since  ^ou  oscillates  between  e^  and  63,  and  is  taken 
initially  equal  to  63,  we  find,  on  reference  to  equation  (42), 
p.  45,  that  we  must  put 

u  =  2a)i  +  0)3  —  nt, 
so  that  the  constant  of  integration  for  u  in  §  108  is  2co^-\- w^. 

Now,  at  the  cost  of  symmetry,  to  get  rid  of  the  imaginary 
0)3,  and  to  make  the  argument  of  the  elliptic  functions  a  real 
quantity  nt,  equation  (42),  expressed  in  the  direct  notation, 

gives  ^u-e,='i    ^^^_^^ 


e.  —  pnt  .e^  —  e^ 
pii  —  e^^— — — - 


and  6b  always  replaces  63,  while  e^  replaces  e^,  e^  replaces  e^,  or 
vice  versa,  according  as  the  polhode  encloses  A  or  0. 

110.  For  the  determination  of  e^,  e^,  Cc,  we  have  the  equations 
ea-\r  eij-\-  ^c  =  0, 

{B--G)ea+    {G-A)e,+    (A-B)ec:=  Tlni'=  I)^,^lm\ 
A{B-G)ea+B{G-A)e^^-G{A-B)ec  =  G^lm^  =  DYIm\ 
whence  A T-  G''  =  m\G  -A)(A- B){e^ - e,), 

BT^  G^  =  m%A  -  B){B  -  G){e,-ea\ 
GT-G''  =  mHB-G){G-A)(ea-e,); 
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Dij:^      b-d 


w?  A-B.B-a 


^'^    '''~m2  B-GVG-A' 
so   that  Cc  —  ea  is   taken   positive   or   negative,  according   as 
BT—G^  or  B  —  D  is  positive  or  negative;   while  €},  —  ec  and 
^6  —  ^a  a-i^e  always  negative,  as  explained  above. 

Also  {ea  -  ei,)  -  {Cc  -  Ca)  =  Sea,  • . . , 

whence  the  values  of  e„,  ej,,  Sc. 

Then  92  =  U(eb-ecf  +  {ec-eay  +  (ea-ebf} 

can  be  found ;  and  the  discriminant  (§  53) 
A  =  16(e,-ecf(e,-eanea-e,y 
_  -,  ^DV^^  {A-Df{B-D)\G-Df . 

A        I08(i^- (7)^(0- ^)V-^)'(^-^)'(-^-^)^(^-^)^  ' 

111.  We  have  supposed  no  forces  to  act;  but  the  case  in 
which  the  impressed  couple  is  always  parallel  and  proportional 
to  the  resultant  angular  momentum  leads  to  equations  which 
can  be  solved  in  a  similar  manner ;  in  this  way  we  imitate  the 
motion  of  a  body,  like  the  Earth,  which  is  cooling  and  con- 
tracting uniformly. 

Now,  the  component  impressed  couples  about  the  principal 
axes  being  of  the  form  XAjp,  \Bq,  \Gr, 

A{dpldt)-(B-G)qr  =  \Aj),  ..., 
which,  on  putting  _p  =  e"^y,  and  \f  =  l  —  e~^\  reduce  to 

A^,-(B-C)qr==0..... 

SO  that  p,  q\  r  are  the  same  functions  of  f,  which  p,  q,  r  would 
be  of  t,  in  the  case  where  no  forces  act. 

In  the  case  of  the  cooling  and  contracting  body,  we  put 
A—c-^^Aq,  B  =  e-^^BQ,  G=e-^''GQ;  and  the  equations  become 

A,^f-iB,-C,)qr  =  0,..., 

which  are  solved  as  before ;  and  Poinsot  s  geometrical  repre- 
sentation of  the  motion  still  holds,  with  slight  modification. 
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A  similar  procedure  will  solve  the  following  theorem  : 
"  A  rigid  body  is  moving  under  the  action  of  a  force  whose 
direction  and  magnitude  are  constant,  always  passing  through 
the  centre  of  inertia  {e.g.  gravity),  and  of  an  absolutely  con- 
stant couple. 

"  If  ^,  qy  r  denote  the  component  angular  velocities  about  the 
principal  axes  at  the  centre  of  inertia,  and  if  u,  v,  iv  denote  the 
compound  velocities  of  the  centre  of  inertia  along  the  principal 
axes  at  the  time  t ;  then  the  determination  of 

p/t,  q/t,  r/t,  u/t,  v/t,  wjU 
in  terms  of  J^^  is  the  same  as  that  of  ]),  q,  r,  u,  v,  w,  in  terms 
of  t,  when  no  forces  act;  t  being  reckoned  from  the  commence- 
ment of  the  motion."     (W.  Burnside,  Math.  Tripos,  1881.) 

112.  To  obtain  the  equation  of  the  herpolhode,  we  notice 
that  during  the  motion  the  polhode  cone,  fixed  in  the  body,  rolls 
on  the  herpolhode  cone,  fixed  in  space,  0  being  the  common 
vertex  ;  corresponding  areas  of  these  cones  are  therefore  equal, 
as  also  their  projections  on  any  fixed  plane,  for  instance  the 
invariable  plane. 

Therefore  if  p,  (p  denote  with  respect  to  C  the  polar  co- 
ordinates of  P  on  the  herpolhode, 

d4>    Ax/  dz      dy\     By(  dx      dz\     Gz (  dy       d^\ 

Since  ^  =  ^  =  ?  =  ^  =  ^, 

p     q     r     V     JUL 

ABC  ^ 

A-B.B-D.C-JJj., 

=  ^^  + ABC ''"^' 

which,  combined  with  the  value  of  dv^/dt  or  dp^/dt  of  g  108, 

"dt  '^^h'^^     '°^"  ~  ^'  ■  ^^^  ~  ^" '  ^'"  ~  ^"^' 
will  determine  the  equation  of  the  herpolhode. 
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113.  Using  Weierstrass's  functions  of  §  108, 

p2  ^  ^2  ^  p2  _|_  g2  _j_  ^2 


w?(B-G^  ^_^G-A,  .^A-B,  ,     u2| 


71 


with  ^v  = 


^-g     ,C-A     ,A-B        im^ 

A    ^""^    B    ^'"^     G    ^^-m^ 

^_C.  G-A  .  A-B 


A     '     B     ^     G 


and  then       ^'^-6^  =  ^2(1  ~Ji)\c~V'  (positive), 
^^  ~  ^^  ^  ^2(1  -  (;) (2  - 1)'  (positive). 


-e«  =  '^Jl- 


i> 


-g-lj,.  (negative), 


71^-^     A, 
<^'H  =     4(^^  -  ea){<§>v  -  BbXpv  -  Be) 

n^  AW^G'^ 

and,  since  e^  (or  Bc)  ><pv>e^  (or  e^), 

we  must,  by  (39),  §  54,  where  f  is  a  proper  fraction,  take 

Therefore  #.=^+«Jil?:^, 

ac      '  ^t;  —  pu 

deb      u  ,         W^^'y 
au     n       fv  —  <pu 

(p'vdvb 

and  we  are   thus   introduced   to   a  new  integral,   called   an 
elliptic  integral  of  the  third  kind. 

The  cone  described  in  the  body  by  OH  (^  105)  is  called. by 
Poinsot  the  rolling  and  sliding  cone  ;  during  the  motion  this 
cone  rolls  on  an  invariable  plane  through  0,  while  at  the  same 
time  this  plane  turns  with  constant  angular  velocity  /x  about 
OG ;  so  that,  if  p,  (j)  denote  with  respect  to  0  the  polar  co- 
ordinates of  H  on  this  plane, 


and,  integrating,  (p  =  iji-\-  \ij^ 


'vdu 
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114.  With  the  notation  of  the  elliptic  functions  of  Jacobi, 
as  in  §  106, 

_A-D.D-G    D.A-B.D-G    ^   . 
~        AG  ABG  "'''     ' 

which  can  be  thrown  into  the  form 

^2  =  — "~     •     ""    (1  —  K^n^a  &n^nt) 
on  putting  /c^sn^a 


2    2      DA-B 


DA-D' 
„      2)5-0      ,  G  B-D    3  ,      A  B-D 

^""^^BD^^  ^^  ^=  "5  D^G^  ^^  ^=:s  a::^' 

With  Ca  =  gg.  ^h  =  «3,  ^c  =  ^1,  and  v  =  a)^-{-  fco^,  then  by  (32),  p.  44, 

and  dn2(Z+riZ')  =  ^^^^^^=4  ^^  =  dn2a; 

so  that  a  =  K-\-t'iK'. 

^^^^  dt  "  ^        5~~  l-zc^sn^asn^TT,^ 

i  en  a  dn  a  n 


sn  a       1  —  /c'^sn^a  sn^nt^ 
and,  writing  i6  for  nt, 

isnadna  r         du 

sn^u 

0 

-^  en  a  dn  a        .  /"ac^su  a  en  a  dn  a  sn^K 


.  _    .  _  ^  sn  a  dn  a  Z'         du 
^~^  sna   Jl-KHn^a 

0 

—    /  _  '^  en  a  dn  a        .  rK^n  a  en  a  dn  a  sn 
sna  ^        1— /c^sn'^asii^i^ 


du. 


the  last  term  an  elliptic  integral  of  the  third  kind,  in  the  form 
employed  by  Jacobi. 

On  putting  snu  =  sin  0,  and  sn  a  =  sin  a,  Khn^a=  —  m,  then 

.cos  aAayT C?^ 

^"^      ^'"^mo^y  (1  +  m  sin20)^(l  -  K^sin'O)' 

0 

the  third  elliptic  integral,  as  employed  by  Legendre ;  the 
further  discussion  of  this  integral  must  be  reserved  for  a 
subsequent  chapter. 
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Examples. 

1.  Prove  that,  if  the  excentric  anomaly  in  an  undisturbed 
planetary  orbit  of  excentricity  e  is  represented  by  2  am(u,  e), 
the  mean  anomaly  is 

,  .  ^c^'^amu 

2.  Prove  that  the  envelope  of  the  straight  line  rays 

k'^x  sn  ^6^-(cn  u+k  dn  u)y  =  /c  sn  u(dn  u+/c  en  u) 
where  u  is  the  variable  parameter,  is  the  curve 

the  caustic  of  parallel  rays,  after  refraction  at  a  circle,  of 
refractive  index  l//c ;  and  find  the  order  of  this  curve. 

(Cayley,  Phil.  Trans.,  1857,  "  Caustics.") 

3.  Prove  that  a  portion  of  a  flexible  inextensible  spherical 
surface  of  radius  a,  bounded  by  two  meridians  (a  lune,  or  gore 
of  a  spherical  balloon)  can  be  bent  into  the  surface  of  revolu- 
tioQ  given  by 

aj  =  a  cos  0 cos{<P/k),  y  =  acos6 sin(0//c),  z  =  aE{ 6,  k)  ; 

6,  (j)  denoting  the  latitude  and  longitude  of  the  point  on  the 
sphere. 

Explain  the  geometrical  theory,  distinguishing  the  cases  of 
/c  <  1,  and  /c  >  1. 

4.  Denoting  by  co  the  solid  angle  subtended  by  a  circle  of 
radius  a  at  a  point  whose  cylindrical  coordinates  are  r,  z  with 
respect  to  the  axis  of  the  circle,  prove  that 

dw  _    az     i^„ 
da     2(ar)^  k^    ' 

4ar  ,2_2;'^  +  (a  — r)2 

z^-\-(a-{-ry'  "   'z^'^+Tf' 

Show  how  to  determine  the  illumination  at  any  point  of  the 
surface  of  the  water  at  the  bottom  of  a  deep  well,  due  to  the 
light  from  the  sky. 


where  k'^  = 
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5.  A  uniform  circular  wire,  charged  with  —  e  coulombs,  is 
presented  symmetrically  to  a  fixed  insulated  sphere  of  radius 
a  centimetres,  so  that  every  point  of  the  wire  is  at  a  distance 
/  cm  from  the  centre  of  the  sphere,  the  radius  of  the  wire  sub- 
tending an  angle  a  at  the  centre  of  the  sphere. 

Prove  that  the  electricity,  in  coulombs  per  cm^,  induced  at  a 
point  of  the  sphere  whose  angular  distance  from  the  axis  of 
symmetry  is  0,  is  given  by 

f-a^ E 

^.  27r%    {a2-  2a/cos(e  -  a)  +f]J{a'  -  '^afcos(e-^a)-hfy 

4a/sinasin0  a2^2afco8(e-a)+P 

wnere   k      ^2_2afcos(e-ha)+f'  ^       a^-2afcos(e  +  a)-\-f' 

6.  Prove  that  if  this  sphere  and  wire  gravitate  to  each  other, 
and  if  the  wire  is  free  to  turn  about  a  fixed  diameter  perpen- 
dicular to  the  line  joining  the  centres,  the  wire  will  be  in  stable 
equilibrium  when  its  plane  passes  through  the  centre  of  the 
sphere ;  and  prove  that  the  oscillations  of  the  wire  due  to  the 
gravitation  will  synchronize  with  a  pendulum  of  length 

irb^b  +  c) 

where  b  denotes  the  radius  of  the  wire,  c  the  distance  between 
the  centres  of  the  sphere  and  wire  in  cm,  M  the  weight  of  the 
sphere  in  g,  G  the  gravitation  constant ;  and 

where       K^  =  4fbcl{b+c)K 

Determine  the  position  of  stable  equilibrium  and  the  length 
of  the  equivalent  pendulum,  when  the  attraction  is  changed  to 
repulsion.  * 

7.  Two  uniform  concentric  circular  wires  of  radii  b  and  c  cm, 
weighing  M  and  M'g,  are  freely  moveable  about  a  common  fixed 
diameter.  Prove  that  in  consequence  of  their  gravitation,  the 
oscillations  will  synchronize  with  a  pendulum  of  length 

where  F  and  k  have  the  same  values  as  before. 


CHAPTER  IV. 

THE  ADDITION   THEOREM  FOR  ELLIPTIC 
FUNCTIONS. 

115.  So  far  we  have  considered  the  elliptic  functions  of  a 
single  argument  u ;  hut  now  we  have  to  determine  the  for- 
mulas which  give  the  elliptic  functions  of  the  sum  or  difference, 
u±v,  of  two  arguments  u  and  v,  in  terms  of  the  elliptic  functions 
of  u  and  v  ;  and  thence  generally  the  formulas  for  the  elliptic 
functions  of  the  sum  of  any  number  of  arguinents  u-\-v-\-v)-\- . . .; 
and  the  formulas  for  the  duplication,  triplication,  etc.,  of  the 
argument. 

Tha  AMiiion  Theorem  for  Circular  o/ad  Hyperbolic 
Functions. 

The  analogous  formulas  in  Trigonometry  for  the  Circular 
Functions  are  well  known,  namely, 

sin(u  ±  V)  =  sin  u  cos  v  ±  cos  u  sin  v, 
cos(u  ±  v)  =  cos  UCOHV+ sin  uninv; 
or,  as  they  may  be  written, 

am{u±v)  =  sin  u  8m'v±sm'u  sin  v, 
cos(u  ±v)  =  cos  ucofiv+ coh'u  cos'i' ; 
the  accents  denoting  differentiation  ;  and  to  these  may  be  added 

,      ,     .    s     tan  u±  tan  7; 

tanu±t')  = ^__.      --,         ; 

1  +  tan  u  tan  v 

these  formulas  constituting   the   Addition    Theorem  for  the 

Circular  Functions. 

For  the  Hyperbolic  Functions,  the  formulas  are 

cosh(u  ±  v)  =  cosh  u  cosh  v  ±  sinh  u  sinh  v, 

sinh(u  ±v)  =  sinh  u  cosh  v  ±  cosh  u  sinh  v ; 
112 
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or,  as  they  may  bo  writt(3n, 

cosh(  tt  ±  v)  =  cosh  u  cosh  v  ±  cosh'u  cosh'v, 
sinh {u±v)=  sinh  u  sinh'v ± si v    'u  sinh  v ; 

and  to  these  may  be  added 

A     I-/    ^  \     tanhultanh-y 

tanh(u  ±v)  = — -     ,  _    _  -  -  _ ; 

l±tanhiAtanhi; 

constituting  the  Addition  Theorem  for  the  Hyperbolic  Func- 
tions. 

116.  The  Addition  Theorem  for  the  Elliptic  Functions. 
For  the  Elliptic  Functions  the  analogous  formulas  of  the 

Addition  Theorem  are  found  to  be 

8n(u±v)  =  (sn  u  sn'i'±  nnu  sn  v)/D, 
cn(u ±v)  =  (cnu  cnv+  cnu  cnv)/D, 
dn{u±v)  =  (dn  u  dn  v±K~Hn'u  dn'v)/D, 

where  7)  =  1  —  K'^Hnhi^n^v ; 

or,  performing  the  differentiations,  and  dropping  the  double  signs, 

,     .    .     HYi  u  en  V  dnv -\- en  u  dn  u  sn  V  ,_. 

8n{u-{-v)  = -„-.,       ^ , (1) 

^         ^  1— Ac^sn^itsn^y 

,     .    ^     cn^/ cnv  — snudnusnvdn  V  .„. 

^         ^  1—Khn^usn^v 

,   ,     .    .     dnwdnv— /c^snucnwsnvcn  V  .„. 

dn(u+v)  = = 5—2 2 (3) 

^  1  —  K%sn%  sn^y  ' 

Putting  K  =  0,  we  obtain  the  formulas  for  the  Circular 
Functions,  sin(u  +  f)  and  C08{u  +  v),  the  denominator  D  re- 
ducing to  unity. 

Putting  /c  =  l,  remembering  that  then  (§16)  snu  becomes 
tanhu,  cnu  or  dnu  becomes  sech  m,,  we  obtain  from  (1) 
,  ,         .  _  tanh  u  sech^v  +  sech^u  tanh  v 
^         ^~  1  —  tanh^u  tanh^v 

_  tanh  u(  1  —  tanh^t;)  +  ( 1  —  tanh%)tanh  v  _  tanhjH-tanhv 
1  —  tanh'^it  tanh'^v  1  +  taiih  u  tanh  v' 

as  before;   with  the  corresponding  formula  for   scch(u-f-'y) 
or  cosh(u  +  v),  the  formulas  for  the  Hyperbolic  Functions. 

117.  To  establish  these  formulas  of  the  Addition  Theorem 
for  Elliptic  Functions,  let  us  employ  the  geometry  invented 
by  Jacobi  {Crclle,  Band  3 ;  Geaammelte  Werke,  I.,  p.  279),  at 
the  same  time  interpreting  the  geometry  in  connexion  with 
Pendulum  Motion. 

G.E.K.  H 
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To  do  this,  let  us  suppose  that  P'  would  be  the  position  of 
P  in  fig.  2  at  the  time  t,  if  it  had  started  r  seconds  later,  and 
putj5-T  =  ^';  then  (§6) 

AN'  =  AD  sii'nt',  N'D  =  AD  cn^nt\  N'E=AE  dn'^nt',  etc. ; 
and  we  shall  prove  that  PP'  touches  a  fixed  circle  through  B 
and  B'  during  the  motion  (fig.  13). 
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h^ 
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Fig.  13. 

For  suppose  that,  in  the  small  element  of  time  dt,  P  has 
moved  to  an  adjacent  point  p  and  P'  to  p' ;  and  let  PP\  'p'p' 
intersect  in  B,  so  that  B  is  ultimately  the  point  of  contact  on 
the  envelope  of  PP'. 

Then  since,  by  a  property  of  the  circle,  PP'  cuts  the  circle 
AP'P  at  equal  angles  at  P  and  P\ 


— =lt  ^^  _  velocity  of  P  _ 


BF        Py    velocity  of  P' 
Now  describe  a  circle  with  centre  o  on  -4jE^,  passing  through 
B  and  B\  and  touching  PP'  at  a  point  which  we  shall  denote 
by  B! ;  then 

PB'-^=Po'^^oR^  =  P0^-^0o''-^0o .  ON-oR-' 
=  0B^  +  0o^-20o.0]Sf--Bo^ 
=  OD^  -  Do^  +  Oo2  -  20o  .  ON 
=  Oo{OD-\-Do-^oO-20N) 
=:Oo{20D-20N)  =  20o.ND. 
RP'^  =  20o.N'D, 


Similarly, 
so  that 


PR_    IND  _PB 
EP'~'SN'D'~BP' 
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and  therefore  R  and  R'  coincide ;  and  we  have  thus  verified 
that  PP'  touches  at  R  the  circle  oR  (using  the  notation  oR  to 
mean  a  circle  of  centre  o,  and  radius  oR). 

Putting  Oo  =  a,  and  denoting  the  angles  AOP,  AOP'  by  0, 
e\  and  ADQ,  ADQ'  by  0,  i/.,  then 

PE^  =  2a. ND  =  4aR cos^i/r  =  4!alK^cos^<j>,  RP'^  =  ^ah^cos^ ; 
so  that  P'R +RP  =  2^(al)K(cos  yfr + cos  ^), 

while  PT=2^sini(^-^), 

and  therefore   sin  ^{0  —  6')  =  ;,/(a/Z)/c(cos  i/r + cos  0). 
Putting  nt=u,  nt'  =  v,  nT  =  u—v=w;  then  since  (§8) 
<p  =  amu,  sin  W  =k sin  (p  =Ksnu,  cos  ^0  =  dn  it ; 
\lr  =  eimv,  sin  hO' =  K sin \lr  =  Ksnv,  cosJ0'  =  dnt;; 
la_     sin  ^{0—6')     _snudn  v  — dnusnv 


V! 


a  constant. 


Z     /c(cos  i/r  +  cos  0)  cn-y+cnu 

Putting  ^'  =  0,  'y  =  0,  and  therefore  u  =  nT  =  w,  we  find 

Va_    snw    _l—cnw_    ll—cnw^ 
I     l  +  cnty       snw        vl  +  cn^t;' 
so  that 

1  —  cn(u  —  v)  _  sn  u  dn  t;  —  dn  u  sn  V  _         en  t;  —  en  u 


V 


V] 


l  +  cn(u  — v)  cni;4-cnu  snudn-y+dnusn-y' 

one  form  of  the  Addition  Theorem,  which  by  algebraical  trans- 
formation can  be  reduced  to  one  of  the  preceding  forms  of  §  116. 

118.  Kepresenting,  as  in  §  31,  snu  by  s^,  cnu  by  Cj,  dnu  by 
cZj,  and  the  corresponding  functions  of  v  by  S2>  Cg,  d^ ;  then 
1  —QXi{u  —  v)_  s^d^  —  s^d^  _    Cg  — Cj 
l4-cn(u  — -y)        c^+c^        s^d^+s^d^' 
so  that  l-cn(u-v) ^ (c^- c,)(s,d^- 8^d{) ^ 

l  +  cn(u  — t')     (c^  +  c^Xs^d^  +  s.^d^y 

or  cn(u  —  V)—       ^    ,       "j  i 

and  changing  the  sign  of  -y, 

cn(u+^)  =  5L£A:zV2^, 

another  form  of  the  Addition  Equation. 

Again  l-cn(u-^;)     /.s,d,-s/Z,Y  ^^  ^ (^^llfLV. 

^r,(,!     ,A-fe+gi)'-M2-Mi)  ^^     (SicZ2  +  Mi)--(c2-gi)'.  ' 
and,  adding  numerators  and  denominators  (componendo), 
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cn{u  —  v) 


cn(u  +  v)  =  ^-^^-^Y^4'^ (2) 

1  —  kW^  ^  ^ 

the  usual  form  (2)  of  the  Addition  Theorem  for  the  en  function. 
But,  subtracting  numerators  and  denominators  (dividendo), 

cn(u  -v)  =  ^J-^J^i-^i^i-^i^i 


12    '    8-^Cl'-iS2Cl'2 

and  another  form  can  be  easily  established  in  the  same  way, 

/       ,      \       C-i  (Xi-,  Ci)(X/()  ~~  K  S-i  oq 

cn(u-{-v)=  }  }  -,  % ^. 

d^d2  +  k\c^S2C2 

(Glaisher,  Messenger  of  Mathematics,  vol.  x.,  p.  106 ; 

M.  M.  U.  Wilkinson,  Proc.  London  Math.  Soc,  vol.  xiii.,  p.  109; 

Woolsey  Johnson,  Messenger  of  Mathematics,  vol.  xi.,  p.  138.) 

119.  Expressed  again  in  Legendre's  trigonometrical  form, 
with  <j)  =  am  u,  \lr=  am  v,  y  =  am(u  —  v), 

la_l—  cos  y  _  sin  (pA\fr  —  sin  -yfrAcp 
I        sin  y  cos  \lr  +  cos  0 

7  _  1 4-  cos  y  _  sin  0 A\^  +  sin  i/r A^^) 
a        sin  y  cos  ^//<  —  cos  (p 

Therefore,  eliminating  A\^, 
2  sin  -i/r  sin  y  A  ^  =  (cos  \/r  -  cos  0)(  1  +  cos  y)  -  (cos  i/r + cos  0)(  1  -  cos  y) 

=  —  2  cos  0  +  2  cos  -i//"  cos  y, 
or  cos0  =  cosi//-cosy  — sini//"sinyA0. 

Expressed  in  Jacobi's  notation,  since  u  =  v  +  iv, 

cn(v+w)  —  cnvcnw  —  snvsnwdn(v+w). 
Changing  v+w  into  u  —  v,  this  becomes 

cn(u  —  v)  =  en  u  en  ^?  +  sn  u  sn  ?;  dn(u  —  ^'), 
or  cosy  =  cos  0COS  >//"  +  sin  0sini/rAy. 

Conversely,  these  relations,  treating  y  as  constant,  lead  to 
the  differential  relations       du  —  dv  =  0, 
or  d(plA(l)  —  d\l^lA\ly  =  0, 

or  (d^)\l  -  /c^sin^^)  -  {dxlrf(l  -  /c^sin^)  =  0. 
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Writing  x  for  sin  0  sin  xj/^,  y  for  cos  cp  cos  xfr,  and  m  for  Ay, 
then  cos  y  =  ^(m^  —  /c'-)//c  (§  17);  and  the  integral  relation 
becomes  y + mx  =  ^(m^ — k^)Ik, 

leading  to  the  differential  equation,  of  Clairaut's  form, 

denoting  dy/dx  by  p  ;   this  is  the  form  of  the  differential 
equation  when  we  change  to  these  new  variables  x  and  y. 

120.  We  have  begun  in  §  117  by  supposing  the  points  P  and 
P'  to  oscillate  on  a  circle  with  velocity  due  to  the  level  of  the 
horizontal  line  BDB\  cutting  the  circle  in  B  and  B'  (figs.  2, 13); 
but  if  they  are  performing  complete  revolutions  with  velocity 
due  to  the  level  of  a  horizontal  line  BB'  through  i)  not  cutting 
the  circle,  but  lying  above  it  (figs.  3,  14),  a  similar  proof  will 
show  that  PP'  touches  a  fixed  circle  having  with  the  circle 
PP'  the  common  radical  axis  BB\  the  two  circles  not  inter- 
secting; and  the  Landen  point  L  (§  28)  will  be  a  limiting 
point  of  these  two  circles. 

But  this  motion  of  P  and  P'  in  fig.  14  is  imitated  by  the 
circulating  motion  of  Q  and  Q'  on  the  circle  AQ  in  fig.  13 ;  so 
that  QQ'  touches  at  T  a  fixed  circle,  centre  c ;  and  the  hori- 
zontal line  through  E  is  the  common  radical  axis  of  this  circle 
and  the  circle  CQ,  the  Landen  point  L  being  a  limiting  point : 
and  thus  the  Addition  Theorem  for  Elliptic  Functions  can  be 
deduced  from  the  motion  of  P  and  P'  in  fig.  14,  or  of  Q 
and  Q'  in  fig.  13,  as  given  by  Durege,  Elliptische  Functionen,  X. 

For  if  in  fig.  14a  circle  is  drawn  with  centre  o  and  radius 
oR,  such  that  BDB'  (fig.  8)  is  the  common  radical  axis  of  this 
circle  and  of  the  circle  AP,  then,  since  the  tangents  to  these 
circles  from  D  are  equal  in  length,  ^ 

I)0^-OP^  =  Do^-oR^; 
and  now,  if  the  tangent  to  the  inner  circle  at  R  cuts  the  outer 
circle  in  P  and  P\ 

PR^  =  Po^-oR^  =  P0^  +  0o^-20o.0N-P0^-{-0D^-Do^ 
=  OD^-Do^  +  Oo^-20o.ON=20o.ND, 
as  in  §  117 ;  and  similarly  RP'^  =  20o.ND',  so  that 
PR  _    /A^^D  _  velocity  of  P 
RP"    ylNJJ     velocity  of  P'' 
and  therefore  PP'  will  continue  to  touch  the  circle  R,  during 
the  subsequent  motion  of  P  and  P'. 
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Similarly,  in  fig.  13,  QQ'  during  the  motion  touches  a  fixed 
circle,  centre  c  and  radius  cT;  and  putting  Oc  =  c, 

QT'  =  2c.  NE  =  ^d  dn^Ti^,  TQ"'  =  4cl  diihit\ 

We  notice,  on  reference  to  §  28,  that 
XQ^  =  2LG .  EN=  2LG .  EA  dnHt  =  U\l  -  Kydn^nt  =  LA^dn^nt, 
so  that  LQ  =  LA  dn  nt ; 

and  therefore  ^^TYf' 

or  LT  bisects  the  angle  QLQ  in  fig.  13 ;  while  LR  bisects  the 
angle  PLP'  in  fig.  14  ;  we  may  state  this  theorem  geometrically, 
"  the  segments  of  a  tangent  to  one  circle,  cut  ofi*  by  another 
circle,  subtend  equal  angles  at  a  limiting  point  of  the  two 
circles." 

Then,  with  the  notation  of  §  117, 

and  QQ  =  2R  sin(^  -  V^)  =  2kH  sin(0  - 1/.) ; 

so  that,  in  Legendre's  trigonometrical  form, 

K  sin{(p  —  Y)_    /  ^     Qj.     /_^  a  constant. 

Putting  ■ylr  =  0,  then  (p  =  y;  so  that 

VG  _Ksm{(p  —  \lr) _K sin  y  1  — Ay 

R~    AV^  +  A0    "l  +  Ay'  ^^   /csiny' 

VE_/c  sin(0  +  V^)_  /c  sin  y         ^+^7 
c~   A>/^  — A0    ~~1  — Ay'        /csiny' 
the  product  of  the  two  equations  being  unity. 
Conversely,  the  relation 

sin(0  ±  V^)  =  C(  AV^  +  A(p), 
where  Cis  an  arbitrary  constant,  leads  to  the  differential  relation 

121.  Taking  the  equations 

l  +  Ay_/c^sin(0  +  \/r)   1  -  Ay  _ /c^sin(0  -  i/r) 
siny         Ay^  — A^  '    siny         A\/r  +  A0 
we  find,  on  eliminating  sin  cp, 
2ac2cos  0  sin  i/r  sin  y  =  (1  +  Ay)  ( Ai/^  —  A^)  —  ( 1  -  Ay)(A\/r  +  A0) 
=  -2A0  +  AyAV^, 
A^  =  AyAx//-  —  Aos  0  sin  -i/r  sin  y, 
or  dnu  =  dnvdiiiU'- k^qh usnvsn  w, 

with  u  =  v  +  w. 
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By  eliminating  cos  ^, 

2/c^sin  <p  cos  yjr  sin  y  =  2 Ai/r  —  2 AyA^, 

A^/r  =  A0  Ay  4-  /c^sin  0  cos  yfr  sin  y, 
or  dn(u  — t(;)  =  dnudn'M;+/c^snusnt/;cn(t/,  — !(;). 

Changing  w  into  v, 

dn{u  —  !>)  =  dn  u  dn  V  4-  /c%n  u  sn  i'  cn(?t  —  v), 
or  Ay  =  A0 A^/r  4-  /c^sin  ^  sin  \/r  cos  y. 

Writing  ic  for  /c%in  0  sin  i/r,  y  for  ^cli^yjry  and  m  for  cny, 

then  2/ + '^^  =  /v/('<^'^  +  K^mP), 

the  integral  relation  of  Clairaut's  differential  equation 

which  is  therefore  the  transformation  of 
cZ0/A0-c?\/r/AV^  =  O, 
when  we  change  to  these  new  variables  x  and  y. 

Taking  the  two  trigonometrical  expressions  from  §  119,  120, 
for  the  Addition  Theorem, 

1  —  cos  y  _  sin  0A\/r  —  sin  i/rA0   1  —  Ay  _  Ac^sin(0  —  yp) 
siny    ~~       cos  ^4- cos  0       '   siny  *~    A\lr^A<p 

we  obtain,  by  subtraction  and  reduction. 

Ay  — cos    _cosT/rA^  — cos^Ai/r 
siny      ~~       sin04-sini/r 

dn(u  —  -u)  —  cn(u  —  t;)  _  dn  u  en  ^' — en  u  dn  u 
sn{u  —  v)  ~         snu4-sn'y 

the  form  of  the  Addition  Theorem  given  by  J.  J.  Thomson 
{Messenger  of  Mathematics,  vol.  IX.,  p.  53). 

122.  With  the  notation  of  the  elliptic  functions,    ^ 

1 4-  dn(u  —  v)_  «:(sn  u  en  v -\- sn  v  en  u) 

Ksn(u—v)   ~  dn-y  — dn'w- 

1  —  dn{u  ^v)  _  /c(sn  u  en  -y  —  sn  -y  en  16) 

Ksn{u  —  v)   ~"  dn'y4-dnu 

Therefore,  as  before,  with  Glaisher's  abbreviations, 

1  —  dn(u  —  v)_  (d^  —  d^){SiC2  -  Vi) 
1  +  dn(u  -  v)  ~  (d^  4-  d^^s^c^  4-  s^c^y 

dn(u  -  v) =?4i^2±f2^, 
s^d^c^-hs^d^c^ 
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Similar  algebraical  reductions  to  those  given  above  for 
cn{u  —  v)  will  establish  the  formulas  for  dn{u  —  v)  and  dn(u+f), 
given  by  Glaisher  (Messenger,  X.,  p.  106), 

12  2       ^2    1^1  ^1^1    '   ^^1^1  ^2 

_  1  —  k\^  —  k\^  +  kW^  _  d^d^  —  k\s^c^c^ 
d^d^  + k\s^c^c^  1—kW^ 

the  last  of  form  (3),  §  116. 

123.  The  Duplication,  Triplication,  etc.,  Formulas. 
Putting  t;  =  u  in  formulas  (1),  (2),  (3)  of  §116,  and  writing 
s,  c,  d  for  sn  u,  en  u,  dn  u,  we  find 
2scd 


sn2u  = 

en  2u  = 
dn  2u  = 


l-/cV" 

1  -  2/c2s2  +  /C^S*        /2  _  2^^2^2  ^  ^4 


1-/CV  _/2_^^^2_^4 

Writing  ^,  0,  D  for  sn2u,  en  2t(,  dn  2u,  we  find 


1  +  G'~  c''    l+D      d^  '    D^G    cH^' 
l-C      1    l-D      , 

,_i)+a_.^^i-D_ 

^-^^-^    ^^-_-etc. 
Putting  u  =  JiT,  then  >Sf  =  1,  C=0,  D  =  k  ;  and 

Again,  in  §  67, 

.  _(l  +  Osn(u,  Ac)cn(u,  «:)_l+/c'    /I  — dn(2u, /c) 
sn(i;,  a;-  -dn(u,  k)  7  Vl  +  dn(2u,  ac)' 

and  2it  =  (l+XK  \  =  (1 -/)/(H-/cO, 

dn(l  +  X.v,k)  =  r-— 27 — ^» 

^  l  +  Asn^v,  A) 

,1  ,  .  ,     (1  +  A)sn(v,  A) 

en(l+X..,.)=^-^5:^^^^ 
^  '       1  +  A  sn2('y,  A) 

which  is  called  Landen's  second  transformation. 
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Again,  putting  v  =  2u,  and  making  use  of  the  above  formulas, 
we  shall  find 


sn3u 


3s  -  4(1  + /cV  +  6acV  -  ,cV 


1  -  6/c  V  +  4(1+  /c'^)/c  V  -  3/c  V 
l-sn3u  ^  l+.Yl-28  +  2^V-/cV\  ^ 
l+sn3u     l-8Vl+2s-2/cV-/c%^ 
l-/csn3t6_  l+AcYl-2/cs  +  2/c.y^-/c^ 
l+/csn8u     l—K>i\l  +  2KS  —  2K^  —  K^ 
with  similar  expressions  for  cnSii  and  dn3u,  leading  to 
1-cn^u^l-c  //•^  +  2/2c  +  2/cV  +  AcVY 
1  +  en  3iA  ~  1  +  c  V'^  -  2/2  c  -  2/c V + kW  ' 
l-dn3u _ l^-cZ //HV6Z-2#   -^^^ 
l+dn3u~l  +  (^V2_2/2^+2(Z^   -cZV  ' 
dn  3t6  -  k'     d-  KfdJ"  +  2/cZ3  -  2k' d  -  k^^ 


:  _  d  -  K'(d'  +  2k' d^  -  2k' d  -  /y . 
?~d  +  K\d'-2K'd^-\-2K'd  -kV  ' 


dn  Su  +  K 
the  algebraical  work  is  left  as  an  exercise  for  the  student. 

124.  Poristic  Polygons  ofPoncelet,  with  respect  to  two  Circles. 

Starting  from  the  point  A  in  fig.  13,  and  drawing  the 
successive  tangents  AQ^,  Q^Q^,  Q^Qz^"-  ^^  ^^^  inner  circle, 
centre  c,  from  the  points  Q^,  Q^,  Qg,  ...  on  the  circle  CQ; 
or  starting  from  A  in  fig.  14,  and  drawing  the  tangents  AP^, 
P1P2,  -^2^3'  •••to  the  inner  circle,  centre  o,  from  P^,  Pg,  Pg,  ... 
on  the  circle  OP ;  then,  if  we  denote  the  first  angle  ADQ^  or 
AEP^  by  am  w,  it  follows  from  this  construction  that 

ADQ2  =  AEP^  =  2.m2%u,ADQ^  =  AEP^  =  2,m^w,,..\ 
and  we  have  thus  a  geometrical  construction  for  the  elliptic 
functions  of  the  duplicated,  triplicated,  ...  argument. 

When  w  is  an  aliquot  part,  one  n^^j  of  the  half  period  2Kj  or 
T  of  the  half  period  2T  seconds,  then  after  n  such  operations 
the  polygon  AQ^Q.^Q^,  ... ,  or  ^P^PgPg,  ... ,  will  close  on  itself 
at  the  starting  point  A ;  and  the  preceding  investigations  show 
that  during  the  subsequent  motion  of  these  points,  the  polygon 
formed  by  them  will  continue  to  be  a  closed  polygon,  inscribed 
in  the  circle  CQ  and  circumscribed  to  the  circle  cT,  or  inscribed 
in  the  circle  OP  and  circumscribed  to  the  circle  oR ;  and  thus 
we  have  a  mechanical  proof  of  Poncelet's  Poristic  Theorem  for 
two  circles,  a  problem  discussed  by  Fuss,  Steiner,  Jacobi, 
Richelot,  and  Minding. 

(Cayley,  Philosophical  Magazine,  185.3,  1854,  1861.) 
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Let  us  consider  the  particular  cases  of  w  equal  to  J,  J,  J,  i, 
...  of  the  half  period  2K. 

(i.)  When  w  —  2K,  PP'  is  horizontal  in  fig.  13;  and  P  and 
P'  coincide  in  fig.  14. 

(ii.)  When  w  =  K,  the  circle  oR  in  fig.  14  and  the  circle  cT  in 
fig.  13  shrink  up  into  the  limiting  point  L,  Landen's  point 
(§  28) ;  and  now  any  straight  line  through  L  will  divide  these 
circles  OP  or  CQ  into  two  parts  described  in  equal  times,  JT ; 
while  in  fig.  13  the  line  PP'  will  touch  the  circle  described 
with  centre  E  through  B,  L,  and  B\  subtending  an  angle  4a 
at  0 ;  and  any  arc  PP'  will  be  described  in  time  IT,  half  the 
time  of  describing  BAB' ;  hence  the  following  theorem — 

"  Two  segments  of  circles  are  described  on  the  under  side  of 
the  same  horizontal  straight  line,  one  subtending  twice  as 
many  degrees  at  the  centre  as  the  other;  if  a  particle  oscillates 
on  the  lower  segmental  arc  under  gravity,  any  tangent  to  the 
upper  arc  will  cut  off  from  the  lower  an  arc  described  in  half 
the  time  of  oscillation."     (Maxwell,  Math.  Tripos,  1866.) 

As  P'  is  passing  through  A  in  fig.  15,  P  is  instantaneously 
at  rest  at  B  ox  B' ;  and  AB,  AB'  are  obviously  tangents  at  B 
and  B'  to  the  circle  BLB',  drawn  with  centre  E ;  while  PP'  is 
one  side  of  a  crossed  quadrilateral,  escribed  to  this  circle  BLB', 
and  inscribed  in  the  circle  BAB'. 

When  the  circle  cT  shrinks  up  into  the  limiting  point  L, 
then,  as  in  §  120, 

qU'^WL.EN,  LQ'^  =  2GL.EN'; 
and  since   QL .  LQ'  is   constant   in   the   circle  GQ,   therefore 
EN .  EN'  is  constant,  and  equal  to  LE^,  the  value  it  assumes 
when  N  and  N'  pass  each  other  at  the  point  L. 

Since  EN .  EN'  =  ED  =  EB\ 

a  circle  can  be  drawn  passing  through  N,  N',  and  touching  EB 
at  B ;  and  the  triangles  ENB,  EBN'  are  therefore  similar,  so 
that  ENB  =  EBN',  EN'B  =  EBN 

(Landen,  Phil.  Trans.,  1771,  p.  308.) 

Translated  into  a  theorem  of  elliptic  functions, 

EN.  EN'  =  EA^dn^udn\  and  EB^  =  k'^  .  EA^ 
so  that,  as  ii*  (59),  §  57, 

dnudiiv  =  K,  when  u  —  v  =  K, 
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Otherwise,  since  (§  28) 

QL  =  ALdnu,  LQ'  =  ALdnv, 
and  QL.LQ'  =  AL.LD, 

therefore  dn  u  dn  v  =  LD/A  L  =  k. 


The  similarity  of  the  triangles  AQL,  LDQ'  shows  that 

AQIAL  =  DqiLQ'', 

and  since  (§  10)  AQ  =  AD  sn u,  DQ'  =  ^D  en  v, 

therefore,  as  in  (57),  §  57, 

snu  =  cn'y/dn?;  or  cdf,  when  u  —  v+K. 

Again,  since  DQ'/DL  =  A Q/LQ, 

,,       «  DL  snu     Ksnu 

thereiore  cnt;  =  -T-=r  ^j — =s— , 

AL  dnu      dnu 

as  in  (58),  §  57,  when  v  —  u  —  K, 
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Conversely,  if  the  straight  line  QLQ',  passing  through  X, 
moves  into  the  adjacent  position  qLq\  then 

,,gQ_QL_    /■£'iVr  _  velocity  of  Q 

q'Q~"Lq~  y'EN'~  YQ\o(titj  of  q' 

if  Q  and  Q'  move  under  gravity,  or  diluted  gravity,  on  the 
circle  GQ  with  velocity  due  to  the  level  of  E\  so  that  QLQ' 
will  continue  to  pass  through  L,  and  will  divide  the  circle  GQ 
into  two  parts  described  in  the  same  time  JT  (§  28). 

If  in  fig.  13  we  denote  the  radius  of  the  circle  cThj  r,  then 
cos  y  =  tI{R  +  c), 
y  or  am  w  denoting  the  angle  ADQ-^ ;  while,  from  §  120, 
1  — Ay      c  .         R  —  G 

I+Ay  =  S'  ""  ^y  =  R^o'' 

and  thence  k^  =  7-^^^ — r;^ ^,  /c  ^  = 


Again,  if  Dq  is  drawn  from  D  to  touch  the  circle  cT,  and 

the  angle  ADq  is  denoted  by  y  or  am  7/;',  then 

,        r        cosy  ,     (tnw 

sm  y  =  ^Y —  =    A     >  or  sn  ^(;  =  ^j , 

^      i^  — c      Ay  dnty 

so  that  (§  57)  u'  +  'w;'  =  ir. 

125.  Foristic  Triangles. 

(iii.)  When  iu  =  ^K  or  |^,  triangles  Q-^Q<^Q^  can  be  inscribed 
in  the  circle  GQ  and  circumscribed  to  the  circle  cT,  while  at  the 
same  time  triangles  P^P^P^  (or  hexagons)  can  be  inscribed  in 
the  circle  OP  and  escribed  to  the  circle  oR  (fig.  16). 

The  well  known  relations  of  Trigonometry 
c2  =  R^  -  2Rt,  or  a2  =  R^  +  2Rt\ 
where  Cc  =  c,  Oo  =  a,  cT=r,  oR  =  r,  are  now  easily  deduced. 

We  may  write  these  relations,  more  symmetrically, 

=  1,  or  - — D-:7T^=1- 


R-G    R-\-G      '       a-R    a+R 
In  fig.  16,    ADQ^  =  y  =  8im^K,  ADQ^  =  y=a.m^K ; 
and  since  GQ2  bisects  the  angle  NzQ^A,  which  is  equal  to  y, 
therefore  DcQ^  =  i{'^  —  y)  5  ^^^  BcQ-^  =  DQ^g,  or  ])Q^  =  Dc. 
Similarly  AQt=Ac;  so  that 

AQ^+nQ^  =  AR 
Therefore  sin  y' + cos  y  =  1 , 

or  snj^+cn|ir=l, 

r       '     r        ^ 
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We  shall  employ  this  suffix  notation  for  the  points  N,  P,  Q 
to  signify  points  corresponding  to  aliquot  parts  of  K. 

Corresponding  to  w  =  ^^K,  the  circle  oR  becomes  the  circle 
through  B,  N^,  R  \  and  nowP^AP*  is  a  triangle  escribed  to 
this  circle,  and  inscribed  in  the  circle  OP. 

For  w  =  lK,  the  circle  oR  becomes  the  circle  through 
B,  iVi,  B' ;  and  now  we  shall  find  that  hexagons  can  be 
escribed  to  this  circle,  and  inscribed  in  the  circle  OP. 


A 
Fig.  16. 

The  tangents  at  Pg,  P4  touch  the  circle  BN^B\  and  the 
tangents  at  Pi,  P5  touch  the  circle  BN^B' )  while  AP^,  AP4, 
are  the  common  tangents  of  the  circles  BN^B\  BN^B'. 

Denoting  the  sides  of  the  triangle  QiQ^Qs  by  q^,  q^,  q^,  then 


Rr  = 


2(^1  +  ^2+^3) 


But  Up  W/g,  Ug  denoting  the  value  of  u  corresponding  to  the 
points  Qp  Qg'  C3.  and  d^,  d.-^,  d^  denoting  the  corresponding 
values  of  dii  u,  then  (§  120) 

"       ^1  =  Q2Q3  =  ^J{cl)(d.fi^\  ...; 

(d^±d^(d^  +  d,)(d^±d^,    Rr 


so  that 


d^  +  d^-^d^ 


d' 


a  constant,  a  relation  connecting  d^,  d^,  d^,  when 
Uj  —  U2  =  1^2  —  '^3  =  S-^' 
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126.  Foristic  Quadrilaterals. 

(iv.)  When  w  =  ^K,  quadrilaterals  Q1Q2C3Q4  ^^^  ^^  inscribed 
in  the  circle  CQ  which  are  circumscribed  to  the  circle  cT,  and 
now  the  corresponding  relation  is  found  to  be  . 

while  T^Ts,  T^T^  intersect  at  right  angles  in  L,  being  the 
bisectors  of  the  angles  between  QiLQ^,  QJLQ^  (fig;  17). 

This  relation  is  proved  immediately  by  taking  the  quadri- 
lateral in  the  position  AQJ)R^  ;  and  now  y  =  'y'  =  am  ^K, 

so  that  squaring  and  adding  leads  to  the  desired  relation. 

As  in  (ii.),  quadrilaterals  can  be  escribed  to  the  circle  BLB\ 
which  are  inscribed  in  the  circle  OP,  since  Nx  coincides  with  L. 

But  the  circles  BNiB'  and  BNsB'  are  related  to  the  circle 

t  5 

OP    with    regard    to    poristic    octagons;    and    the    common 
tangents  of  these  circles  are  easily  recognised  at  the  points 

Conversely,  starting  with  the  circle  cT  and  the  internal 
point  L,  and  drawing  T^LT^,  TJ^T^  through  L  at  right  angles 
to  each  other,  the  tangents  to  the  circle  c:?^  at  I\,  T^,  T^,  T^ 
will  form  a  quadrilateral  Q1Q2QSQ4,  which  is  inscribed  in  a 
circle  CQ,  the  diagonals  QiQ^,  Q2Q4:  passing  through  L,  and 
being  equally  inclined  to  T^T^  and  ^2^4- 

If  Q^c,  Q2C,  Q^c,  Q^c  are  produced  to  meet  the  circle  CQ  again 
in  qy  q^,  q^,  q^,  then  q^q^  and  q^q^^  are  diameters  of  the  circle 
CQ;  for  Q^q^^  bisects  the  angle  QzQiQ^,  so  that  the  arc 
Q^qi  =  arc  g^Q^,  and  similarly  the  arc  Q^q^  =  arc  q^Q^,  so  that  the 
arc  q^Q^q^  =  ^^^  9iQ4!^s>  ^^^  esich.  is  therefore  a  semi-circle. 

It  follows,  from  elementary  geometrical  considerations,  that 
LT^^ + LT^^  4-  ZT32  -1-  ZT/  =  4r2, 
or  r^T/  -h  T3T/  =  T^T^^  4-  T^T/  =  4r2 ; 

cQrcQ,^~cQ,''^cQrr'' 
so  that  cq^^  +  cq^  =  cqi  +  cq^  =  {P?  -  c^flr'^, 
leading  to  2{R''-\-c^)  =  {R''-c'flr', 

or,  as  before,  G-^y  +  fe/^'' 


FOR  ELLIPTIC  FUNCTIONS. 


127 


Denoting  by  u^,  u.^,  u^,  u^  the  values  of  u  at  Q^,  Q^,  Q.^,  Q^, 

so  that  'W'l  — 'W'2  =  '^2~"'^3  =  '^3"~'^4=5^J 

and  denoting  by  d^,  d^,  d^,  d^  the  corresponding  values  of  dn  u, 

then  (§  5  7)  d^d^  =  d^d^  =  k  ; 

and  (§  120)  XQ  =  2Z(1  -/)dn u, 

so  that         Q1Q3  =  2^(1  - K'){d^  +  0^3),  Q2Q4  =  2^(1  - K){d^d:) ; 

while  Q1Q2  =  ^s/(cl){di  +  d^),  etc. 


A 
Fig.  17. 

Now  by^a  property  of  the  circle  (Euclid  VI.  D) 

so  that         ^2(1  _  ^y^^^  ^  ^^)(^^  ^  ^ J 

=  d{(d,  +  d^)(d^  +  d,)  +  (d,  +  d,)(d^+d^)} 

=  cl{{d^  +  d,Xd^+d,)  +  4>K'}, 
or        (^i  +  ^3)(<^2  +  <^4)  is  constant,  and=2^/cXl  +  V 
the  value  obtained  by  putting  u^  =  0,  when 

and  cZ,  =  cZg  =  ^k\  d^  =  /c',  d^  =  1. 


128  THE  ADDITION  THEOREM 

when  Uj  —  Ug  =  ^K. 

Thus      dn(u  +  iir)+- ^L_-=     2V/(l  +  /)dnu 

^       ^    ^     dn(u+iir)  dn%+/c'       ' 

'^''^''+^^^     dn(u+iZ) S^+7 "" 

so  that 

dn(u+JiO=     V-c'd  +  O^^^^^^g^^^^^^^^^, 

dnm  +  /c 

127.  Poristic  Pentagons,  etc. 

(v.)  When  I' =  fir,  or  ^^,  the  poristic  polygons  are  pentagons 
(fig.  18),  and  the  relation,  to  be  satisfied  is  of  the  form 

1  +  p  +  q  —  (p  +  qy  —  (p  +  q)(p  —  q)^  =  0, 

or  {p-qf=p  +  q-'^-^l{p  +  q\ 

where  p  and  q  are  used  to  denote  r/(R  —  c)  and  rl(P  +  c). 

We  notice  that  the  relation  for  pentagons  leads  to  a  cubic 
equation,  when  two  of  the  three  quantities  P,  r,  c  are  given ; 
but  the  equation  reduces  to  a  quadratic  when  c  =  0  or  the  circles 
are  concentric,  the  case  considered  by  Euclid. 

The  reader  is  referred  to  the  articles  of  Cayley  (Phil.  Mag., 
Series  lY.,  Vol.  7,  and  Collected  Works)  and  to  Halphen's 
Fonctions  Elliptiques,  t.  II.,  chap.  X.,  for  the  proof  of  this 
relation  and  the  similar  relations  for  other  polygons. 

We  shall  find  that  Halphen's  a  and  y  (t.  II.,  p.  375)  are  con- 
nected with  our  P,  T,  c,  k,  and  w  by  the  relations 


4^Rg  .  o        rP 


dn^w- 


(p-cY- 

\P  +  cJ' 


''-''   -{P  +  Cf-T^'^ 

and  thence  Halphen's  x  and  y  can  be  formed. 

By  the  use  of  Legendre's  Table  IX.  for  i^(0,  k)  (F.  K,  t.  II.) 
we  are  able  to  construct  geometrically,  to  any  required  degree 
of  accuracy,  figures  of  circles  related  to  each  other  for  poristic 
polj^gons  of  any  given  number  n  of  sides. 

Having  selected  an  arbitrary  modulus  k  or  modular  angle 
J  a,  we  look  out  the  value  of  K,  and  then  determine,  by  pro- 
portional parts,  the  value  of  0  in  degrees  corresponding  to  an 
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amplitude  of  Kjn,  2Kln,  . . . ;  and  these  values  of  0  will  mark 
the  position  of  the  points  Q^,  Q<^,  — 

Thus,  in  drawing  figs.  13,  14,  16,  17,  we  have  selected 
/v:  =  sin  60°,  when  ir=21565;  and  in  drawing  fig.  16  for  poristic 
triangles,  we  find,  from  Legendre's  Table  IX., 

am  JA'=c.m.  of  38°49',  am§ir=c.m.  of  68°5'. 


A 
Fig.  18. 

These  angles  enable  us  also  to  set  out  figs.  13  and  14,  where 
the  circles  are  drawn  so  related  as  to  admit  of  poristic  hexagons. 

In  drawing  figs.  15  and  17,  Landen's  point  L  is  sufficient  to 
complete  the  diagram  ;  also  to  double  the  number  of  sides  of 
a  polygon  of  an  odd  number  of  sides. 

In  fig.  18,  /c  has  been  taken  as  sin  75°,  as  in  figs.  1,  2,  3 ;  and 
now  ir=  2-76806 ;  and  from  Legendre's  Table  IX., 

am  iir=c.m.  of  80°18',  am  fir=c.m.  of  70°20', 
by  means  of  which  the  figures  can  be  drawn. 

Fig.  19  shows  poristic  heptagons,  to  the  same  modular  angle 
of  75°,  laid  out  by  means  of  the  relations 
01  =  am 


G.E.F. 


Wi=c.m.  of  22°8',  03  =  am^ir=c.m.  of  56°49', 
05  =  amfir=c.m.  of  77°6'. 
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128.  The  poristic  relation  between  the  quantities  R,  r,  c 
has  been  obtained  by  placing  the  polygon  in  a  symmetrical 
position;  but  another  method  is  employed  by  Wolstenholme 
(Proceedings  London  Math.  Society,  vol.  VIII.,  p.  136 ;  also 
by  Halphen,  F.E.,  II.,  chap.  X.),  where  the  polygon  on  the  circle 
OP  is  considered  in  its  limiting  form,  when  passing  through 
one  or  both  of  the  common  points  B  and  B'. 

Thus  with  triangles,  the  tangent  to  the  circle  oR  at  B  must 
meet  the  circle  OP  again  at  a  point  Pi,  the  point  of  contact  of 
a  common  tangent  of  the  two  circles  P  and  R,  the  degenerate 
triangle  being  BPP. 

For  quadrilaterals,  the  tangents  to  R  at  B,  B'  must  meet  at 
A  on  the  circle  P,  BAGAB  being  the  degenerate  quadrilateral. 

For  pentagons  we  obtain  the  degenerate  form  BP^Pg^PrPiB, 
where  BPt  is  the  tangent  at  B  to  oR,  the  circle  through 
B,  Ni,  B\  and  Pr  is  the  point  of  contact  of  a  common  tangent 
of  the  circles  OP  and  oR  (tig.  18). 

For  hexagons  (fig.  16)  the  limiting  form  is  BP^P,BT,P^B, 
where  BPi.  P^B'  are  tangents  at  B,  B'  to  the  circle  through 
B,  i\^ ,  B' ;  and  so  on. 
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129.  Oeometrical  Applications  of  Elliptic  Functions   to 
Spherical  Trigonometry. 

Taking  the  fundamental  formulas  of  Spherical  Trigonometry 
cos  c  =  cos  a  cos  6  +  sin  a  sin  h  cos  C, 

sinJl     sin  5    sin  (7        „„^^^„^. 

-. =  -. — ^=  . —  =/<:,  suppose; 

sm  a      sm  b      sin  c 

then  cos  0=  J{\  -  /c^sin^c)  =  Ac, 

so  that  cos  c  =  cos  a  cos  6  +  sin  a  sin  ?>  Ac, 

a  formula  like  that  of  §  119,  with  a,  h,  c  for  ^,  \^,  y ;  so  that  if, 

keeping  G,  c,  and  therefore  k  constant,  we  vary  a  and  6,  then 

cos B  .da-\-QO^A  .db  =  i), 
or  cla/Aa  —  db/Ab  =  0 ; 

and,  conversely,  the  integral  of  this  differential  relation  is  the 
formula  above. 

(Lagrange,  TMorie  des  fonctions,  p.  85,  §§  81,  82  ; 
Legendre,  Fonctions  elliptiques,  t.  I.,  p.  20.) 
If,  in  Jacobi's  notation,  we  put 

a  =  am(u,  ac),  b  =  am(v,  k),  c  =  am(tt;,  k\ 
then  the  differential  relation  becomes 

du-^dv  =  0, 
so  that  u — t?  =  a  constant  =  w, 

since  a  =  c,  or  u=^ iv,  when  6  =  0  and  v  =  0. 

Supposing  K  is  less  than  unity,  and  the  angle  G  is  acute,  then 
oG,  and  of  the  other  angles,  one,  A,  must  be  obtuse,  and  the 
other,  B,  acute. 

But  by  changing  to  the  colunar  triangle  on  the  side  BG,  we 
may  convert  the  triangle  ABG  into  one  in  which  ^11  three 
angles  are  obtuse  ;  and  in  such  a  triangle  we  may  put 

a  =  amu,  b  =  7r  —  Simv  =  Sim{2K—v),  c  =  8im(2K—iu); 
so  that  if  the  triangle  ABG  has  three  obtuse  angles,  we  may  put 

rt  =  amui,  b  =  B.mu2,  c  =  amu3, 
where  u^  +  u.^  -f-  t^g  =  u + 2K  —v+ 2K —lu  —  ^K ; 

and  now 

cos  ^  =  —  dn  u^y  cos  ^  =  —  dn  u.,,  cos  0=  —  dn  u^, 
so  that,  by  §  29,  we  may  write 

A  =  'Tr  —  am(/cUi,  1/ac),   B  =  7r  —  am(AcU2,  l//c),   (7=  tt  —  am(/cU3,  l//c), 
where  k  is  less  than  unity. 
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For  instance,  if  ABG  is  the  spherical  triangle  formed  by  three 
summits  of  a  regular  tetrahedron, 

A=   B    =    G   =     i-TT, 
and  cos  a  =  cos  b  =  cos  c  =  —  J, 

sin  (X  =  sin  ?>  =  sin  c  =     1^/2, 

_sinJ._V§_V6     /_x/10  9    ._3V15 
'^     sin(X~V2        8    *''"    8-^    '"'"     16    ' 
while  11,^  =  ^2  =  ^3  =  i^' 

so  that        en  f  ^=  -  J,  sn  iK=i^2,  dn  f  ^=  J. 

When  K  =  0,  K=^7r,  and  the  triangle  ABG  is  coincident  with 
a  great  circle ;  and  now 

a  =  Uj^,  h  =  U2,  c  =  u^,  and  a  +  6  +  c  =  27r; 
while  cos^=cos-B  =  cos  (7=  —  1,  J.=5  =  (7=7r. 

When  /c  =  1,  K=co;  and  therefore  of  u^  Ug,  Ug,  two  of  them, 
say  u^  and  Ug^  ^^®  infinite ;  so  that 

cos  a  =  sech  u^  =  0,  or  a  =  Jtt  ;  and  similarly  6  =  i^ ; 
the  triangle  ABG  now  has  two  quadrantal  sides  and  therefore 
two  right  angles,  the  third  side  c  and  angle  G  being  equal,  and 
taken  greater  than  a  right  angle. 

130.  For  values  of  k  which  would  be  greater  than  unity,  we 
change  the  notation  by  considering  the  polar  triangle;  and  now 
if  ABG  is  such  a  polar  triangle,  having  three  acute  sides,  instead 
of  three  obtuse  angles,  we  put 

sin  a  _  sin  h  _  sin  c  _ 
sin  A     sin  ^     sin  (7       ' 
and  A  =  am  v^,  B  —  am  v^,  G  —  am  v^, 

where  v^  =  2K—  u^,  v^  =  SiT — u^,  v^  =  2K — u^, 

so  that  v^-\-v^+v^  =  2K. 

Now         sin  (X  =  /c  sn  v^,  sin  6  =  /c  sn  ^^2,  sin  c  =  /c  sn  t'g ; 
cos  a  =   dn  v-,^,  cos  ?)  =   dn  v^,  cos  c  =   dn  i^g ; 
so  that     a  =  am(/ct'i,  l//c),  h  =  Sim(KV2,  l//c),  c  =  am(/ct'3,  l//c). 
The  fundamental  formula 

cos  c  =  cos  a  cos  6  +  sin  a  sin  6  cos  c 
now  leads  to  the  formula  of  §  121, 

dn  'Wg  =  dn  i^^^dn  v^  +  /c%n  t^^sn  t'g  en  v^y 
or  dn(Vi  +  v^)  =  dn  v^dn  Vg  —  /c^sn  v^sn  i'2cn('y^  +  v^). 

In  the  degenerate  case  of  /c  =  0,  K=^7r,  and 
Vi  +  t'2  +  ^'3  =  7r,  or  J.+i?+(7=x  : 
and  now  a  =  0,  6  =  0,  c  =  0,  so  that  the  spherical  triangle  is 
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indefinitely  small,  and  may  be  considered  a  plane  triangle; 
and  we  can  thus  deduce  the  formulas  of  Plane  Trigonometry. 

131.  A  spherical  triangle  thus  falls  into  one  of  two  Classes, 
I.  or  II. ;  in  Class  I.  the  triangle,  or  a  colunar  triangle,  has 
three  obtuse  angles;  in  Class  II.  the  triangle,  or  a  colunar 
triangle,  has  three  acute  sides ;  the  quadrantal  triangle  falling 
into  Class  I.,  and  the  right-angled  triangle  into  Class  11. 
In  Class  I.  we  put 

sin -4  _  sin  5  _  sin  (7  _ 
sin  a  ~~  sin  h  "  sin  c  "~  ' 

and  then  k  is  less  than  unity ;  and  we  put 

a  =  am  Up  h^oxau^,  c  =  2Lmu^, 
where  ii^-^-u^+u^^^Ky 

and  then 

^  =  7r  — am(/cUp  l//c),  5  =  7r  — am(/cit2,  l//c),  (7=7r  — am(/cU3,  l//c). 
In  Class  II.  we  put 

sin  a  _  sin  6  _  sin  c  _ 
sin^~~sin^~sin  (y~  ' 

and  then  k  is  less  than  unity ;  and  we  put 

^=ami;p  B  =  Si.m.V2,  (7=ami>3, 
where  v^-\-v^+v^  =  '2K, 

and  then  a  =  am(/ct'i,  l//c),  h  =  ^m{KV^,  l//c),  c  =  am(/cV3,  \Jk). 

When  this  triangle  of  Class  II.  is  the  polar  of  the  triangle 
in  Class  I,  u^-\-v^  =  u^-\-v^  =  u^-\-v^  =  'ilK, 

The  change  from  one  Class  to  the  other  affords  an  illustration 
of  the  change  from  one  modulus  to  the  reciprocal  modulus  (§  29). 

The  spherical  triangles  employed  originally  by  Lagrange 
and  Legendre  fall  into  Class  I. ;  and  a  full  discussion  of  the 
connexion  between  Elliptic  Functions  and  Spherical*  Trigono- 
metry will  be  found  in  the  Quarterly  Journal  of  Mathematics^ 
vols.  17,  18,  19,  in  articles  by  Glaisher  and  Woolsey  Johnson. 

But  it  is  preferable  in  some  respects  to  work  with  the 
spherical  triangles  of  Class  II.,  as  growing  out  on  the  sphere 
more  naturally  from  the  infinitesimal  plane  triangle ;  so  it  is 
proposed  to  develop  here  the  relations  with  Elliptic  Functions 
by  means  of  a  typical  triangle  of  Class  II.,  having  three  acute 
sides,  and  to  refer  to  the  articles  of  Glaisher  and  Woolsey 
Johnson  for  the  corresponding  relations  of  Class  I. 


134  THE  ADDITION  THEOREM 

132.  Writing  c^  s^,  cZ^  for  cn^'p  snv-^y  dnt'^  etc. ;  then  with 

we  may  put,  in  Class  II., 

so  that  cos  A  =  q,  sin  A  =  s^  etc. ; 

and  now  sin  a  =  /c  sin  A  =  /cs^,  cos  a  —  d^,  etc. 

From  the  fundamental  formulas 

cos  c  =  cos  a  cos  6  H- sin  a  sin  6' cos  (7, 
—  cos  C=  cos  A  cos  B  —  sin  A  sin  B  cos  c, 
we  obtain  d^  —  d^d2  +  K\s.2C^, 

where  cZg  =  dn Vg  =  dn(t'^  +  v^),  c^  =  cnv^=  —  cn('y^ + -^g). 

Again,  from  these  two  formulas  of  spherical  trigonometry, 

—  cos  C  =  cos  A  cos  jB  —  sin  ^  sin  jB(cos  a  cos  6  +  sin  a  sin  6  cos  (7), 

^^    cos  J.  cos  5  —  sin  J.  sin  5  cos  a  cos  6 

or  —  cos  C = -. — J—. — =5-^ ^— , 

1  —  sin  A  sin  B  sin  a  sin  6 

so  that  - C3  =  cn(Vi+^2)  =  '^'i'rj4\'2  '• 

^.    ,,    ,  cos  a  cos  6  —  sin  a  sin  6  cos  J.  cos  5 

bimilarly,     cos  c  =  — — = ; — :, — ; — f^—. -. — -. -, 

1  —  sin  ^  sm  i5  sm  a  sm  6 

leading  to  do  =  dn('Ui  +  %)  =  -^ — .  I  ^J-  ^. 

As  a  specimen  of  Class  II.,  take  the  spherical  triangle  formed 

by  three  adjacent  summits  of  a  regular  icosahedron  ;  then 

A=B  =  C=i7r; 

,  cos  O+cos  A  cos  B       cos  G         1 

and         cosc  = -. — ^ — -. — ^ =  ^i n—-~T^' 

sm  J.  sm  j^  1  —  cos  C     ^5 

so  that  K  =  sin  c/sin  (7  =  f  ^/(l^  ~  ^^5) ; 

and  then  v^  =  V2  =  v^=^K, 

so  that  en  f  Z" = cos  (7  =  1(^/5  —  1), 

dn  fir  =  cos  c  =  i  V^- 

133.  To  prove  that  in  a  triangle  of  Class  II.  we  obtain  the 
differential  relation 

cosb.dA  +  cosh.dB  =  0,  or  dAIAA-\-dBIAB  =  0, 
when  we  change  A  and  B,  keeping  c  and  G  constant,  dis- 
place the  triangle  ABG  into  the  consecutive  position  ABG\ 
keeping  the  points  A,  B  fixed  and  the  angle  AG'B  unchanged 
in  magnitude  (fig.  20). 
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Then,  if  GA  and  GB  produced  on  the  sphere  meet  the  great 
circle  of  which  G  is  the  pole  in  P  and  Q,  the  arc  PQ  =  G ;  and 
if  G'A  and  G'B  produced  meet  this  great  circle  in  P'  and  Q\ 
the  arc  P'Q'  is  ultimately  equal  to  the  arc  PQ,  or 
lt(PP7QQ')  =  l- 


// 
Fig.  20.  Fig.  21. 

But  PAP'=  -dA,  QBQ'  =  dB;  while  ultimately 

PP'=  -sin AP.dA^-cosb.  dA,  QQ' =  cos a.dB; 
so  that  cos  b  .  dA  +  cos  a .  dB  =  0, 

or  dA/AA  +  dBIAB  =  0, 

since  sina  =  /csin  J.,  cosa  =  A^. 

With  A  =  am  v-^,  B  =  am  v^,  this  becomes 
dv^-{-dv2  =  0, 
so  that     v^  4-  ^'2  =  constant  =  2K — v^,  where  G = am  v^ ; 
since  B -\- G  =  TT,  ot  V2-\-v^  =  2K,  when  ^  =  0,^^  =  0. 

Conversely,  this  differential  relation,  interpreted  with  respect 
to  the  triangle  ABG,  of  which  the  side  AB  is  fixed,  expresses 
the  constancy  of  the  opposite  angle  G. 

134.  If,  as  is  customary,  we  deduce  the  differential  relation 
cos  B .  da  +  cos  A  .db  =  0,  or  da/ Aa + db/Ab  =*0, 
from  a  spherical  triangle  ABG  of  Class  I.,  in  which 

sin  J.=/csina,  cosJ.  =  Aa, 
we  keep  the  angle  G  fixed,  and  displace  the  side  AB  into  its 
consecutive  position  A'B\  without  change  of  length,  through 
an  infinitesimal  angle  6  about  the  centre  of  instantaneous 
rotation  /,  the  point  of  intersection  of  the  arcs  AI,  BI,  drawn 
perpendicular  to  GA,  GB  respectively  (fig.  21). 

sin  I  A         sin  IBH         cos  B 


rp,         db         ,,  A  A 
Then    -,- =  -  It -y-r,/ 
da  BB 


sin  IB 


sin  lAH 


cos  J.' 
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135.  To  obtain  immediately  the  addition  formulas  (1),  (2), 
(3)  of  §  116  for  the  elliptic  functions,  Mr.  Kummell  draws  the 
arc  CD  perpendicular  to  AB  (fig.  20),  and  denotes  the  perpendi- 
cular CD  by  jp,  the  segments  BCD,  AGD  of  the  angle  0  by 
F,  G,  and  the  segments  BD,  DA  of  the  base  Ghy  f,  g;  so  that 
F-\-G=C,f-^g  =  c. 

(Kummell,  Analyst,  vol.  V.,  1878.) 
Now,  from  the  right-angled  spherical  triangles  AGD,  BGD, 
cos  G  =  ^YnA  cos  6/cos  p,  sin  G  =  cos  A /cos  p ; 
cos  F=  sin  B  cos  a/cos  p,  sin  F=  cos  B/cos  p ; 
or  with    sin  A  =  s-^,  cos  A  =  c^,  sin  a  =  ks,  cos  a  =  d-^,  etc., 
and  writing  M  for  cos  p, 

cos  G  =  s^dJM,  sin  G  =  cJM ; 
cos  F=  s^dJM,  sin  F=  cJM. 
Also  sin  p  =  sin  ^  sin  h  =  sin  a  sin  B  =  ks-^s^, 

so  that  if  2  =  cos^p  =  1  —  kW^, 

a  quantity  which  we  have  found  it  convenient  to  denote  by  D. 

Now,  cos  G  =  cos  F  cos  G^  —  sin  i^  sin  (r, 

or  C3  =  {s^s^d^d^  -  c^c^lD, 

or  en  (^'^  +  v^  =  —  en  v^  =  (c^Cg  —  s^s^d^d^jD, 

formula  (2). 

Again,  si  n  (7  =  sin  (i^-|-  G) 

=  sin  F  cos  G  +  cos  F  sin  G, 
or  S3  =  (s^CgC^g  +  «2Ci^i)/A 

where  S3  =  sni>3  =  sn(t'-^-|-t'2)j  as  in  formula  (1). 

Changing  the  sign  of  v,^, 

sn(^7^  —  v^  =  sin(i^—  G), 
or  F—G  =  aim{v^  —  v^, 

while  i^+(T  =  am't'3  =  am(2ir— i^i  —  i'g) 

=  7r  — am(i;j  +  'y2), 
so  that  i^=  Jtt  —  J  am(t'i + '^2)  +  i  am(^'l  —  -^g), 

^  =  i^r  -  i  am('?;i  +  '^g)  -  J  am(t'i  -  v^). 
Thus,  for  instance, 
tan{  i  am(t'^  +  '^2)  +  i  am('yi  —  v^}  =  cot  (j  =  tan  A  cos  6  =  s^djc^, 
tan  { J  am(t'i + '^2)  —  i  am('?;i  —  'i;2) }  =  cot  F  =  tan  5  cos  a  =  s^djc^. 
Again,  from  the  right-angled  spherical  triangles  BGD,  AGD, 
cos  /=  cos  a/cos p  =  dJM,  sin  /=  sin  a  cos  J5/cos  p  =  ks^cJM ; 
cos  ^  =  cos  6/cos  p  =  dJM,  sin  ^  =  sin  6  cos  A /cos  jj  =  ks^cJM; 
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and  therefore 

dn(Vi  +  -^2)  =  dii  V3  =  cos  c  =  cos(/+^) 
=  cos/cos  g  —  sin/sin  g 

as  before,  in  (3),  §  IIG. 

Also     sin(/+.7)  =  /csn('yi+i;2),  &m{f-g)  =  K^Ti{v^-v^\ 
whence /and  g  can  be  found  as  functions  oiv^+v^  and  v^  —  v^. 

136.  The  formula  employed  by  Morgan  Jenkins  in  the 
Messenger  of  Mathematics,  vol.  XVII.,  p.  30,  as  fundamental 
in  Spherical  Trigonometry,  is 

8in(^+5)  _    sinO  .  ^ 

cos  h  +  cos  a     1  +  cos  c' 

and  this  now  leads  to 

cZg  +  ^^l  l+(i3' 

or,  in  the  Legendrian  form 

sin(^+^)_  sin  (7 

^B-\-^A    i+AO' 

a  formula  already  obtained  from  pendulum  motion  in  §  120. 
Then  the  formula 

^1^2  ~  ^2^1  _     ^3 
c?2  —  c^i      1  —  d^ 
^in{A—E)_  sin (7 

8in(J.— i?)        sin  (7 

gives  ) ^  =  - 

cos  6  — cos  a     1— cose 

The  formulas  of  §  120,  in  the  form 

S-^2   I   ^2    1 ^3         ^1^2 "~"  ^2    1 ^3 

C2  ~r  ^1  ■'•  "t"  ^^3         ^2 """  ^1  -^  ^  ^3 

lead  to  the  relations 

sin((X+6)     _     sine 


•w 


cos  ^+ cos  ^     1— cosC 
sin  (a  — 6)    _     sine 


(y) 

■{S) 


cos5  — cosJ.     l  +  cosC 

and  from  these  four  formulas  of  Spherical  Trigonometry  Mr 
Morgan  Jenkins  deduces  the  analogies  of  Napier,  Delambre 
and  Gauss. 
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137.  Write,  as  before,  in  §  135, 
A  =  am  Uy  B  =  am  v, 
iP=  Jtt  —  1  am(u  +  ^')  +  J  am (i^  —  v), 
(r  =  Jtt  —  J  am(i6  +  f )  —  J  am(u  —  v)/ 
Then,  since 

sin(ir  4-  G)  +  sm{F-  G)  =  2  sin  i^cos  G, 
therefore,  writing  c^,  s^,  (i^  for  en  u,  sn  u,  dn  ^t,  and  C2,  S2»  ^2  ^^^ 
en  V,  sn  t?,  dn  t',  and  D  for  eos^j?  or  1  —  ac%i%^, 

sn(i6  +  t')+    sn(u  — t')  =  2s^C2C?2/i); .., (1) 

cos(i^-  G)  -  cos(F+  G)=:2  sin  i^sin  G, 

cn(u ^v)+    cu(u  +  v)  =  2  c-^cJD ;  (2) 

cos(f-g)  +  cos(/+  g)  =  2  cos/cos  g, 

dTi{u  —  v)+  dn(u  +  v)  =  2  d^d  J  D; (3) 

sin(i^  +G)-  sm(F-  G)  =  2  cos  F  sin  G, 

sn(^t  +  v)  —  sin(u  —  v)  =  2  s^c^dJB ; (4) 

cos(i^-  G)  +  co&(F+  G)  =  2  cos  i^cos  G, 

cn(u  —  v)—    cn(u  + 1?)  =  2  s^d^s^dJD ; (5) 

cos{f-g)-  cos(f+g)  =  2 sin f  sing, 

dn(u  — 'y)—   dn{u  +  v)  =  2  k\c^S2cJD  ; (6) 

sin(i^+  G)sin{F-  G)  =  sin^F-'sin^G, 
sn{u  +  'y)  sn(u  -v)  =  (c^^  -  c^^)D  =  (s^^  -  s^)ID.  ..(7) 
Again,  since 

1  +  sin(/+  g)sin{f-g)  =  cos^^  +  siny, 
and         sin{f+g)  =  Ksn{u-]-v),  sin(f—g)  =  Ksn(u  —  v), 

l+K^'sniu  +  v)   sn{u-v)  =  {d^  +  K\h^)ID; (8) 

1  +  sin(i^+  G)sin(i^-  G)  =  sin^F+  cos^G, 

1+    sn(u  +  v)   sn{u-v)  =  {ci-\-s^H^)ID', (9) 

1  _  cos(i^+  G)cos{F-  G)  =  sin^G^  +  sin^i^, 

1+    cn(u  +  'y)  cn{u-v)  =  {c^  +  C2^)ID; (10) 

1+  cos{f+g)  cos{f-g):=cos^fcos^g, 

1+   dn(u  +  'i;)  dn(u-v)  =  (d^^  +  d/)ID; (11) 

1-  sin( f+g)  sin(f-g)  =  cosJ+sin^g), 

1  -  /c2sn(u  +  v)  sn(u  -v)  =  (d^^  +  A V)/-^  ; (12) 

1  -  sin(i^+  G)sin{F-  G)  =  sin^G  +  cos^i^, 

1-    sn(i6  +  ^)  sn(t(,-'y)  =  (Ci2  +  s/cZi2)/D; (13) 

1  +  eos(i^+  G-)sin{F-  G)  =  cos^G  +  co&^F, 

1-    cn{u  +  v)  cn(u-v)  =  (s^H.^^  +  S2%^)/L; (14) 

1-  cos( f+g)  cos(/-(7)  =  sin2/+sin2^, 

1-   dn(u  +  v)  dn(u-'y)  =  /c2(SiV  +  S2V)/^-; (15) 
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{l±sin(i^+G)} 
{1±  su(u-{-v)} 
{l±sm(F+G)} 
{1±  sn(u  +  v)} 
{1±  sin{f+g)} 
{1*^:811(16  +  ^;)} 
{l±sin(/+^)} 
{l±/csn(u  +  'u)} 
{l+coB{F+G)} 
{1±  cn(u  +  v)} 
{l±cos(F+6)} 
{1+  cn(u  +  'y)} 
{1±  cos(/+^)} 
{1±  dTi(u  +  v)} 
{1±  cos(/+^)} 
{1±  dii(u  +  v)} 


l±sm{F-G)}  =  (sinF±coHGy, 

1±    sn(u-v)}  =  (c^±s^d2y/JD; (16) 

1 +sin(i^- G)}  =(8in  G±cos  i^)2, 

1+    sn(u-v)}  =  (c^±s.,d^yil)- (17) 

1±  sm(f-g)}  =  (cosg±smff, 

l±Ksn(u-v)}  =  (d^±KS^C2yiD ; (18) 

1+  sin(/-.9)}  =  (cos/±sin(7)2, 

lTKsn(u-v)}  =  (d^±KS.^c^yiD; (19) 

1  ±cos(i^-  G)}  =  (sin  i^±sin  Gf, 

1±   cn{u-v)}  =  ic^±c^Y/D', (20) 

1  ±cos(i^-  G)}  =  (cos  G+cos  FY, 

1±   cn(u-v)}  =  (s^d2+s^d^YID', (21) 

1±  cos(/-^)}  =  (cos/±cos(;)2, 

1±  dn{ii-v)}  =  {d^±d^YID; (22) 

1+  cos(f-g)}==(smf+smg)\ 

1+  dn{u-v)}=K%s^c^+s^c^YID; (23) 

sin(i^  +  G)cos(F—  G)  =  sin  GcosG  +  sin  F  cos  F, 

sn  (u  +  v)  cn(u  —  v)  =  (s^c^d^  +  s^c^d^jD ; (24) 

-  sin(i^—  G)cos(F  +G)  =  sin  GcosG-  sin  F  cos  F, 

sn(w,  — i;)  cn(u  +  v)  =  (s^c^d2  —  Sc^c^d^)ID; (25) 

sin(/+  g)  cos(/-  g)  =  sin /  cos  /+  sin  g  cos  g, 

sn(u  +  v)  dn(u  —  v)  =  (s^d^c^  +  s^dcf^jD  ; (26) 

si»(/- 5')  cos(/+  g)  =  sin/ cos/- sin g  cos g, 

sn(u— f)  du{u  +  v)  =  {s^d^Cc^  —  s^d2S^ID) (27) 

-cos(^+(7)cos(/-^)={cos^cosj5-sin^sin5cos(/+^)}cos(/-^), 

CTi{u-\-v)  dn(u  —  v)  =  (c^C2d^d2  —  K\s2)/I); (28) 

cos(i^-G)cos(/+ (/)  =  cos(i^--(T){cosacos6  +  sinasin6cos(i^+ 6^^)}, 

cn(u  —  v)  dn(u  +  v)  =  (c^c^d^d^  +  k\s2)/D ; (29) 

sin  2(7  =  2  sin  G  cos  G,      '• 

sin{am(t6  +  v)  +  am(u  —  -u)}  =  2  s^c^dJD ; (30) 

sin2i^=2sinjF'cosi^, 

sin{am(u  +  v)  —  2jn(u—v) }  =  2  s^c^dJD  ; (31) 

-cos2G  =  sin2G-cos2G, 

cos{am(i6  +  v)  +  am(it  -v)}  =  (c^^  -  s{~d^)ID ; (32) 

-cos  2i^=sin2J'-cos2i^, 
cos{am(u  +  v)  -  am(u  -  -y) }  =  {c^  -  s^d^^)ID ; (33) 

the  thirty-three  formulas  of  Jacobi,  given  in  his  Fundamenta 
Nova,  18,  and  reproduced  in  Cayley's  Elliptic  Functions. 
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Similarly  any  other  formula  in  Spherical  Trigonometry  is 
converted  into  a  form  of  the  Addition  Theorem  of  the  Elliptic 
Functions,  and  conversely;  by  writing  c^,  s^  for  cos -4,  sin^, 
and  c^j,  /cSi  for  cos  a,  sin  a,  etc.,  v^ith 

Thus  the  six  four-part  formulas,  of  which 

cot  a  sin  c  =  cot  A  sin  5+ cos  c  cos  B 
is  the  type,  obtained  by  eliminating  cos  h  between  (a)  and  (^), 
lead  to  s^d^  =  s^c^-\- s-^c^d^, 

with  five  other  similar  relations. 

By  means  of  these  and  the  preceding  relations  we  can  prove 
the  following  examples  on  the  formulas  of  Elliptic  Functions. 

Examples. 

1.  Prove  that,  if  K/  +  ^?  +  ^(;+^  =  0, 

/.  N  en  u  dn  V  —  dn  u  en  t;     en  !(;  dn  aj  —  dn  'i^  en  a;  _ .. 

sn  u  —  sn  !>  sn  ^(;  —  sn  cc 

(ii.)  k"^  —  K^K  ^sn  u  sn  V  sn  ^(;  sn  a^ + /c^cn  u  en  t?  en  w  en  a; 
—  dn  u  dn 'y  dn  ^(;  dn  a;  =  0. 

2.  Prove  that 

...       ,         .  ,       .     .    X     2/c%n ucnvdnv 
(i.)  ns(u  —  v)  +  ^n(u  +  v)  =  — ^^ r-^ ; 

(ii.)  1  -  /c%n2(u  +  t^)sn2(u  -v)  =  (l-  K^sn'ii)(l  -  k^u^v)/])^ ; 
(iii.)  K^sn(u  +  v)sn(u  —  v)sn(u  +  w)sn(u  —  w) 

(1  —  K^nhtXl  —  k'^stlI^v  suhv)      _  -  ^ 
( 1  —  K^sn^u  sn^'y )( 1  —  /c^sn%  sn^-i^?)        ' 
.    .   1  - K^Gd%u  +  ^)cd^(t6 -v)_  ,^rU-jfsT^us^V 
l  —  Khn^(u  +  v)sn\u  —  v)  \/c'^  + /c^cn%  en W  * 

^^'^  l  +  sn^t,  /c'^sn2i(^  +  ir)  ' 

4.  Prove  that 

1  —  /c^sn^  J(u + '?;)sn2  J(i6  —  v) 
and  hence  prove  that  the  expression 

1—Ksnxsny  l-\-K8nzsnw 
l-i-Ksnxsuy   l—Ksnzsnw 
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remains  unaltered  when  for  x,  y,  z,  w  we  substitute  respectively 

^{x+y  +  z  +  w),  h{x  +  y-z-w),  i(x-y-\-z-w), 
l{x-y-z-\-tv). 

5.  Prove  that,  if  tanh  A=k  sn^a,  tanh  5  =  /c  sn^yS, 

tanh(^  -i?)  =AC  sn(a  +  /5)sn(a-/3). 
Deduce  Jacobi's  relations, 
sn(^  +  y)sn(/3  — y)4-sn(y4-a)sn(y-a)  +  sn(a  +  /3)sn(a  — ^) 

+/c2sn(/3  +  y)sn(y  +  a)sn(a  +  /3)sn(^-y)sn(y-a)sn(a-;8)=0; 
or 

l-K:sn(/3+y)sn(/3-y)    1  -/csn(y  +  a)sn(y-a)   l-/csn(a  +  /3)8n(a-/3) 

l+/csn(^  +  y)sn(j8-y)    l+/csn(y+a)sn(y-a)   l+/csn(a+/3)sn(a-^) 

or  =1 J 

l-/csn(^-aj)sn(2/-2;)   1  - k sn{t - y)sn(z - x)   l-KSu{t-z)sn(x-y) 

l+Ksn{t-x)sn{y-z)  l+Ksn(t-y)8n{z-x)   i+Ksn{t-z)sn{x-y) 

or  =1  j 

l-/csni6sn'y   l+Ksn(u+w)sn(v  +  w)   l-KSn(u+v+w)Hnw _^ 

l+zcsnusnt;   l-Ksn(u  +  iv)sn{v  +  w)   l  +  /csn(u+'y+tt;)sn  z^ 

(Glaisher,  Q.  J.  if.,  vol.  XIX.,  p.  22.) 

6.  Prove  that  the  tangents  at  the  points  on  an  ellipse  of 
excentricity  e  whose  excentric  angles  are 

0  =  i7r  — am(u,  e),   1/^  =  Jtt  — am('?;,  e), 
will  meet  on  a  confocal  ellipse  when  u  —  v  is  constant,  and  on 
a  confocal  hyperbola  when  u+v  is  constant. 
Hence  show  that  the  general  integral  of 

d(j>l^{l  -  e2sin20)  -  d\lr/^{l  -  e^sin^xfr)  =  0 
may  be  written 

and  convert  this  into  the  form 

cos  y  =  cos  0  cos  \/r  +  sin  0  sin  '^>v/(l  —  e^sin^y), 

proving  that  tan^  |y  =  -^,?J±^. 

7.  Prove  that  the  straight  line  joining  the  points 

ccn{u-\-v),  csn(u-{-v)  and  ccn(u  — f),  csi\(ii  —  v), 
on  a  given  circle  of  radius  c,  will  touch  an  ellipse  whose  semi- 
axes    are    csn{K—v),  ccnv,    when   ii   is   constant   and  v   is 
variable ;  and  determine  the  envelope  when  u  is  variable  and 
V  is  constant. 


CHAPTER  V. 

THE   ALGEBEAICAL  FORM   OF   THE  ADDITION 
THEOREM. 

138.  The  first  demonstration  of  the  existence  of  an  Addition 
Theorem  for  Elliptic  Functions  is  due  to  Euler 
(Acta  Petropolitana,  1761;  Institutiones  Calculi  Integralis), 
who  showed  that  the  differential  relation 

dx/JX+dy/^T=0, 
connecting  X  =  ax'^  +  45a;^  +  ^coi?  +  ^dx  +  e, 

or  {a,  b,  c,  d,  e)(x,  1)\ 

the  most  general  quartic  function  of  a  variable  x,  and  Y  the 
same  function  of  another  variable  y,  leads  to  an  algebraical 
relation  between  x  and  y,  X  and  Y. 
This  algebraical  relation  is 

\      X     y      / 
where  G  is  the  arbitrary  constant  of  integration ;    and  this 
relation    when   rationalized   leads   to   a   symmetrical   quadri- 
quadric  function  of  x  and  y,  of  the  form  (§  148) 

ax^y'' + tpxy{x  +  2/)  +  y{x^  +  ^xy + 2/^)  +  ^6{x  +  3/)  +  e  =  0, 
or  {ax^  +  ipx  +  y)?/2  +  2(^a)2  +  2yx  +  S)y  +  yx^ + 2^a;  +  e  =  0, 
or     {ay^  +  2py  +  y)x'  +  2(/32/^  +  ^yy  +  %  +  yy^  +  2(5?/  +  e  =  0. 

(Cayley,  Elliptic  Functions,  chap.  XI Y.) 
With  a  =  0  and  h  =  0,  X  and  F  reduce  to  quadratic  functions 
of  X  and  y  ;  and  then 

^•^~^-^=  a  constant 
x-y 

is  the  general  integral  of  dxl^X-\-dy/^Y=0. 

142 
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139.  By  writing  (^flj' 4- m)/(^V-fm')  for  x,  which  is  called  a 
linear  substitution,  this  symmetrical  quadri-quadric  function 
becomes  unsymmetrical,  the  five  constants  a,  ft,  y,  S,  e  being 
thereby  raised  in  number  to  nine ;  and  then 

dxj^X  becomes  changed  to  (Ityi  —  Vm)dx'\^X\ 
where  X'  =  {a,  b,  c,  d,  e){lx  +  m,  rx+my. 

The  invariants  g^  and  g^  of  the  quartic  X  have  been  defined 
in  §  75,  and  in  §  53  the  discriminant  A=g2^  —  27g.^^,  and  the 
absolute  invariant  J=g2^/A ;  and  now,  if  g^,  g^\  A\.J'  denote 
the  same  invariants  of  X\  we  find 

g^  =  {lm'-Vmyg2y  g^  =  {Vm-lm')%,  M  =  (lm' -Vmf^A; 
while  the  absolute  invariants  J  and  J'  are  equal. 

Conversely,  any  uusymmetrical  quadri-quadric  function 
whatever  of  x  and  y  may  be  written 

G{x,y)  =  {ax'-^2px^y)y''  +  2{P'x^+2y'x-\-S')y-\-y"x^+n"x+^' 
=  Ly^  +  2My+]Sr=0; 

G(x,  y) = {ay'' + 2^V + y '>' + ^Pv^ + '^yV + ^'> + 72/' + 2^^ + e" 

=  Piz;2+2Q:r  +  i2  =  0; 
Z,  If,  iV  being  quadratic  functions  of  x,  and  P,  Q,  R  being 
quadratic  functions  of  y. 
Then  by  differentiation 

{Px-^Q)dx  +  {Ly-\-M)dy  =  0 ; 
and  by  solution  of  quadratic  equations 

Ly+M=  JiM""  -  LN)  =  JX,  suppose ; 
Px^Q  =  J{Q^--PR)  =  JY,  suppose; 
and  thus  we  are  led  to  the  diffierential  relation 

dxlJX+dylJY={), 
where  X  and  Y  are  quartic  functions  of  X,  not  necessarily  of 
the  same  form,  but  having  the  same  g^  and  g^. 
A  linear  transformation,  such  as  that  given  by 
y  =  {hf  +  m)l{Vy' +nfi), 
can  however  always  be  found,  which  will  transform 

dylJYmiody'lJT, 
where  Y'  is  a  quartic  having  the  same  coefficients  as  the  quartic 
X ;  in  other  words,  the  quartics  X  and  Y  have  the  same  in- 
variants ;  so  that  we  may,  without  loss  of  generality,  consider 
X  and  F  as  of  the  same  form,  and  therefore  drop  the  accents 
in  the  expression  for  G{x,  y). 
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Now     JX  =  Ly^-M={ax^-\-2px-\-y)y+px^-\-2yx+S, 

fX  —   lY 

so  that  ^ '^ —  =  axy-\-^{x-^y)-\-y,  - 

x  —  y 

a  form  of  the  integral  relation,  in  which  the  coefficients  a,  6,  c, 

d,  e\n  X  and  Y  are  functions  of  a,  P,  y,  S,  e,  determined  by 

ax^+4tbx^  +  6cx^+4<dx-{-e 

=  (I3x^  +  2ya;  +  Sy  -  (ax^  +  2px  +  y)(ya)2  +  2^«  +  e), 
the  Hessian,  with  changed  sign,  of  (a,  /3,  y,  S,  e)(a?,  1)* ;  and 
a(x+yy+4>h(x+y)  +  G 

=  {axy  +  l3{x  +  y)-\-y}^ 
^(P^-ay){x  +  yf  +  2(l3y-aS){x-^y)  +  y'^ae. 

140.  Lagrange  proves  Euler's  Addition  Equation  as  follows: — 
Put  dxjdt=^X,  and  therefore  dy/dt=  —  ^F;  then 

^  =  2(ax^+Sbx^+Scx+d)  =  2X^, 

J  =  2(a2/H362/H3c2/  +  ^)  =  2F„ 
suppose;  so  that  putting  x-\-y=p,  x  —  y  =  q,  then 

^P^^^X—  Y 
di  dt 

=  ^apqip^  +  q^)  +  hq^^p"^  +  q")  +  Qcpq  +  4c^^ ; 
whence  q^^-^^^^=apf+2hq 

Both  sides  of  this  equation  are  now  integrable,  so  that 

\      x  —  y      / 
We  notice  here  that,  if  (7=  467«', 
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141.  In  the  canonical  form  considered  by  Legendre,  with 
a:  =  snu,  dx/du  =  ^(1  —x^.l—  kV), 

y:=Hnv,  dyjdv  =  ^(  1  -  i/M  -  K^y^), 

then  Z  =  l-a;M-A2,  Y=\-y\\-K'y\ 

Therefore  dxj^X  +  dylJY^  0, 

leads  to  du-^     dv     =0, 

or  u-{-        V     =  constant; 

which,  in  Clifford's  notation,  may  be  written 

sn  "  ^aj  +  sn  "  ^2/ =  c^^^  s^^'^^- 
Euler's  Addition  Theorem  of  §  138  now  gives 


G=(^^-^^y-KKx+yy 
\      x  —  y     J 


y 

_  (en  u  dn  u  —  en  V  dn  t;)2  —  ^^(sn^u  —  sn^'y)^ 
(sn  it  —  sn  vf" 
'dn  u  en  i;  —  en  u  dn  v\^ 


Y  ^  idii\{u-\-v)-(tn{u-\'V)Y 


sn  u  —  sn  V 
by  J.  J.  Thomson's  formula  of  §  121. 

142.  But  the  Addition  Theorem  (1)  for  sn(u+v)  of  §  116, 

/     ,    X     sn  u  en  t;  dn  t;  +  sn  -y  en  -it  dn  u 
8n(u+v)  = H— 2 2 ' 

when  translated  into  the  inverse  function  notation,  gives 

1    1        1  ixJ(l-yKl-KY)'\-ys/(^-x^A-i^x^) 

^  1  —  A^ 

This  reduces,  for  /c  =  0,  to  the  trigonometrical  formula 
sin-^fl;4-sin"i?/  =  sin-^{a;^(l  — 2/2)  +  2/^(l— aj^)}, 
the  integral  of    dxU{l-x^)-^dy/J{l-y^)  =  0  ; 
and  for  k  =  1,  to 

tanh  -  ^a;  +  tanh  -  h/  =  tanh  -  ^^     ^  , 

l-\-xy 

the  integral  of        dx/(^  I  —  a;^)  +  dy/(l  —  y^)  =  0. 

Similarly,  equations  (2)  and  (3)  of  §  116  may  be  written 

_i    ,         1  ,xy-J(l-x\K'^+A'')J{l-yKK'^-\-KY) 

cn^a;  +  en  -  hj  =  en  -  ^-^ — ^^ = „  1% ^- . 

■^  1  —  K^xY 


dn-iaj+dn-i2/  =  dn  i  _.,2v2./2 


,xy-K-'J(l-x^.x^-K'^)J(l-y^y-K'^) 

1  —  K^X'Y 

We  can  now  see  why  so  little  progress  was  made  with  the 
Theory  of  Elliptic  Functions,  so  long  as  the  Elliptic  Integrals 
alone  were  studied,  and  also  why  Abel's  idea  of  the  inversion 
of  the  integral  has  revolutionised  the  subject. 


Q.E.F. 
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143.  A  slight  change  of  notation  in  the  canonical  integral 
(11)  of  §  38,  suggested  by  Kronecker  (Berlin  Sitz,,  July,  1886), 
introduces  a  further  simplification,  on  writing 

then         dx/du  =  ^k  sn(J^/^/c)cn(  Ju/^Ac)dn(  Ju/^ac), 

—  x{l—px-{-x^), 
with  p  =  k-'^+k; 

and  now  u=fdx\JX, 

0 

with  Z  =  aj(l  -  yocc + x^). 

Now 
\{u-\rv)\  J K  =  ^^-^  J{x\k)-\-^\i-^J  {y\K) 

-gn-i^V(^-/"^  +  y')  +  x/2/V(l-p^  +  ^^) 
\-xy 

144.  In  Weierstrass's  notation,  we  take 

X  =  4a?3-^2^-^3, 

so  that,  in  the  general  expression  of  the  quartic  X, 
a  =  0,  6  =  1,  c  =  0,  d=-\g^,  ^=-gz\ 
and  now  Euler's  form  of  the  Addition  Theorem  becomes,  with 
z  for  G  the  arbitrary  constant. 

Now  if  x  —  (^u,  y  =  <pVy  so  that  ^X=  —<p'u,  s/^—  —^''^y 
then  we  shall  find  (§  147)  that  z  =  <p{u-\-v)\  so  that 

K^+^)=i(^^^y-^^-^^; (F) 

or,  in  the  inverse  notation. 

Put  u  +  'y=  ~^(;,  so  that 

^(u + '?^)  =  ^'2^,  <p\n  -\-v)=-  <g'w, 
since  (§  51)  (^w  is  an  even  function,  and  <gi'w  an  odd  function 
of  w  \  then,  with 

and  therefore  also,  by  symmetry. 
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pv  —  pw_^w  —  piv_pU' 


Thus 

pv  —  ^w      pw  —  pu      pu—pv 

or         (pv-  pw  )^'u+ ( pw  —  pu  )pv  -\-{pvij  —  pv  )pw  =  0, 
or         (p'v  —  pw)pu  +  {p'w  —  p'u)pv  +  {p'u  —  p'v)pw  =  0, 

1,  pu,  p'u  \ 
or  1,  ^'y,  p'v    =0 (G) 

1,  pw,  p'w  \ 
Weierstrass  thus  replaces  the  three  elliptic  functions  snu, 
on  u,  dn  u  by  a  single  function  pu,  and  its  derivative  p'u. 

145.  Take  for  example  the  integral  of  ex.  8,  p.  65, 
fX  -  te,  where  X={x-a)  {ax^  +  26a;  +  c), 
a  cubic  function  of  x,  having  a  factor  x  —  a. 
This  example  shows  that  we  may  put 

pu  = ,  with  0^2  =  0,  0^0  =  4 — 2"T"oi — r~ 

and  then  ^  2^  =  4--J: — -I- -  4  — — 

_.{(aa  +  6)(a?-a)  +  aa2  +  26a  +  cP 
(aa2  +  26a+c)(aj-a)2 
Now,  if  y  and  2;  are  the  values  of  x  corresponding  to  the 
values  V  and  w  of  u,  and  if 

u-\-v  +  w=:0,  or /X-^dx-\-/Y-Uy+/Z-Uz  =  0, 

a  a  a 

then  the  integral  relation  (G)  of  §  144  connecting  x,  y,  z  becomes 

{y^z)X^^{z-x)Y^^{x-y)Z^  =  ^ (1) 

We  notice  that  the  integral  relation  does  not  require  the 
knowledge  of  the  factor  a;  — a  of  X;  so  that,  writing 

Z  =  J.a;3  4- 3^a;2 + 3(7aj  +  D, 
we  have,  on  rationalizing  the  relation  (I), 
^{y^z){z^x){x-y){XYZf^{y-zfX^{z-xfY^{x-y)^Z 
=  \y-z\z-x){x-y){Axy%^-B{yz-\-zx\xy)^G{x-\ry^z)^-J))\ 

or       XYZ={Axyz^B{:yz^-zx-\-xy)^G{x^ry'^z)^W'  •••(2) 
(MacMahon,  Comjptes  Rendus,  1882  ;  Q.  J.  M.,  XIX.,  p.  158.) 

Then  X^YH(y-z)X^-\-{z-x)Y^} 

+  {x-y){Axijz-{-B(yz+zx-{-xy)-\-C(x-\-y-\-z)  +  D}  =  0, 

so  that  .-^^yHyX--xY^^)  +  {x-y){Bxy  +  C(x  +  y)-]-D} 
X^Y\  X^-    Y^)-{X'-y){Axy-\-B(x  +  y)-\'G]' 
equivalent  to  AUegret's  result  (Comptes  Rendus,  6Q). 
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146.  We  shall  find  it  convenient  to  replace  the  constant  C 
in  Euler's  integral  relation  by  4c +  4%  and  to  consider  s  as  the 
arbitrary  constant,  the  meaning  of  which  is  to  be  interpreted  ; 
and  then 

or  ^_F{x,y)-JXJY 

where 

F(x,  y)  =  ax^y'^  +  2hxy(x  +  y)  +  c{x^  +  4!xy  +  y^)  +  2d{x + 2/)  +  e 
=  (ax^  +  2hx + c)y^ + 2(hx^  +  2cx + d)y  +  rf +2dx+e 
=  (ay^  -\-2hy  +  c)x^  +  2{hy'^ + 2c2/  +  d)x + C2/2 + 2c?2/  +  e, 
a  symmetrical  quadri-quadric  function  of  x  and  2/. 

Treating  s  as  a  function  of  the  independent  variables  x  and 
y,  we  shall  find 

lap  /y__i^  ,^ 

^     dx  (x  —  yf  {x^yY 

_  _  {ay^ + Shy^  +  ^cy  + 1^>  +  6y^ + Scy^ +Sdy+e    . 
ix-yf  ^^ 

(ax^  +  ^hx^  +  Sex  +  cZ)y  +  ?>^^  +  3rf + 3cZa; + e    . 

__F,a;+F,    ,        Xi^+X^    .-^  .uDDose- 
Ja^^yy^-^+  (x-yf  V-^'.  suppose, 

and  similarly  we  shall  find  that  V-^^  ■'^^s  the  same  value. 
But  if  s  is  taken  as  constant,  then 

or  dxlJX-\-dyll/Y=0, 

so  that  the  differential  relation  which  leads  to  Euler's  integral 

relation  is  thus  verified. 

147.  But  now  denote 

4s3-5r,s-^3  by  S, 
where    g^  =  ae  —  ^hd-{-Sc^,  g^  =  ace-{-2hcd  —  ad'^  —  eb'^  —  c^, 
so  that  (§  75)  ^2  ^^^  9i  ^^^  ^^®  quadrivariant  and  cuhicvariant 
of  the  quartic  X  (Burnside  and  Panton,  Theory  of  Equations ; 
Salmon,  Higher  Algebra). 
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We  shall  find,  after  considerable  algebraical  reduction,  that 
jS-(Yi^+  Y,)JX-(X,y+X,)JY 
(x-yf 
so  that  ^^^_+_^„___^„ 

and  the  elliptic  elements  dxj^X  and  dyj^  Fare  now  reduced  by 

this  substitution  to  Weierstrass's  canonical  form  ds/^S  of  §  50. 

Mr.  R.  Russell  points  out  a  concise  way  of  performing  this 

algebraical   reduction,   by   means   of    the   linear   substitution. 

t  =  (TX  +  y)l(T+l)  in  the  quartic  (a,  b,  c,  d,  e){t,  1)*; 
which  then  becomes  of  the  form 

ZTH4(X,2/+X2)TH6J^fe  y)r^+^Y,x+  Y,)t+  F, 
or  AT^+4^BT^-\-QCT'^-\-^nT-\-E,  suppose. 

If  the  invariants  of  this  new  quartic  are  denoted  by  (rg,  G  . 
then  G^  =  {x-  y)%,  G^  =  {x-  yfG^ ; 

and     S  =  4!S^—g^s^g^ 

_(G-s/AJEf       G-JAJE 

%x-yf         ^2    2{x-yf       ^3 
_{G-s/AJEf^G,{G-jAJE)-^G, 

'l{x-yf 
__(DJA-BJEf 

(x-y)^ 
_{(Y,x+Y,)JX^(X,y+X,)JY}^ 
{x-yf 

148.  Rationalizing  the  integral  relation  of  §  146, 

{2s{x-yf^F{x,y)Y  =  XY, 
or  s\x-yf^8F{x,  y)-E{x,  y)  =  0, 

where  E{x,  y)  =  {(ac  —  ¥)y^  +  (ad'-hc)y-{-l{ae  —  c^)}x* 

+  {{ad-'bc)y^-+(iae  +  2bd--^c^)y  +  be-cd]x 
-\-i{ae  -c^)y'^-\-{be-cd)y-\-ce-d^', 
or  {s''-.^^g^)(x-yf-sF{x,  y)-B{x,  y)  =  0, 

where    H(x,  y)  =  {ac  -  b'^)x^y'^ + {ad  —  bc)xy{x + y) 

+  \{ae + 2bd  -  3c2)(a;2  +  ^xy  +  y^)  +  {be  -  cd){x  +  y)+ {ce  -  d\ 
a  symmetrical  quadri-quadric  function  of  x  and  y. 

149.  When  x  =  y,  F{x,  x)  =  X,  and 

E{x,  x)  =  H{x,  x)  =  {ac  -  b^-)x*  +  2{ad  -  bc)x^  +  {ae + 2bd  -  Sc^)x^ 
+  2{be  —  cd)x  -{-ce  —  d'\ 
the  Hessian  H  of  the  quartic  A''. 
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One  value  of  s  is  now  infinite,  and  the  other 
t=-BIX, 
as  in  §  75  ;  for,  when  x  =  y, 
F{x,y)-JXJY    0 
2{x-yf         -0 
■  H  {F{x,y)Y-XY  -iE{x,y)  H 

.-"  tix-yfiFix,  y)+JXJY}-'^F{x,  y)+JXJY-     X' 
a  substitution  due  originally  to  Hermite  (Crelle,  LII.,  1856). 
Now,  since  t  =  oo  ,  when  X  =  0,  or  cc  =  a, 

fdxlJX=  \fitlJT=  \<^-\  -HIX), 

a 

a  denoting  a  root  of  the  quartic  X  =  0 ;  and  here 

_,.  {Y,x+Y,)JX-{X,y+X,)JY_Q 
{x-yf  -0 

^^^  (Y,x+Y,fX-(X,y+X,fr  _Q 

{x-ymY,x+Y,)JX+iX,y+X,)^Y}  X*' 
where  (r  is  a  certain  rational  integral  function  of  x  of  the 
sixth  degree,  called  the  sextic  covariant  of  the  quartic  X ;  the 
preceding  algebra  showing  that 

T^X^=G\  or  4iI3_^^//X2+^3ZH^2  =  0, (H) 

this  is  called  a  syzygy  between  X,  H,  and  G. 

(Burnside  and  Panton,  Theory  of  Equations,  p.  346.) 
For  instance,  if  X  is  already  in  Weierstrass's  canonical  form, 
so  that,  if  x  =  fu, 

X  =  f"^u  =  4a;3  -  g^x  -  g^, 
then  H=-  {x^  +  \g^f  -  2g^x ; 

and  now  t  =  p2u, 

so  that  ^2u=^^;V^^^)'  +  ^^3^^. 

This  may  also  be  written 

1   (P 

150.  With^  =  x, 

2s  =  ax^  +  2hx  +  c  —  >Ja^X, 
or  s^  —  {ax'^  -\-2hx-\-c)s  —  (ac  —  h^)x^  —  (ad  —  bc)x  —  J (ae  —  c^)  =  0. 
With  2/  =  0, 

2s  =  (cx^  -\-2dx+e-'  ^e^X)lx\ 
or  fljV  _  ^^^2  _|_  2(^/c  _|_  g)§  _  J  (ctg  _  (j2-^^2  _  ^^g  __  ^^^^  —  ce + cZ-  =  0. 
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Writing  F{x,  y)  in  the  first  equation  of  §  146  in  the  form 
Y+\Y'{x-y)+i^Y"{x-y)\ 
we  can  find  oj  as  a  function  of  s  and  y  by  the  solution  of  a 
quadratic,  in  the  form 

y  ^s-^\Yy-liaY 

This  method  of  the  reduction  of  the  general  elliptic  element 
dxj/JX  to  Weierstrass's  canonical  form  ds/^S  is  taken  from  a 
tract  "  Prohlemata  qucedam  mechanica  functionum  ellipti- 
carum  ope  soluta. — Dissertatio inauguralis"  1865, by  G.  G.  A, 
Biermann,  where  the  formulas  are  quoted  as  derived  from 
Weierstrass's  lectures. 

151.  Changing  the  sign  of  ;^F,  we  find  that 
,^F(x,y)-^JXJY 
2{x-yf 
leads  to  the  differential  relation 

1     dx       ^    dy  _       1    ds 
'JX'dt  "^YlU'  ^  JS  It' 

so  that,  putting     /dxj^X^Uy  ldyUY=v, 
u-v  =Jdx\JX  -fdslJS, 

y  a 

implying  that  u  —  v  —  0  when  x  =  y,  since  s  =  oo  when  x  =  y ; 
and  now,  in  Weierstrass's  notation, 

,        .     F(x,y)-hJXJY 

Changing  the  sign  of  v,  and  therefore  again  of  F, 
/     ,    ,     F{x,y)-JXJY 

so  that  <p2u  =  -  HJX,  ^2v  =  -  Hyj  Y, 

implying  that  u  =  0  when  X  =  0,  ^;  =  0  when  F=0 ;  so  that 

u=/dx/JX,  v=/dyl^Y, 

a  a 

where  a  denotes  a  root  of  the  equation  X  =  0. 
Then  p(u-^)+p(u+^)=|^|>, 
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Mr.  R.  Russell  finds,  as  is  easily  verified  algebraically,  that 
^{x,y)     H,_{X,y  +  X,f   F(x,  y)     Hy_{Y,x+Y,f 
(x-yf     X       (x-yfX  '  (x-yf      Y      {x-yfY' 

But,  from  the  Addition  Theorem  (F)  of  §  144, 

and  therefore 

X{y-\-X^^  ^     1  ^Xu-v)-^\u-\-v) 
(x-y)JX         2  p(u-v)-^(u+vy 
Y^x+Y^  ^  _  1  ^'(u-v)-\-pXu-\-v)  . 
(x-y)^Y        2  p(u-v)-^(u+v)' 
the  sign  being  determined  by  taking  v  small,  when  2/  =  a,  nearly. 

Now,       ^Xu-v)-/(u+v)=-2^^WY, 

so  that,  as  in  §  147, 

(x-yf 

-iY,.+  Y,wx+(X.y+x,wr^ 

^  (x-yY 

152.  When  2/  =  X, 

^2'y  =  -  It  iJy/  F  =  (62  -  ac)la, 
and  ^'2^  =  -  It  Gyl  Y^  =  {aH  ~  Sabc  +  2b^)lJ  • 

\f{n  —  v)-{-<p'{u-\-v)_     ,      Y^x+Y^  _ax  +  b 
2^(u-v)-^{u-j-v)~~     {x-y)JY~   Ja  ' 
Again,  from  equations  (F)*  and  (G)  of  §  144, 

1  <p'{u  —  v)  —  <p'2v_l  (p'{u  — 1>) + ^p'jy^ + ^) _       Y^x-\-Y^ 

2  <p{;ii'-v)-<p2v~2  <p{%i-v)-f{%i-\-v)~     {x-y)JT 

and  putting  ^6  =  0,  and  therefore  x  =  a,  we  find 
aa  4-  6  _  <p'v  +  ^'21; 
^a   ~^'y-^2v' 
so  that  the  quartic  can  be  solved,  when  fv  and  <p'v  are  known. 
(Solution  of  the  Cubic  and  Quartic  Equation,  Proc.  London 
Math.  Soc,  vol.  XVIII.,  1886.) 
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Otherwise,  with  t=  —HjX, 

^=  _H'X-'HX'_  JIG 

dx  2:2  Z2' 

while  r^  =  U^-g^t-g^  =  GV^^ 

so  that  dt/JT=  -  ^dx/JX, 

and  u  =/dxlJX  =  i/d7/JT=  i^-\-  HjX), 

a  8 

a  denoting  a  root  of  the  quartic  X=0. 

Then        ^^2u  =  t=- H/X,  p''2u  =-T=- GjX^ ; 
while  v  =  0  when  2/  =  «,  and  F=0; 

so  that  ft?^^  =  s==— i— ^( 

2{x  —  ay 

^u=-V^=-V ^-—^3 fX, 

If  V,  k,  K  denote  the  values  of  u,  s,  S,  when  x  =  cc  , 

k  =  i {aa^  +  26a  +  c)  =  ^v,  Z  =  {aa^  +  Sha^  +  Sca  +  d)Ja  = -^'v; 

7     aa^  +  Sba^  +  Sca-^d 

s  —  fc , 

x  —  a 

so  that  x-a  =  - j^.   =7— ^^^-/    i 

and  now     (p^v  =  (6^  ^  ac)la,  ^'2 v  =  {a^d  —  Sabc + 2¥)/a^. 

Conversely,  given  these  values  of  p2v  and  p'2v,  and  supposing 
the  bisection  of  the  argument  of  the  elliptic  functions  to  be 
carried  out,  we  can  determine  ^v  and  ^'v,  and  thence  solve  the 
quartic  equation  X  =  0. 

153.  Since  F(x,  a)  vanishes  when  x  =  a,  &  root  of  X  =  0,  it  is 
divisible  hy  x  —  a;  so  that 

_(aa^  +  2ha-\-c)x^-{-2(ba^-\-2ca-\-d)x  +  ca^'{^2da-{-e 
""  2{x-af 

X  —~  CL 

=  J(aa2  +  26a  +  c) ,  suppose, 

X  —  a 

a  typical  linear  transformation,  which  converts  dx\^X  into 

ds/^'S,  the  canonical  form  of  Weierstrass. 

Denoting  the  four  roots  of  X  =  0  by  a,  /3,  y,  S,  then  since 

bla=  - J(a  +  /3  +  y  +  (5),    cla  =  i(a^-i-ay  +  aS  +  yS  +  S(3-{-/3y), 

we  may  write 

ic  — a  \a  —  p     a  —  y     a  — 0/ 
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and  now 

(a-y)(a-^)H-(a-^)(a-/3)  +  (a-/3)(a-y)    ' 
with  three  other  values  /3',  y,  6'  corresponding  to  /3,  y,  S. 

Now     /S = ^^"^  "^  ^^"^  "^  ^^"^  "^  ^^^  "^  ^""^  "^  '^^"^^  -\-Sda  +  e    ,^ 

=  (aa^  +  86a2  +  3ca  +  d),  ^^,, 
(a?  —  a)^ 

Denoting  by  e^,  63,  e^,  the  roots  of  the  discriminating  cubic 

so  that  S=4<{s  —  e^)(s  —  e2){s—e^), 

then  we  may  write 

s-e^  =  ia(a  -  y){a  -  S  )^^, 
^  —  ot 

s  — e2  =  ia(a  — (5)(a  — ^) 


so  that,  to  05  =  a,  ^,  y,  S,  corresponds  s  =  00,  e^,  e^,  e^ ;  and  then 

«i=TV«{(«-y)(<5-/3)-{«-5)0-r)}, 
«2=TVa{(a-5)(/8-r)-(a-/3)(y-5)}, 
«3  =  TVa{(a-/3)(r-<5)-(a-r)(^-^)}. 
If  we  interchange  a  and  /3,  and  put 

then  to  z  =  /3,  y,  S,  a,  corresponds  s^  =  00 ,  63,  62*  ^1 5 
so  that  s  =  Sj^  gives  a  linear  substitution  converting 

dxlJX  into  dzj/JZ, 
in  which  x  =  a,  /3,  y,  (5,  corresponds  to  z  =  13,  y,  S,  a. 

If  s  is  replaced  by  ^u,  and  the  same  function  of  z  by  pv,  then 
we  find  from  §  54  that 

'y  =  i6,  u  +  toi,  'W'  +  Wi  +  cog,  u  +  2a)i  +  ft)3, 
gives  the  four  linear  transformations  which  leave  dxj^X 
unaltered  ;  and  corresponding  to  the  values  (a,  /3,  y,  ^)  of  a; 
we  find  (a,  A  7^  ^X  (A  %  ^.  «),  (%  ^.  «,  /3),  (^,  a,  /5,  y)  of  0 ; 
the  first  transformation  being  merely  z  =  x,  not  a  distinct  trans- 
formation. 


OF  THE  ADDITION  THEOREM.  I55 

154.  When,  as  at  first, 

F(x,y)-JXJ7 
^x-yf        ' 
and  when  e  is  a  root  of  the  discriminating  cubic,  then  s  — e  is  a 
perfect  square  ;  and  we  find 

^(*  *> w^) • 

where,  as  in  §  70,  the  quartic  X  is  resolved  into  the  quadratic 
factors  Nx  and  D^,  and  Y  into  the  corresponding  factors  Ny 
and  Dy ;  this  can  be  done  in  three  ways,  corresponding  to  the 
three  roots  of  the  discriminating  cubic. 
Thus  the  integral  relation 

x-y 
leads  to  the  differential  relation 

dxlJ{N,D,)  +  dylJ{NyDy)  =  0, 
as  is  easily  verified  algebraically,  N  and  D  being  quadratics. 

155.  A  more  elegant  expression  can  be  given  to  these  rela- 
tions if  we  follow  Klein  {Math.  Ann.,  XIV.,  p.  112;  Klein  and 
Fricke,  Elliptische  Modulfunctionen,  1890)  in  employing 
homogeneous  variables  x^  and  x^,  by  writing  xjx2  for  x,  and 
2/1/2/2  for  y  ;  and  now 


fdx  _r 
J  jxj^ 


iJX  J  sj{ax^ + ^hx^Xc^ + Qcx^x^  +  ^dx^x^ -\-  ex^)' 
Conversely,  by  writing  x  for  x^,  and  1  for  ajg,  we  return  to 
our  original  non-homogeneous  variable  x. 
Klein  employs  the  abbreviations 

{xdx)  for  x^dx^  —  x^dx^,  and  {xy)  for  x^y^^—x^^y^-, 
also  ix  for  (a,  h,  c,  d,  e){x^,  x^^;  and  now  with 

w  =  u  —  v  =  /dx/j^X, 
y 

where    F(..,  y)=U^^y-'+^^y-y-^Sf^^ 
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and     ^S  =  —  p'w  ■■ 


\dx^^^     dx,^ 


K^yf 


reducing  to  the  above  in  §  153,  when  f2/  =  0. 

The  Hessian  H  or  H{x^,  x^  of  X  or  i{x^^  x^  is  now  given  by 

'dX^'      'dX^^QL 


i^m 


'dx^x^ 


'dx^ 


and  the  sextic  covariant  G  or  Q{x^,  x^  by 

3f  3f 


8G^: 


BIT 


'dx-^        'dx2 


We  may  also  use  x  and  2/  as  the  homogeneous  variables  in 
the  quantities,  instead  of  x-^  and  cCg- 

Thus,  for  example,  the  integral yf"^(a:cZ2/),  where 

f=x^'^y  +  llx^y^  —  xy^^  (the  icosahedron  form) 
is  shown  to  be  elliptic  by  means  of  the  substitution 

dx^' 

32f 


where 


H=Tir 


dxdy 


dx'dy' 

=  -x^^+228x^Y 
Then  we  can  verify  the  syzygy 

3f         Sf 


494£ciY*^-228icY^-2/' 


20 


where 


T= 


dx' 
dx' 


dy 
dy 


=  ^30  ^  2/30  _^  5  22(ic252/5  -  a;52/25)  _  10005  (iC^O^^l^  ^  ^10^^20) 


Now 


so  that 


smee 


^2; 


Sm'-ofH     -5T 


z{xdy) 
dz 


sm 


5  (xd^) 

6  f* 


J{^z'-g,)      :M'H 

4!Z^-g^=VfH-\  provided  5^3= -6912; 
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Similar  reductions  will  show  that  the  integrals 
/H-^Xxdy)  a,ud  /T-^ixdij) 
are  also  elliptic ;  also  the  integrals 

y(p(^y  —  xy^)  -  \xdy)  and  f{a^ + 1  ^x^y*^ + y^)  "  ^(xdy), 
depending  on  the  octahedron  form,  x^+li-x^y^  +  y^. 
(Schwarz,  Werke,  II.,  p.  252 ;  Klein,  Lectures  on  the  Icosahedron.) 

156.  The  further  development  introduces  the  theorems  of 
Higher  Algebra  on  the  quartic  and  cubic,  for  the  treatment  of 
which  the  reader  is  referred  to  Salmon's  Higher  Algebra  and 
Burnside  and  Panton's  Theory  of  Equations. 

Thus,  H  denoting  the  Hessian  of  a  quartic  X,  and  e^,  e^,  e^ 
the  roots  of  the  discriminating  cubic 

4>e^  —  g.2e  —  g^  =  0, 
then    4>{H+e^X)(H-he.,XXH+e^X)  =  4>H^-g.2HX'^i-g^X^=-G\ 
where  G  denotes  the  sextic  co variant  (§  149) ;  so  that  H-\-eX 
is  the  square  of  a  quadratic  factor  of  G. 

Following  Burnside  and  Panton  (p.  345)  we  shall  find  it 
convenient  to  put  16(H-\-eX)=  —P^\  and  then 

P,P2P3  =  32G, 
Pp  P2,  P3  denoting  the  quadratic  factors  of  the  sextic  covariant  (r. 

Then  P/  +  p^  +  Pi=-  ^SH, 

since  e^  +  e^+e^  =  0; 

while  (e^-e,)P,^+(e,-e,)P,'  +  (e,-e,)P,^  =  0; 

and     e,P^^+e,P,^-^e,P^^=  ^iG(e,^  +  e^^-{-e,^)X=  -8g,X. 

Since         {e,  -  e,)P,^  =  (e,  -  e,)P,^  -  (e,  -  e,)P,^ 

=  {s/(e,  -  e,)P,  +  x/fe  -  e,)P,}{s/{^i "  ^3)^2  -  Vl^i  -  ^2)^3}  > 
therefore  each  of  these  factors  must  be  the  square  of  a  linear 
factor,  and  we  may  therefore  put 

V(^i  -  e,)P,  +  Vfe  -  ^2)^3  =  2^^l^ 

x/(^i  -  ^3)^  -  s/(e,  -  e,)P,  =  21^2', 
so  that  Uj  and  U2  are  linear ;  and  now 

s/(ei-e^)P2  =  u{'  +  u,,\ 
s/(e,-e,)P,  =  u,^-u.J^. 
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157.  Mr.  K  Russell  points  out  (Q.  J.  if.,  XX.,  p.  183)  that 
Hermite's  substitution  of  i  =  —  H/X  reduces  the  integral 

/gMx  to  i/(U^-g,t-g,r^dt. (1) 

^  dt         2G        ,    .^3        .  G^ 

SO  that  G~^dx  =  —  J(4^3  -  gj^ — g^'^dt 

Again  the  integraiy(4^^— ^2^— P'3)~^c?^,  as  well  as  the  general 

integral  flj-^dx,  (2) 

where     JJ  or  TJi^,  1)  denotes  the  cubic  (a,  6,  c,  d){Xy  1)^, 
is  again  proved  to  be  elliptic  by  the  substitution 

s^=-K^IU\ (3) 

where  K  or  K{x,  y)  denotes  the  Hessian  of  the  cubic  U{x,  y), 


given  by  Z^K(x,y)  = 


d^U     d^U 


dx^'     dxdy 
dxdy'     dy'^ 


'  dx^  dy^     Kdxdy)  '   ^  ^ 


SJ(x,y)  = 


,(5) 


.(6) 


The  cuhicovariant  J  of  the  cubic  U  is  given  by 

dU      dU 
dx'       dy 

dx'       dy 
and  the  discriminant  A  by 

A  =  aH^ + 4ac3  -  Cmhcd + Uh^  -  36  V 
and  now  we  have  the  syzygy 

J2=  -4^3^^^72 (7) 

(Salmon,   Higher  Algebra,  §192;    Burnside    and    Panton, 
Theory  of  Equations,  §  159.) 

Differentiating  (3)  logarithmically 

3  ds_SK'     2U'_      SJ 
s  dx~  K        U  ~~     KW 


while 

so  that 
and 


dx  _     sdx  _  Uds 
/U-^dx  =  p-\s;  0,  -A): 


ds 


>v/(4sHA)' 


.(8) 
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When  we  know  a  factor,  x  —  a,  of  U,  then  we  may  employ, 

as  in  ex.  8,  p.  Q5,  the  substitution 

z=0l{x-a) (9) 

Putting  U=  {x  -  a)(ax^ + ^hx  +  c') 

=  (x-a){ax^-\-{aa-{-Sb)x  +  aa^-\-Sha  +  Sc}, 

then  4tz'^—g^  is  a  perfect  square,  when 

_         ac'  -  h'^      _  (aa  +  bf  +  4(ac  -  b^)  . 

^^~   aa^-\-2b'a-\-c~       aa^  +  2ba-i-c 

,                         Qo     ax^  +  2b'x-\-c'  —  qJx  —  aY 
and  now         z  -  -^|  = ttt^^ 

-Sir  3s 


(aa2  -I-  26a  4-  c)  tr^     aa^  +  26a  +  c 

V^  ^n-aa^^2baW 
while 

ric^     al('l  I  2.^/.sY_'M(a«  +  ^0(^-a)  +  2(aaH26a  +  c)}' 
^  J^3>'\^   "^  03  y  (ota2  4-26a  +  c)(iC  — a)2 


3(a;-a)^{(aV  +  2a6a-262  4.3ac)a;+...}2 
(aa2  +  26a  +  c)2C72 

9/2  9(4.83+A) 


{aa^  +  26a  +  c)^  V^     (aa^  +  26a  +  cf ' 

so  that  ^(4f3l^3)-V(^^^  +  ^^«  +  ^)V(4feA^  ^1^) 

a  transformation  equivalent  to  that  of  §  47. 

158.  Mr.  R.  Russell  also  shows  (Po^oc.  L.  M.  8,,  XVIII.,  p.  57), 
,,    .  r        lx^-\-2mx-\-n  , 

where  X  denotes  a  quartic  and  H  its  Hessian,  can  be  reduced 
to  the  sum  of  three  elliptic  integrals  by  Hermite's  substitution 

t=-HIX. 
For  we  may  replace  (§  156) 

lx^-\-2mx  +  n  by  pP^  +  qP^+rP^ 
or  by  4^pJ(-H^e,X)  +  ^J{-H-e,X)  +  ^rJ(i-H-e,X), 
where  p,  q,  r  are  determined  by  equating  coefficients ;  while 

dxlJX  =  \dtlJT=\dtjJ{t-e^.t-e^.t-e^)\ 
so  that  the  integral  becomes 

rpJ(-H-e^X)+qJ(-H-e^X)+rJ(-H-e^X)  JXdt 

J  J{aX  +  ^H .  aX  +  p'H)  J{t-e^.t-e^.t-e^) 
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=  f[  V  ,  q  T  \  dt 

J    Xjit-e^-t-e^)   J{t-es't-e^)    J{t-e^.t-e^)yj{a-/3t.a-fi'ty 
the  sum  of  three  elliptic  integrals. 

Particular  cases  may  be  constructed  by  making  ^8  and  ^' 
zero,  or  a  and  a  zero ;  when  we  obtain 

y{lx^ + 2mx  +  n)dx/X,  or  j{lx^  +  2mx + n)dx/H. 

159.  Mr.  Russell  remarks  that  the  reduction  of  the  well- 
known  hyperelliptic  integral 

(Ix^  +  2mx  4-  n)dx 


L 


J{\-x^,\-^KX^.  1  +Xaj2 .  \-t,\x^) 
to  the  sum  of  elliptic  integrals  is  a  particular  case  of  this 
theorem,  since  the  quartics 

\-x^.\-k\x^  and  I+acccM  +  Xcc^ 
can    be    expressed    in    the    forms    aX-\-^H  and    aX-{-/3'H, 
by  taking        X  =  1  +  k\x^,  and  therefore  H=kXx^  ; 
and  now    a  =  l,  a'=l,  ^=  —  (1+/cX)/acX,  /3'  =  (ac  +  X)/acX. 

These  integrals  are  considered  in  Cay  ley's  Elliptic  Functions, 
chap.  XVI.,  where  x^  is  replaced  by  x;  they  arise  in  the  expres- 
sion of  Legendre's  elliptic  integral 

/dcp/Aicp,  b)  in  the  form  F+iF, 
when  the  modulus  h  is  complex,  so  that  b^  =  e  +  if. 
(Jacobi,  Werke,  I.,  p.  380 ;  Pringsheim,  Math.  Ann.,  IX.,  p.  475.) 
Writing  P  for  x{l  —  x)(l  +  kx)(1 +\x){l  —  kXx),  Jacobi  finds 
/dxl^P  =  i(b'+c'){F{4>,  cy-\-F(4>,  6)}, 

fxdxlJP  =  ^^^^{F{ct>,  c)-F(<p,  6)}, 

.  .  .,      (l-f-Ac)(H-X>  2.     (l-aj)(l-/cXa;). 

^     (l-\-Kx){l+Xxy  ^     {i-{-Kx){l+\x) 

A2/^   7.\       (l-^>v//cX)^  .,,     V        (l+a;V/cXy 

^^(^>^)  =  (l4-,.,)0+X^y  ^(^'^)  =  (1+.^)(1+X^y 


where 


or 
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Then  employing  the  inverse  function  notation, 

/'  dx    _ 

1  f        J     /l+K.l+X.X^N,  J     l\+K.\+\.X     \\ 

TOTZTTX)!™  Wu-^.l+Xx'^r*"   Wl+zca^.l+Xx'";'/' 

/xdx  _ 

1  /      y   /l+/c.l+X.a;^\         i/    /1+Ac.l  +  X.a;    \\ 

y(/cX.l+/c.l+X)r''  Wl  +  A^.UXa^'V"^''  Wl  +  ^aj.l  +  Xoj'Vr 

When  X  is  negative,  then  h  and  c  are  conjugate  imaginaries; 

so  that  we  can  now  express  F(0,  6)  in  the  form  E+iF,  when 

W  is  of  the  form  e  +  i/. 

For,  writing  -X  for  X,  and  now  writing 

P  for  x{\-x){1+kx){\-\x){1+k\x), 

^^^^    J  JP     J{l+K.l-\yj   JP     J{^,\A+K.\-\) 
In  the  particular  case  considered  by  Legendre,  X=  1,  and  now 

P  =  Xil-X^){l-KV\ 

on  replacing  /c  by  /c^ ;  so  that 

/x^^dxlJ(\-x\l-KV) 

can  be  expressed  by  elliptic  integrals. 

Mr.  R.  Russell  employs  the  substitution 

y  =  Axl{\+Bx)\ 
and  now 

f  dy  _r A{).-Bx)dx 

J J{yA-y.\-rry)  J J[Ax[{l+Bxf- Ax\{{\+Bxf-crAx)'\' 
so  that,  putting 

x{{l+Bxf-Ax]{{l+Bxf-a-Ax}=P,    • 
therefore  5^  =  ac^X^,  B=±  J{k\). 

Taking  5  =  V(/cX),  and 

{l+Bxf-  Ax  =  {1-x){1-k\x), 
{\-\-Bxf-(TAx  =  (\^Kx){l-Y\x), 
then  2Jk\  —  A=—1—k\ 

^Jk\-(tA  =  k  +  \, 
or  ^  =  (1  +  V'^X)2,     cTA=-{jK^-J\f', 

and  taking  i^=  -  ^(/cX), 

tben  A  =  {\-Jk\),      ctA  = -{Jk- J\f. 

G.E.F.  L 
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160.  Mr.  Roberts's  integrals  {Tract  on  the  Addition  of  the 
Elliptic  and  Hyperelliptic  Integrals,  p.  53) 

/(A  +  Bx^)dxlJQ, 
where  Q  is  a  reciprocal  quartic  in  x^,  say 

Q  =  ax^-{-  4<bx^  4-  Qcx^  +  -^hx^  +  a 
or  aQ  =  {ax^^  +  2bx^  +  af  -  (2a2  +  452  _  g^)^*^ 

furnish  another  particular  case  of  Mr.  Russell's  theorem,  since 
Q  can  be  expressed  in  the  form 

(aX+l3H){aX-\-l3'H), 
where  X  and  H  are  in  their  canonical  forms, 

X  =  x^-{-6mx^  +  l,  H=mx^-{-(l-Sm^)x^+m. 
Or  we  may  put  x-{-x~'^  =  u,  x  —  x-'^  —  v,  when  the  integral 
becomes  \A  ( tr+  F)  +  P(  U-  F), 

where  ^  y  V{au^-4{a-&K  +  2a-86  +  6c}' 

Y^r ^ 

Thus  1  +  «'  =  ( 1  +  V2^' + a^')(  1  -  V2a^' + ^0 

={x^jm){X-jm\ 

where  X  =  \-\-x^,  H=x^. 

Therefore  the  integral    /     ,,,  . — ^dx 

is  reduced  to  elliptic  integrals  by  a  substitution,  such  as 

and  then  becomes 

Another  particular  case  of  the  general  theorem  occurs  in  the 
reduction  of  the  integral 

fij.x + myix\JU, 

where  i?  is  a  sextic  function,  the  roots  of  which  form  an  involu- 
tion, and  whose  invariant  E  therefore  vanishes  (Salmon,  Higher 
Algebra,  1866,  p.  210). 
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This  invariant  E  is  the  one  tabulated  in  the  Appendix, 
p.  253,  Higher  Algebra,  where  it  occupies  thirteen  pages. 

The  sextic  covariant  G  of  a  quartic  X  is  a  specimen  of  a 
sextic  of  which  the  roots  form  an  involution;  and  writing 
32(?  or 

PiP^P^  =  (di^^  +  ^W^  +  cjia.^^  -{-2b^  +  Cg)  {%x-  +  2b^r + c^) 
=  a^{x  —  O^.x  —  <pi)a.^ix  —  O^.x  —  (p^y^i^  —  O^.x  —  ^3), 

then  since  the  squares  of  P^,  P^,  P^  are  linearly  connected  by 
the  relation  of  §  156,  therefore  P^,  P^,  P,  are  mutually  har- 
monic, and  any  one  is  therefore  the  Jacobian  of  the  remaining 
two ;  this  leads  to  the  three  relations 

a^c^  +  a^Cg  —  2b.Jj.^  =  a.^c^  -\-  a^c^  —  2b.J)^  =  a^c^  +  ^2^1  ~  ^b^^.^  =  0. 

Now   ^  =  ^-^1    ^-01   ^-A  ^-02   ^-^3   ^-03 

are  the  six  linear  transformations  which  reduce 

dz 


I     -^  to  Legendre's  canonical  form  J— 


as  in  §74;   so  that  if   the   quartic   XMs   resolved  into  the 
quadratic  factors  iV^  and  Z),  we  may  write 

l)=.F{x-Qf^q{x-<p)\ 
Now  NID  is  maximum  or  minimum  when  x  =  Q,  or  0. 
Making  P^,  Pg,  P3  homogeneous  by  the  introduction  of  ?/, 
which  is  afterwards  replaced  by  unity,  so  that 

P  =  (ai,  61,  c,)(a^,  7/)2,  ..., 
then  the  three  distinct  linear  transformations  of  §  153,  w^hich 
leave  dxj^X  unaltered,  are  found  to  be 

9?/ /  ?)x'        'dyi'dx'        dy     dx' 

(R.  Russell,  Proc.  L.  M.  S.,  XVIIL,  p.  48.) 

Now  f^^'^dx    or  /'(^^i  +  ^2)C?VK_::i^i^^2) 

where  u^,  Ug  are  defined  in  §  155,  is  reduced  by  the  substitution 
y^  =  ujui,  or  p(x-(l>)/(x-6\ 

to  the  form  f^^^^dy 
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This    integral    has    been    considered    by    Eichelot    (Grelle, 
XXXII.,  p.  213) ;  and  by  differentiation  we  find 

according  as  ^/^  is  less  oi*  greater  than  ^2  —  1 ;  and  thence  the 
integration  can  be  inferred;  the  value  of  k  to  be  taken  is 
V2~  1  or  tan  221°,  when  it  will  be  found  that  K'IK=  J2. 

161.  As  further  applications,  consider  the  integrals 

/(A^)-*c^0,  /(A^pyUcp,  /(A0)-%,  /(Acpykicp, 

where  A0  =  ;y(l  — ^^sin^^). 

(Legendre,  Fonctions  elliptiques,  I.,  p.  178.) 
Putting  A(p  =  x^,  and  l  —  b^  =  c^,  then 


/iA^yki^^/' 


the  integration  required  in  the  rectification  of  the  Cassinian 
oval,  given  by 

^1^2  =  i^^  or  r*-2aVcos2^  +  a*  =  /3^ 
where  7\,  r-^  are  the  distances  from  the  foci  (±a,  0). 

The  expression  l—x^.x'^  —  c'^  can  be  expressed  by  H-  —  X-, 
where  X  =  x^+c,  H={l-\-c)x'^) 

and  now  the  substitution  y  =  X/H  gives 


^+^=x/{(i+%+ V^}.  ^-^= V{(i+%- V^} ; 


so  that     /{A(j))-kl(p 

_1    f  dy 1    r dy 

U'J{{l-^c)y-2jc]J{\-y-')^'lJJ[(l-\-c)y^2Jc}J{l-f^) 

-7(2  +  2c)r''    \{l+Jc)x'J{2  +  2c)]    """^  \(l-Jc)x'J{2^-fc))\ 
by  means  of  the  results  of  §§  39-41. 
In  the  Cassinian 

2ar  zav 

de_ r'-a'-^/3' 

^dr  ~      V{4aV  -  (r^  +  a*  -  /B'^}' 
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(h_ 2aV 

/^V(a'+^')  2aVcZr 

r 

Now,  if  we  put 

r*  =  (a2  4-  /32)2cos20  4-  (a^  -  fi^)hm^<p, 
then         8  =  ay*{  a^  +  ^^fco8^<p  +  (a2  -  /3^)hm^^  }  "  ^cZ0 

0 

Similarly      y"(A0)-»<Z^=y^^^ -l^j-^ 

^2_  /        "      rfy    . 1_    r___dy 

•2VcyV{(l+c)2/-2Vc}V(l-y2)  2VcyV{(l+c)2,+2,/c}V(l-2/-'')' 
which  can  be  expressed  in  a  similar  manner. 
Again,  substituting  A^0  =  oc^,  then 

0 
0 

particular  cases  of  the  preceding  general  integrals. 

Mr.  R.  A.  Roberts  {Ftoc.  L.  M.  S.,  XXII.,  p.  33)  has  shown 
that  /(Ix  4-  m){ax^ + 2ha^ + c)  ~  ^  *'''  "  klx 

can  be  expressed  as  the  sum  of  elliptic  integrals,  not  always 
however  in  a  real  form. 

Mr.  Russell  shows  that  \f  x  —  0^,  x  —  62  are  the  factors  of  Pj, 
a  quadratic  factor  of  the  sextic  covariant,  then 

is  reduced  by  the  substitution 

to  the  form  I—.. — s^t  xt— x%' 


J{ay^+2by'^c) 
and  this  again  by  the  substitution 

z  ^=  ?/     / (J  I  7/  ~      /  ^ 

t..  the  form  Z^-;^-.:!?^"'!)^^ 

two  elliptic  integrals,  not  necessarily  however  in  a  real  form. 
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Abel's  Theorem  applied  to  the  Addition  Equation. 

1G2.  Eiiler's  Addition  Theorem  is  now  found  to  be  a  very 
special  case  of  a  Theorem  of  great  generality,  due  to  Abel,  the 
method  of  which  we  shall  employ  here,  in  the  very  limited  form 
required  for  the  Addition  of  the  First  Elliptic  Integrals. 

Consider  the  points  of  intersection  of  the  fixed  quartic  curve 
whose  equation  is 

f-=x (1) 

with  any  arbitrary  algebraical  curve  whose  equation  in  a 
rational  form  may  be  written 

f(a:,2/)  =  0 (2) 

By  continually  writing  X  for  y^,  we  can  reduce  equation 

(2)  to  the  form  P^Qy^O;  (3) 

and  now  the  abscissas  of  the  points  of  intersection  of  (I)  and 
(2)  are  given  by  the  equation 

P  +  Qs/^  =  0, (4) 

or,  in  a  rational  form,     P^  —  Q^X  =  0 (5) 

Denoting  the  degree  of  this  equation  (5)  by  /x,  and  its  I'oots 
by  iCp  x^,  ...  XfjLj  Abel  puts 

■ylrx  =  P'--Q^X  =  C(x-x;)(x-x^)...(x-x^), (6) 

and  now  he  supposes  the  roots  of  this  equation  to  varj^  in 
consequence  of  arbitrary  variations  in  the  coefficients  of  the 
terms  in  equation  (2),  corresponding  to  arbitrary  changes  in 
the  shape  and  position  of  this  curve ;  the  coefficients  in 
equation  (1)  are  however  kept  unchanged. 

If  dP,  dQ  denote  small  changes  in  P  and  Q  due  to  the 
changes  in  the  coefficients,  and  if  dxr  denotes  the  correspond- 
ing change  in  any  root  Xr  of  equation  (5),  then 

xfrXr  .  dXr  +  2PSP  -  2QSQXr  =  0, 

or,  making  use  of  equation  (4), 

ylr'x, .  dxr  -  2{QdP  -  PSQ)  sj^r  =  0, 

dxr  _^QdP-PSQ_  ex,  ,„. 

JX~  yfrXr         ~x!/x;  ^^^ 

suppose. 

Now,  if  the  degrees  of  P  and  Q  are  denoted  by  2^  and  g, 
then  the  degree  of  6x  is  p  +  q;  and  we  shall  find  this  is 
always  at  least  one  less  than  yu  —  1,  the  degree  of  yj^'x,  or  two 
less  than  //,  the  degree  of  xfrx. 
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For  if  in  equation  (3),  P-  and  Q^X  are  of  equal  degree,  then 
<j=p  —  2,  and  iuL  =  2p;  so  that  iuL  —  'p  —  q  =  2',  and  /m—p  —  q  is 
greater  than  2,  if  q  is  less  than  ^;—  2. 

But  if  q  is  greater  than  p  —  2,  then  the  order  of  yfrx  is  given 
by  that  of  Q'"X,  and  therefore  /z  =  2g+4,  while  p  =  5+l  at 
most ;  so  that  ^^  —  /)  —  (/  =  3  at  least. 

Since  xOx  is  thus  of  lower  degree  than  xf/^x,  we  can  split  the 
fraction  x6x/\[ax  into  a  series  of  partial  fractions,  such  that 

XUX  m     y  XfUXf 

yjrX  ~  ^^  y\rX^X  —  Xy)  ' 
and  now,  if  we  make  x  =  0,  we  find  that 

2:^.="- («) 

a  theorem  in  Algebra  due  to  Euler ;  otherwise  stated  as 

^^{Xr-X^\Xr-X^  ...*...  {Xr-X^)~      ' ^    ^ 

provided  m  is  less  than  /n  —  l,  the  *  marking  the  position  of 
the  missing  factor  Xf  —  x,.. 

Applying  this  theorem  to  equation  (7),  we  find 

'''2dXr/JX,  =  0, (10) 

?•  =  ! 

so  that,  if,  in  consequence  of  any  finite  alteration  of  the 
coefficients  in  equation  (2)  or  (3),  the  roots  of  equation  (5) 
become  changed  to  x\,  x\,  ...,  o?'^,  then 

y^^'dxJJX,  +f\xJJX^  +...  ■\-f^'-djx^  =  0, (11) 

the  Theorem  of  Abel,  as  required  for  present  purposes. 

It  is  the  combination  of  the  theory  of  Integrals  and  of  the 
theory  of  Algebra  which  furnishes  the  key  of  AbelVTheorem  ; 
the  algebraical  laws  are  expressed  very  concisely  by  a  single 
equation  (5),  of  which  the  variables  are  the  roots,  and  whose 
coefficients  are  not  independent,  but  are  connected  by  a  number 
of  relations. 

Thus,  if  we  take  P  of  the  p^^^  order,  and  Q  of  the  order  p  —  2, 
we  have  a  plexus  of  jj.  or  S^:)  equations  of  the  form  (4) 

aa;,^  +  /3a;/-^  +  7x/-=^+...+(yV-+...)x/^r  =  0; 
and  the  elimination  of  a,  /8,  y,  . . . ,  y', . . .  leads  to  a  determinant 
of  2p  rows,  each  row  of  the  form 

Xf      ,      Xf.  ,      Xy  ",     ...,      Xf      ~      ^JLj-f      Xj-  ^^it      .... 
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163.  Suppose  for  instance  that  (2)  is  the  parabola 

y^ax^  +  ^Px^-y, (2)  or  (3) 

then  equation  (4)  becomes 

ax''-\-^Px^y-JX  =  (),  * (4) 

and  (5)  becomes  the  quartic  equation 

{ax^  +  2px-{-yf-X  =  0,  (5) 

Denoting  the  roots  by  x^,  x^,  x^,  x^,  then  the  elimination  of 
a,  j8,  y  leads  to  the  determinant 

^2  »    ^2'    ^'    V^2       =0, 
X^  ,    X^,    1,    x/^3 

as  the  integral  relation,  corresponding  to  (y(x  =  4), 

CtX-i  (X/Xn  CLXn  \X1X4  ,. 

x/^1        >v/^2       x/^3       x/^4 

By  making  a  =  j^a,  so  that  the  parabolas  are  of  constant 
size,  or  by  writing  equation  (5)  in  the  form 
(ax^  +  2px  +  yf'-aX  =  0, 
one  root,  x^  suppose,  becomes  infinite ;  and  now 

4rt(/5  -  b)x^  +  (4/32  +  2ay  -  iiac)x^  +  4(/3y  -  ac^>  +  y^  -  ac  =  0, 
so  that 
4(/5  -  6)(a;i  +  a^2 + ^3)  =  6c  -  2y  -  4/3Va 

=  Sa^Tg^ + 4/3^3  +  6c  -  'IJaJX^  -  4^/3^ /a, 
or        4(^  -  6)(a;i  +  x^)  =  2aa;32  +  460^3  -]-6c-  2jaJX^  -  ^jS^ja. 
Now  the  two  relations 

ax^  +  2/5^1  +  y  -  V^x/^^^i  =  0, 
ax^-\-2^x^  +  y  —  Ja^X^  =  0, 
give  by  subtraction 

(a;^  -  x^{a{x^  -^x^  +  2p)  =  Ja{JX^  -  Zg), 

so  that  (V^i-V^^Y  ^  ^(^  _^  ^  )2 + 4^(^  ^ ^  )  +  i^" 

\        X-^  —  X^        J  ^    1         ^^  r-\    1         -/        ^^ 

where  G=2ax^-\-4!bx^-\-Qc  —  2^a,JX^', 

and   we   thus   obtain    Eul-er's   original   integral   relation,   the 

general  integral  of  the  differential  relation 

dxJfJX^  +  dx^lJX^  =  0, 
when  G  is  constant ;  and  a  particular  integral  of 
dx^\JX^  +  dx^\JX^ + dx.J^X^  =  0, 
when  x^  is  considered  as  variable. 
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164.  When  X  is  in  Legendre's  canonical  form  \—x~.  \—k^x^> 
then  Abel  takes  P  =  aa;  +  ic^  Q  =  h\ 

and  now  equation  (G)  becomes 

xirx  =  (ax  +  a^f  -  ^>-^(l  -  x'Xl  -  /cV) 

=  x^-  {b^K''  -  2a)x'^  +  (b''  +  b^K^  +  a^)x^  -  b' 
=  (a;2  -  x^^){x^  -  a;/)(aj2  -  x./), 
where  o^i^ + aj./ + x^^  =  6  V  -  2a, 

xixi  4-  a^a  V  +  ^1 V  =  ^'  +  ^''f  ^  +  «'. 

n*    2/y»   2/v.   2  7)2 

But  ct  and  b  are  determined  by  the  equations 
so  that  6  =  ^2(5'^^2!;, 

XyA.  2  ^  U72-^  1 

and  therefore,  as  in  formula  (1),  §  116, 

X-i      ^~  X()  Jb-i.,L\.  2     |~  Jba^iX.  I 

X-t-A.  9  ""■  X.-)j\.  J  A  ^~  /C    ii'1    Xq 

Also       1  -aV" .  1-0^2'  •  1  -0^32  =  l-6V  +  2a  +  6H^V-  +  a^-?>2 

=  (!+«)-, 
while     a.'i- + ^2^ + i^^g-  —  A^'x^-x^-  =  —  2a, 
so  that 

2-x^^-x^'-x^^+K'-x^%^x^'  =  2(l+a) 

=  2j(l--x^A-x^.l-x^, 

or  (2  -  x^'  -  xi  -  xi + /c V^2 V)'  =  ^(  1  -  ^i')(l  -  «'2')(1  -  •^3'). 
which  may  also  be  written 

V(l  -  a^s')  =  J{X-x^.\-  xi)  ±  a:ia?2  V(l  -  >cV)> 
as  in  §  119,  with  iCi  =  sntt,  332  =  ^^^*  x^  =  ^\\{u±v). 

This,  with  ajj  =  snUp  Xc^  =  ^nu.-^,  x,^  —  ^viu^,  may  be  written 
1  —  cn'Ui  —  cn-Ug  ~  cn'^iCg  +  2  en  u^cn  u^oxv  1/3  =  /c^n^itiSn-itgSn-ii-g ; 
where  u^-\-Vb.^-{-u.^  =  ^K, 

(§  131);  and,  with  a  triangle  of  Class  I.,  is  equivalent  to  the 
formulas  in  Spherical  Trigonometry 

1  —  cosset  —  cos-6  —  cos^c  +  2  cos  a  cos  6  cos  c  =  /c%in-a  sin-6  sin-c 
=  sinM  sin^^  sin^c  =  sin'^t  sin-£  sin^o  =  sin-a  sin-6  sin'^C. 

165.  To    obtain    the    Addition    Theorem   for   Weierstrass's 
functions,  we  consider  the  intersections  of  the  cubic  curve 

2/2  =  4a;^-(/2a;-(/3,  or  Z, (1) 

with  an  arbitrary  straight  line 

2/  =  «^  +  i3; (2) 
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SO  that 

and  (§  144) 


Now,  if  iCj,  x^y  a?3  denote  the  roots  of  the  equation 

^Q^  --  g^x— g^  —  {ax-{-  ^f  =  ^, (  5  ) 

then  aa;i  +  /34-x/^i  =  0» 

d —  ,  p  —  -  , 

JU-t  ~~  JLa  X-t  ■""  Xn 

X,  +  X,  +  X,  =  W  =  l[^&^^^-: 

The  elimination  of  a  and  /3  between  these  two  equations  and 
acc3  +  /3  +  x/^3  =  0 
leads,  as  in  §  144,  to  the  determinant  (G) 

1,  x^,  JX^  1,  <pii,   <§)'u 

1,  x^,  JX^     =0,  or      1,  <pv,    f'v      =0, 
1,  iCg,  ^^3  1,  fw,  <p\u 

where  u-\-v-\-tu  =  0. 

In  addition,  from  (5), 

x^^  4-  x^^  +  x^x.^  =  —  Ig^  —  ha^, 

x^x^x^=     igs+il^^; 
so  that 

166.  Consider  the  intersections  of  the  fixed  cubic  curve 

y^  =  Ax^-\-SBx^+SCx  +  D, (1) 

with  a  variable  straight  line 

y  =  ax-]-/3 (2) 

Then         xlrX  =  (ax-\-/3f-(Ax^+:Wx'-  +  SCx  +  D) 

=  (a^  —  A){x  —  x^)(x  —  X2)(x  —  x^), (6) 

and  fl?i  +  iCo + ^3  =  —  3—^        , 

Denoting  by  y^,  y^,  y.^  the  corresponding  values  of  y,  then 

2/12/22/3  =  («^l  +  i^)(«^2  +  )^)(«^3  +  /^) 

=  a^^ia?2^3  4-  {  ^  -  i  (a^  —  ^  )(^i  +  a?2  +  ^3)  }  (^2^3  +  ^'3^1  +  ^1^2) 

+  {(7+J(a^-^)(ir2aj3+a;3ii;i  +  iri^2)}(^i-^^2+^3) 
+  D  —  (a^  —  ^ )  x^x.2X.^ 
=  Ax^x^Xg  +  B(x.^x^ + x.^x^  +  iz^iCt".,)  +  G(x^  +  ^^2 + ^3)  +  ^. 
as  in  §  145. 
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Now,  if  the  constants  a  and  ^  receive  small   increments 
Sa  and  ^^,  then 

and  yfrx^  =  (a^  —  ^  ){x-^  —  x.^{x^  —  A3), 

so  that  ^^^    ,^^§^ (7) 

and 

clx^    dx^    dx^_^         Xj  X2  JTs         \    Sa 

Vi"    2/2     2/3        ViCg— ic^.a?]^— fljg   x^—x^'X^—x^   X2—x^.x^—Xi/ a  —A 

=  0, " f \ (10) 

and  the  sum  of  the  three  integrals  is  a  constant,  which  can  be 
made  to  vanish  by  taking  for  the  lower  limits  a  root  of  the 
equation  y  =  ^. 

In  the  particular  case  of  the  cubic  curve 

a:;^  +  2/^  =  l, 
the  relation  expressing  the  collinearity  of  the  three  points  is 

^1^2^3+2/12/22/3=  !• 
Now,  as  in  §  145,  with  g.^  —  ^,  ^3=li  ^"^^ 

{\-x''f    ,  ,A^-x 

and,  by  symmetry,  with 

we  find  from  (F)  §  144,  after  reduction, 

so  that  u  +  v  =  a,  a.  constant. 

With  ioa  =  l,  then  (§  149)  p2a  =  l;  so  that  (§  62)  '* 

^2a  =  ^(2w.y  —  a),  or  a  =  fwg. 
We  may  therefore  put 

and  express  x  and  y  by  functions  of  t. 

For  any  other  arbitrary  value  of  a,  the  integral  relation 
connecting  x  and  y  will  be,  by  §  145, 

(l-x')(l-y^)(l-z^)  =  (l-^xyzf', 

and  treating  z  as  constant,  this  leads  to  the  difterential  relation 

(l-x^)-klx  +  (l--y^)-Uy  =  0. 
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We  can  put 

(i_a;3)i        (!-'?/¥         (i-^)i 
^'^--Y^^  ^^'=^-'  ^''--i:^^ 

where  u-\-v-\-w  =  {)  ', 

■and  <pw  =  \y  for  the  value  0=  x  ;  and  then 

167.  When  the  quartic  X  is  resolved  into  two  quadratic 
factors  N  and  D,  we  may  replace  (1)  by  the  quartic  curve 

f  =  NID; (1) 

and  now  equation  (4)  is  replaced  by 

PJD  +  QJN^Q; (4) 

SO  that  equation  (5)  becomes 

P^D-QW=0 (5) 

The  elimination  of  the  constants  from  the  pZeccits  of  equations 
determined  by  the  roots  of  this  last  equation  (4)  leads  to 
determinants,  whose  rows  are  of  the  form 

For  instance,  by  taking  P  and  Q  linear,  so  that  the  variable 
curve  (2)  or  (3)  in  §  162  is  a  hyperbola,  we  can  obtain  the 
integral  relation  of  §  154  in  the  form 


X-i   ~"~  Xn  Xn  Xi 


(W.  Burnside,  Messenger  of  Mathematics,) 
We  have  taken  X  as  a  quartic  function  of  x,  so  as  to  apply 
to  the  elliptic  functions,  but  Abel's  theorem  holds  for  any 
higher  degree  of  X,  the  method  of  proof  being  exactly  the 
same;  and,  according  to  Klein,  we  resolve  X,  supposed  of 
even  degree,  into  factors  X  and  D,  differing  in  degree  by  0  or 
a  multiple  of  4,  when  we  wish  to  make  use  of  the  fixed  curve 

y^  =  XIR 

168.  The  reader  is  referred  to  the  treatises  of  Salmon  or  of 
Burnside  and  Panton  for  the  proof  of  the  Theorems  in  Higher 
Algebra  quoted  here ;  they  are  easily  verified,  however,  if  we 
work  with  the  quartic  in  its  canonical  form 

U=         x^—         6m  xhf-\-    y; 
when  H=  —  mx'^-\-{l  —  Sm^)x^y^  —  ony*, 

G  =  i{l-9m^)xy{x*'-y'). 
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The  following  examples,  taken  from  recent  examination 
papers,  will  illustrate  the  character  of  the  algebraical  work. 

Examples. 

1.  Denoting  by  U  the  binary  quartic,  reduced  to  its  canonical 
form,  x*  —  Gmxhj^-{'y*,  its  quadrinvariant  and  cubinvariant  by  (/g 
and  ^3,  and  its  Hessian  and  sextic  covariant  by  li  and  Gy 
prove  that 

(i.)  4m3-5r2m-(73  =  0; 
(ii.)  H-\-r)iU  is  a  perfect  square; 
(iii.)  4>H^-g,^Hm-\-g^U^-\-G^  =  0; 

(iv.)  ^(||,  •-'^^)^16H(gH^g,U)(g,H+Sg,U); 

(vii.)  the  Hessian  of  XU-\-iulH  is 
and  the  sextic  covariant  is 

2.  Denoting  the  roots  of  4e^— ^2^— ^2  =  ^  ^y  ^v  ^2'  ^3'  prove 
that  the  roots  of  (x^ + {g^)^  ±  2g^x  =  0 

are  of  the  form       J{e^e^  +  Ji'^^'^i)  +  ^(^1^2)- 

3.  Denoting  the  discriminant,  Hessian,  and  cubicovariant  of 
a  cubic  U  by  A,  Ky  and  J,  prove  that 

(Work  with  the  canonical  form  U=ax^-\-hy^.) 
Denoting  the  same  functions  of\U-\-fxG  by  A',  K',  J\  prove 
that  A'  =  (X2-^2A)2A, 

J'  =  (\2_^2^)(X/4-^AC/). 

4.  Prove  that  X  and  Y  in  §  139  have  the  same  invariants  g^^ 
and  ^3  (Burnside  and  Panton,  1886,  p.  418). 

5.  Prove  that,  in  §  156, 

J(e,-e,)P,-\-J(e,-e,)P,-\-J(e,^e,)P, 
is  the  square  of  a  linear  factor  of  X. 
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C.  Discuss  the  properties  of  the  quartic  X'  in  §  153,  whose 
roots  are  a\  ^\  y,  S'. 

7.  Prove  that  (§  160)  d^,  0^ ;  ^.^^  03  J  ^3>  02  5  define  an  involu- 
tion of  the  roots  of  the  sextic  covariant  G  (R.  Russell). 

8.  Prove  that  the  cubic  substitution 

7y  =  -  {hx^ + 3ca^2  _^  3^^^  ^  e)/(a^3  ^  3^^2  _f.  3^^  ^cl)=  -  X^jX^ 

makes 


x%2^?/  -  5^3  ^?/)     J  {9  2^^+ %3  ^a;)' 
where  £/a;=((x,  6,  c,  cZ,  e)(i^,  1)^. 

(Hermite ;  Crelle,  LX.,  p.  304 ;  R.  Russell,  Proc.  L.  M.  S., 
XVIIL,  p.  52.) 


9.  Integrate     /  — |^ 


P3   cZaj 


10.  Prove  that,  with  s  =  ^u, 

V(^2u  -  e)  =  -  (s2  _  2es  -  2b'  +  J^^)/^'^ ; 
J{f2u  -  60)  +  V(^2u  -  e^)  =  -  2(8  -  e„)(s  -  ep)/pu  ; 

4    2 16  =  8  +  ^1  ~  ^2  •  ^1  ~  ^3    I    ^2  ~^3-  ^2~^1    i   ^3  ""  ^1  •_?l_r"^2^ 
8  — e^  *'  — ^2  S  — ^2  ' 

11.  Prove  that,  if 

(i.)  ^(v;  —20,  —40)  =  5,  then  ^2t'  =  0,  ^Sv=  -J,  ^4^=  f,  .. 

(ii.)  ^(^•;  -60,  -10)  =  5,    0,    -I, Ar^  •• 

(iii.)  K^;  -15,      19)=t,    I,   ^i^,... 

12.  Prove  that 

(i.)  /(A  +  Bx)dxly  is  elliptic,  if  ^/^  =  (1  - aj2)(a  +  3a^ -  4a;3) ; 

(ii.)  /{A-\-Bx  +  Gy)dx/~  is  elliptic,  if 
(W.  Burnside). 


CHAPTER   VI. 

THE  ELLIPTIC  INTEGRALS   OF  THE   SECOND   AND 
THIRD   KIND. 

169.  The  Elliptic  Integrals,  and  thence  the  Elliptic  Func- 
tions, derive  their  name  Elliptic  from  the  early  attempts  of 
mathematicians  at  the  rectification  of  the  Ellipse. 

It  was  some  time  before  mathematicians  perceived  that  the 
simple  integral  to  begin  considering  is 

which  has  not  originally  such  a  special  connexion  with  the 
ellipse;  but  the  name  Elliptic  Integral  has  nevertheless  been 
retained  generally  for  all  integrals  of  this  nature. 

To  a  certain  extent  this  is  a  disadvantage  ;  not  only  because 
we  employ  the  name  hyperbolic  function  to  denote  coshu, 
sinhu,  tanh^/y,  ...,  by  analogy  with  which  the  elliptic  functions 
would  be  merely  the  circular  functions  cos  0,  sin  ^,  tan  0,  . . . ; 
but  also  because  it  is  found  that  the  elliptic  functions  are  a 
particular  case  of  a  large  class,  called  hyperelliptic  functions, 
but  included  in  a  larger  class,  called  Abelian  functi<;^ns  after 
Abel,  which,  beginning  with  the  algebraical,  circular,  hyper- 
bolic, and  elliptic  functions  of  a  single  argument  u  (i>=l) 
are  in  the  general  case  the  functions  of  p  arguments  which  are 
met  with  when  we  consider  the  integrals 

/(I,  X,  x\  ...,  xP-^)  dxJJX, 
arising  in  the  linear  transformations  oi  J'dxj^X,  in  which 
X  is  a  rational  integral  function  of  x  of  the  degree  2j;-f  2; 
for  now  the  linear  transformation  {lx-\-m)l{Vx-\-'ni')  converts 

fdxIJX  into  {Im' -Vm)/{Vx  +  my-^dxlJX. 
175 
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170.  Legendre's  elliptic  integral  of  the  second  kind  has  already- 
been  defined  in  §  77;  and  denoting  it  by  ^0,  then  the  length 
of  the  arc  BP  of  an  ellipse  is  given  by  aE(f),  where  the  arc  BP 
and  the  excentric  angle  of  the  point  P  are  both  measured  from 
the  minor  axes  OBy  and  now  the  modulus  is  the  excentricity  of 
the  ellipse. 

The  quadrant  of  the  ellipse  BA   is  given  by  aE,  where, 

as  in  §  77,  E  denotes  /A(l)d(p,  the  complete  elliptic  integral  of 

0 

the  second  kind,  in  which  (p  =  Jtt. 

The  perimeter  of  the  ellipse  is  therefore  4!aE,  the  same  as 
that  of  a  circle  of  radius  aE/hir. 

The  periodicity  of  sin  <p  and  A(p  shows  that,  as  in  §  14, 

E(7r-^(l>)  =  /A(pd(p==/+/=2E-\-E(p, 

0  0  0 

and  generally  E(m7r  +  0)  =  2mE + Ecj), 

when  on  is  an  integer. 

Expanded  in  ascending  powers  of  the  modulus  k, 

A^     /I       2  •  9,a     1      '^4^1.3.5  ...  271-1  (/csin0)2'* 
A0  =  (1-.W0)^  =  1-  22.4.6...     2ir-2^1    - 

SO  that,  employing  Wallis's  theorems  of  integration,  as  in  §  11, 

whence  the  numerical  value  of  E  can  be  calculated. 

Tables  of  the  numerical  values  of  E^  for  every  degree  of  (/> 
and  of  the  modular  angle  are  given  in  Legendre's  F.E.,  IL, 
Table  IX. ;  while  the  values  of  log  E  are  given  in  his  Table  I. 
for  every  tenth  of  a  degree  in  the  modular  angle. 

We  reproduce  this  Table  of  log  E,  and  of  log  E\  correspond- 
ing to  the  complementary  modulus  k,  to  7  decimals,  and  to 
every  half  degree  in  the  modular  angle  |a,  corresponding  to 
the  values  of  log  A^  in  Table  L,  p.  10. 

171.  By  differentiation  and  integration,  we  prove  that 
d/E(h\         F(h     d,  j^.      fd<b     Ed)    K^  sin 0 cos 0 

dkfr  ^-^ '  d.^'^'^^v  Av=7^-?^  — A0~  ' 

and  therefore,  with  0  =  \ir, 

d(E\__K     d     j^._E 
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We  can  now  prove  Legendre's  relation,  that 

EK'-\-E'K-KK'  is  constant,  and  =i7r  ; 
for  denoting  it  by  A,  we  find  that  dA/dK  =  Oy  so  that  A  is 
independent  of  k;  and  taking  /c  =  0,  then 

0  0 

172.  In  Jacobi's  notation,  with  0  =  amu, 

Ecji  =  E  am  u  =J^dLXi^udvb ; 

0 

and  now,  from  the  quasi-periodicity  of  am  u  (§  14), 

^(mTT  +  0)  =  ^  am(2mZ'+ 1(.)  =  2m^+ jE' am  u, 
where  m  is  an  integer. 

We  may  therefore,  as  in  §  78,  separate  Esuau  into  two 
parts,  one  the  secular  part,  increasing  uniformly  with  u,  at  a 
rate  2E  per  increase  2K  of  u,  and  the  other  a  periodic  part, 
denoted  by  Zi6  in  Jacobi's  notation,  and  called  the  Zeta 
function ;  so  that 

Ea,mu  =  EulK-\-Zu, 

or  Zu  =/(dn2'i/.  -  EIK)du. 

0 

r/ie  Addition  Theorem  for  the  Second  Elliptic  Integral. 

173.  A  well-known  theorem,  due  to  Graves  and  Chasles, 
asserts  that  if  an  endless  thread,  placed  round  a  fixed  ellipse,  is 
kept  stretched  by  a  pencil,  the  pencil  will  trace  out  a  confocal 
ellipse  (fig.  22).     (Salmon,  Conic  Sections,  %  399.) 

If  the  excentric  angles  (measured  from  the  minor  axis  of  the 
ellipse)  of  the  points  of  contact  P,  Q  of  the  straight  parts  of 
the  thread  PR,  RQ  are  denoted  by  0,  yfr,  so  that  the 

arc  BP  =  aE<p,  arc  BQ  =  aExf/^ ; 
and  if  we  put  <p  =  am  u,  yjr  =  am  v,  the  modulus  k  being  the 
excentricity  of  the  ellipse,  then,  as  asserted  in  ex.  6,  at  the  end 
of  Chap.  IV.,  R  moves  on  a  confocal  ellipse,  when  u  — v  is 
constant,  and  conversely. 

For  the  coordinates  of  R  being  given  by 

_    cos  i/^  —  cos  0       _ ,  sin  0  —  sin  i/r 
~^  s'm(^—\l/^y*  ^~     sin(0  -  \/r)~' 
we  find  from  Jacobi's  formulas  (4),  (5),  and  (31),  §  137,  replacing 
u  and  V  by  ^j(u-\-v)  and  ^(u  —  v), 
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cnt;  — cnu      _   s^a^/l^d^  _   8^d^_   sn^(u + t;)dn  ^(u  —  v) 
sm(amu  — amt;)         52^2^1  ^2  cn^('i6  — -y) 

y  =  b^-, c  =  0  -^-V    =  ^       =  ^ — rr \' 

^       sin(am  u  —  am -v)       «2^2^i  ^2  ciih{u  —  v) 


\ 


Fig.  22. 


Therefore 


- cd  JO^  — '^)  =  sn  IC^  +  ^X  f  en  K^- - 1;)  =  en  iC^H"^) 5 

and  Wa)H(2//i3)2  =  l, 

where  a  =  a  do  J(u  —  ^'),  /3  =  bnc  h{u  —  v); 

so  that  a^-P^  =  a''-h\ 

and  therefore  i^  describes  a  confocal  ellipse,  if  u  —  v  is  constant. 

If  16  +  ^  is  constant, 

we  find  (x/aT  -  {yj^J  =  1, 

where  a  =  a/c  sn  |(u  +  v),  /3'  =  a/c  en  i(i6 + v), 

so  that  a'2  +  /3'2  =  a2/c2  =  a^  -  62, 

and  jK  therefore  describes  a  confocal  hyperbola  (MacCullagh). 

To  realise  mechanically  this  motion  of  R  on  the  hyperbola, 
the  threads  RP,  RQ  must  pass  round  the  ellipse,  and  be  led, 
in  the  same  direction,  round  a  reel  moveable  about  a  fixed 
axis  at  C ;  so  that,  as  the  reel  revolves,  equal  lengths  of  thread 
are  wound  up  or  unwound. 

If  the  hyperbola  starts  from  the  ellipse  at  L,  then 
PR  -  arc  PL  =  QR-  arc  QL 


180  I^HE  ELLIPTIC  INTEGRALS 

If  the  threads  are  wound  in  oijposite  directions  on  the  reel, 
then  R  will  describe  a  confocal  ellipse,  as  at  first ;  but  in  this 
case  the  reel  may  be  suppressed,  and  the  thread  merely  made 
to  slide  round  the  ellipse,  as  in  the  theorems  of  Graves  and 
Chasles. 

Moreover,  it  is  not  necessary  that  the  tangents  RP,  RQ 
should  proceed  to  the  same  ellipse,  but  to  any  two  fixed  con- 
focals,  and  the  same  theorems  hold. 

If  tangents  KP\  R'Q\  are  drawn  to  the  ellipse  from  any 
other  point  R'  on  the  confocal  hyperbola  RR\  forming  with  RP, 
RQ  the  quadrilateral  RtR't,  then  r,  /  lie  on  a  confocal  ellipse, 
by  the  preceding  theorems ;  and  now  a  circle  can  be  inscribed 
in  this  quadrilateral  whose  centre  is  at  T,  the  point  of  concourse 
of  the  tangents  to  the  confocals  at  R,  r,  R\  t\  for  TR,  Tr,  TR\ 
Tr  bisect  the  angles  of  the  quadrilateral ;  (Salmon,  Conic 
Sections,  §  189). 

If  R  is  brought  up  to  X,  the  circle  touches  the  ellipse  at  L  ; 
so  that  the  point  of  contact  of  the  circle  inscribed  in  the  area 
bounded  by  two  tangents  and  the  ellipse  is  at  the  point  where 
the^confocal  hyperbola  through  the  point  of  intersection  of  the 
tangents  cuts  the  ellipse. 

174.  Putting       u-v  =  lu,  or  Fcp  —  F\jr  =  Fy, 
then  when  v  —  ^  and  Q  is  at  B,  u  =  %v  and  P  is  at  G  where 
cf)  =  y  suppose;  while  R  will  come  to  B  on  the  ellipse  RD,  where 
it  is  cut  by  the  tangent  at  B. 

Now,  since 

PR-\-RQ-Sirc  PQ  =  BD+DG-8iVG  BG, 
or  SiYcPQ-^rGBG=:PR-\-RQ-BI)-J)G; 

therefore  E(p  —  Exp-  —  Ey  =  a  certain  trigonometrical  func- 

tion of  (p,  \p,  y,  which  is  found  to  be  — /c^sin  ^  sin  i/r  sin  y ; 
this  is  the  Addition  Theorem  for  the  Second  Elliptic  Integral. 

17  DX>2  2f   '        .      COSl/r-COS0')2  (siu  d)-s'm\Lr  ]- 

For  PR^  =  aV  sin  ^ ~^ — ^  \  +  b^  '-^-~~ — r^-cos  0  \ 

[       ^     sin(0-V^)  J  i  sm(<p-xP)  ^j 

^  (g^cos^^  +  6^sinV){  1  - cos(0  - ^r)}^ 

"  sin-(0  —  \p) 

BO  that  PR  =  «A^l-«°;(0--^),  HQ  =  ^^^l-cos(^-V-)^ 

while    BD  =  a}-^^,BG=^aAy^-^^^. 
siny  '     smy 
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Therefore,  by  §  121, 
Pi2+i?Q  =  a^^-±^{l- cos(c&-V^)}  =  ai4-^^{l-cos(fl5.-^/r)} 

Sin(^-i/r)^  ^^     ^^^  silly    ^  \^     TJf 

PR  +  RQ-BD-])G  =  a\t~'^{cosy-cos(clj-ylr)}; 

=  a    ■      ^{cos  (f)  cos  \lr-\-s\n<p  sin  \/rAy  —  cos(0  —  ■^)} 

=  —  a — -. sin  <h  sm  \/r 

sin  y  ^        ^ 

=  —  a/c%in  0  sin  -i/r  sin  y. 

In  Jacobi's  notation  this  is  written 

E  Sim  u  —  E  a.m  v  —  Eam{u  —  v),  or  Zu—Zv  —  Z(u  —  v) 

=  —  Ac%n  M.  sn  t>  sn(2^  — 'y). 

175.  Putting  v  =  w,  and  therefore  u  =  2^t;,  then 

-£'  am  2w—2E  am  i(;  =  —  /c^sn  2i(;  sn^?^, 
or  changing  w  into  ^w, 

E  8imw  —  2E  Simlw=  —Khnwsn%w=—snw-z—, (§  123). 

Then       PB  + RQ  -  Sivc  PQ  =  BD+DG-  arc  5(? 

/-.  .  J       .1  — cni^       „ 

=  a(l  +  an^^) aA  am -w; 

^  ^    sniy 

,-  ,   ,       .     snw     ,  1  — dn'Z/;     _     ^        . 

=  a(l  +  dni(;)r— hc^snit;  ^r-; 2a  E  am  ^i^ 

^  ^1+cnit;  l  +  cn-M; 

=  2a ^amivj  =2a  — ^ — z — ^ ^ami?/;    : 

Vl  +  cn-K;  ^    /  \      cnjtt;  ^    /' 

and  now      en  ^w,  or  en  ^(ii  —  v)  =  bl/3,  where  /3=  OK. 

176,  A  ready  way  of  proving  the  Addition  Theorem  is  to 
take  the  spherical  triangle  of  Class  11. ,  in  which 

A  =  am  v-^^,  B  =  am  Vc^,  C=  am  v^,  » 

where  v-^^  +  V2  +  v^  =  2K, 

and  to  vary  all  the  sides  and  angles,  keeping  k  constant. 

Th  en  dv-^^  +  dv^ + dv^  =  0, 

or  dA  /cos  a + dB/ cos  h  +  dC /con  c  =  0, 

or        cos  h  cos  c  .  cM  +  cos  c  cos  a  .  dB  -\-  cos  a  cos  b  .  rZC  =  0, 
or     (cos  a  —  sin  6  sin  c  cos  A)dA  +  (cos  6  —  sin  c  sin  a  cos  -B)cZi? 

+  (cos  c  —  sin  a  sin  h  cos  G)dG=  0, 
or      cos  acZ  J.  +  cos  hdB-\- cos  cdG 

= /c2(sin5sin  Ccos^cZJ. +sin(7sin^cos^(:Z5+ sin  J.  sini^cosCcZC) 
=  K^d{sin  A  sin  B  sin  0). 
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Integrating, 


E(A)-^E(B)-hE{G)  -  2E=K^sm  A  sin  B  sin  G, 
since  ycos  adA  =/j{\  -  KHin^A)dA  =  E{A ), 

0 

and     v^  =  0  makes  B  =  0,  said  A  +  G=7r,  or  E(A)-^ E{C)  =  2E. 
In  Jacobi's  notation 

E  am  v-^  +  E  am  v^ + E  am  v^  —  2E = /c^sn  v^^n  t?2sn  '^g, 
or  Zv-^^  +  -Z-y 2  +  Z'^g  =  /c^sn  t^^sn  ^y'gSn  7  '3, 

with  v-^-\-v^-\-v^  =  ''lK. 

With  t6  +  i;  +  i(;  =  0, 

Zu  +  Zv+Zw=  —  k'^su  u  sn  V  sn  w, 
or  Zu  +  Z'y  —  Z(u  -{-v)=     /c^sn  i6  sn  t?  sn (u + 1;). 

Fagnands  Theorems. 

177.  The  particular  case  of  the  Addition  Theorem,  obtained 
by  putting  y=j7r,  or  u  —  v  =  K,  was  discovered  by  Fagnano 
(1716),  and  leads  to  his  theorems,  namely,  that  if  P,  Q  are  two 
points  on  an  ellipse  of  excentricity  k,  whose  excentric  angles 
(p,  yjr,  measured  from  the  minor  axis,  are  such  that 
A9S  Ai//"  =  k\  or  tan  0  tan  y^r  =  l//c'  =  a/&, 
then  the  arc  BP  +  arc  BQ  —  arc  AB  =  «/c^sin  ^  sin  i/r, 
or  arc  BP  —  arc  AQ  =  of /c^sin  ^  sin  -i/r  =  Ax' /a ; 

and  then  tan^^  i^jo^d)'  =  ,  -, 5^— ^ ^^t  =  7-?, 

^         ^      (a^  — a3^)(fr  — a:^)     6^ 

or  /c  Va;'^  -  ^^(cc^  +  x^)  +  a^  =  0. 

On  reference  to  fig.  23  it  will  be  found  that,  if  OY,  OZ  are 
the  perpendiculars  on  the  tangents  at  P  and  Q,  then 
(i.)  AOZ=ct>,  ^OY=yjr, 
(ii.)  aircBP-8ircAQ  =  PY=QZ=VQ-PT, 

so  that  VZ=PT,  and  PF  or  Qir=  Aa^Va; 
the  tangents  at  P,  Q  meeting  OJ.,  05  in  T,  F; 
(iii.)  OP^-OQ^  =  OY^-OZ-';        (iv.)  0F.0^=a6. 
When  P  and  Q  coincide  in  F,  then  P  is  called  Fagnano's 
point ;  and  then 

(i.)  the  arc  BF—  arc  AF=  a  —  h; 

— T-Tf    A  / — r'L  5 
a-\-b      \a  +  o 

(iii.)  KF=  a,FH  =  b,FG=:a-  6,  OG  =  J  {ah) ; 
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(iv.)  the  tangents  at  P,  Q  intersect  in  R  on  the  con  focal 
hyperbola  FRD,  through  P,  D,  whose  equation  is 

a      b 
(v.)  the  tangents  at  P  and  Q'  intersect  in  R'  'on  the  confocal 
ellipse  KDH,  through  K,  D,  H,  whose  equation  is 

(vi.)  Pi2  -  arc  PP=QP- arc  QP; 
(vii.)  the  circle  inscribed  in  the  region  bounded  by  AD,  DB 

and  the  ellipse  AB  touches  the  ellipse  at  P;  etc. 
The  proof  of  these  theorems  is  left  as  an  exercise. 


Fig.  23. 

178.  Denoting  the  arc  ^Pby  s,  the  perpendicular  OFon  the 
tangent  at  P  by  p,  the  angle  AOYhy  xjr,  then  by  Legendre's 
formula 

so  that       8+PY=  fpcl^lr  ; 
and  in  the  ellipse 

while 

P  F=  —  dp/d\lr  =  (X/c^sin  \[r  cos  Yr/A\/r  =  a/c%in  (painxp- ; 
so  that    s  -\-  a/c^sin  ^  sin  i/r  =  aj^^yjrdyp^  =  aPx//-  =  arc  BQ, 

0 

or  arc  BQ  —  arc  ^  P  =  a/c^sin  ^  sin  i/r, 

as  at  first,  in  Fafjnano's  Theorem. 
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Gonfocal  Ellipses  and  Hyperbolas. 
179.  If  we  put 

x+iy  =  csm{(p  +  ie), 
then  x  =  csm(p  cosh  0,  y  =  c  cos  cp  sioh  0  ; 

so  that         -^+^-^  =  c2, 
cosh^^     sinh^^        ' 

_x^  y^    ^^^ 

sin20     cos^^        ' 
the  equations  of  a  system  of  confocal  ellipses  and  hyperbolas, 
since  cosh^^  —  sinh^^  =  sin^^  +  cos^^  =  1. 

so  that,  in  an  ellipse  BP,  along  which  0  is  constant,  the 

arc  BP  =  cy'^(cosh^O-sm^(p)d(l)  =  aE^ 
as   before,  with  a  =  c  cosh  0,  and  the  modulus  equal   to  the 
excentricity  sech  0. 

For  the  confocal  hyperbola,  along  which  0  is  constant,  the 
arc  is  given  by 

c/^  (coshes  -  cos^<p)de, 
which  can  be  expressed  by  elliptic  integrals  of  the  first  and 
second  kind,  of  Legendre's  form. 
Putting 

a  =  csm(py  6  =  ccos0, 
the  equation  of  the  hyperbola  is 

(xlar-(ylby=l; 
and  now  the  coordinates  of  any  point  P  on  the  hyperbola  may 
be  given  by  a  cosec  x,  ^  cot  x  ',   aiid  the  tangent  at  P  by 

X  'V     .        -I 

-  cosec  Y  —  f  cot  Y  =  1, 

and  then  amh  0  =  Itt  —  x, 

cosh  Q  =  cosec  x,  sinh  Q  =  cot  x,  tanh  6  =  cos  x,  etc. 
The  tangents  at  P,  and  at  another  point  Q  defined  by  x', 
will  therefore  meet  at  a  point  R,  where 

x_  cot  x'  — cot  X  ^^"^  (x~"xO     2/_^^^X~^^^x' 

a     cosec  X  cot  x' —  cosec  x'cot  X     cos  x'  — cos  x'  b     cosx'  — cosx' 
When  we  put 

X  =  am  u,  X  "=  ^'^  '^ 
the  modular  angle  being  0,  then  as  in  §  173  for  the  ellipse. 
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8aC'<)C(/-i 


X 

a 


Sjd^a^d^ 


_£2_ 
C 


cn  J(u  -  v) 


1  _ 


sn  ^{u-\-v)  dn  h(u  —  vy 
cn  ^{u-\-v) 


h    8^8 A    SjcZg     sn  J  (u + 1;)  d  n  J  (u  —  v)' 
and  therefore,  eliminating  cn  \{u^v)  and  dn  J(u  — i;), 
(^/a2)  +  (2///3)2=l. 


\iu-\-vy  '^~?srri(u+v)~  Acsn  J(u+^y 


where    a  =  -       , , 
/c  sn  J(i 

and  a2-/32  =  c2  =  a2^-^>^ 

so  that  i^  describes  a  confocal  ellipse,  when  it  +  'y  is  constant. 


Fig.  24. 

180.  By  putting  u-\-v  =  K,  we  obtain  theorems  for  the  hyper- 
bola (fig.  24)  analogous  to  Fagnano's  theorems  for  the  ellipse. 

Now  (§  123)         a  =  cV(l+/cO,  /3  =  cJk, 
or  a^  =  c{c  +  b),       ^^  =  ch; 

and  ii  describes  the  ellipse  FI),  whose  equation  is 


c, 


which  will  intersect  the  hyperbola  in  a  point  Fj  the  analogue 

of  Fagnano's  point  on  the  ellipse,  the  coordinates  of  which  are 

c  sin  0^(1 4- cos  0),  c(cos0)^. 
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Now,  as  in  §  57,  with 

A^Ax'  =  K=  cos  (p, 
and  cot  x  cot  x=k=  cos  (p, 

or  sinh^sinh0'  =  /c', 

and  if  x,  y  and  x\  y'  denote  the  coordinates  of  P  and  Q, 
x  =  a  cosec  x  =  o^AxVcos  x',  a;'  =  <x  cosec  x'  =  aA^/cos  x ; 
2/  =  a     cot  X  =  ctA:'tan  x',       y'  =  <^     cot  x' =  ^/c'tan  x ; 
and  thus  yy  =  aV  =  c^cos^^. 

Drawing  the  perpendiculars  0  F,  OZ  from  0  on  the  tangents 
at  P,  Q,  and  denoting  the  angles  AOY,  AOZ  hy  co,  co' ;  then 

CLX       11 1 0 

tan  CO  —  -T-—i~^  —  tan  0  cos  x  =  tan  0  tanh  ^  =  sin  ^  sin  xl^X  ' 

sin  ft)  =  sin  0  sin  x',  cosa)  =  Ax',  sin  w' =  sin  0  sin  x,  cosct)'  =  Ax- 
Now  denoting  OF,  0^  by  ^,  2?',  then 
^  =  ^(a^cos^oj  —  ?>%in2ft))  =  c^(sin^0  —  sin^o))  =  c  sin  ^  cos  x  ) 
29p' z=  c^sin29!)Cosxcos  x' =  c^sin^^^  cos  0  sinxsinx' =  c^cos0  sincosinto'. 
Making  use  of  the  formulas 

*=  _^_^,,  and  PY=^  -f, 
dco         dijcr    ^  d(o 

then 

P  F—  arc  AP=ypd(jo  =  c/'^(sin^0  —  sm^co)d(t) 
0 

=  c/sin  V  cos^x^VAx  =  c/(  A^  -  K-')dxl^x 

=  c(Ex'-k'Fx');  ^ 

also  P  F=  c  sin  co  cos  ^/^(sin^^  —  sin^oj) 

=  c  tan  x'^x'  =  c/tan  xAx 

=  c  cosh  0  sinh  ^/^(cosh^O  —  sin^^). 

181.  The  arc  J.P  of  the  hyperbola  is  now  expressed  in  terms 
of  an  elliptic  integral  of  the  first  and  of  the  second  kind  ;  we 
can  however  express  the  arc  by  means  of  two  elliptic  integrals 
of  the  second  kind,  or  by  two  elliptic  arcs  by  means  of  Lan- 
den's  transformation  (§  67). 

We  shall  find  that  if  we  put 

ft)  +  x'  =  2-</r,       or       sin(2-i/r  —  xO  =  sin  w  =  sin  0  sin  x', 

,,  ,        ,  sin2x/r  ,     (l+sin0)A(V^,  y) 

then       tan v  =  . — .-7— ^-^rr*  ^ec x  =  ^^^^ —    y/    \r    //^ 

^     sm0  +  cos2\/r  ^         sin^  +  coszy/" 

,  „        4sind)  ,     1  — sin0 

where  ^^  =  (1  +  ,^^  T  =i+sr^. 
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,_  sin  2^  .       _       sin<^sin2yr 

.    ,       1 4-  sin  0  cos  2\/r 


^(sin^,^  -  sin^o))     Ax'     (1+  «in  0)A(V^,  y) 
cos  o)  +  ^(sin^^  —  sin'-o))  =  Ax'  +  k  cos  x'  =  (1  +  sin  0)A(\/r,  y) ; 
so  that 

Integrating, 

(l  +  /c)^(V^,  y)  =  %'  +  /csinx'-J/c'2i^X  ; 
and  now  the  arc  of  the  hyperbola 

^P  =  PF4-2c/c  sin x'  +  c^y-2c(l+/c)^(V-,y). 

182.  If  we  put  X~x'=27r  — ^) 

then  we  find  (§  180) 

^^^       (ljfcos^)tanx;    .^^^^      secyAx 
^      1  —  cos  0  tan'^x' '        ^     1  —  cos  0  tan^' 
gin  ^=  a  +  cos0)sinx'cosx' 
^X 
^x     l-(l-cos(/))sinV_  AV+COS0 

^^^^>-  Ax  -(l  +  cos»Ax" 

and  .  . ^%  .  =  (1  +  cos  0)  .^„  with  X  =  tanH0. 

A(^,  X)     '  ^  Ax 

Now,  sin(2x'  — f)  =  Xsin^, 

as  in  Landen's  second  transformation  (§  123);  and 

(1 4-cos0)A(^,  X)di=  (AY  +  cos  <l>ydx'IA\' 

=  (Ax-f2cos,^,+-;;>X 

=  2AxW+2cos4x;_,i,.^,(sm^^^^^ 

Integrating, 

(1  +  cos  (p)E{^,  X)  =  2Ex  +  2  cos  (pFx  —  sin'V  sin  x  cos  xV^X  J 
and  the  arc  AP  can  be  expressed  by  means  of  E^  and  E{^,  X). 

When  X  =  x'  =  am  JA^,  then   ^=  W  ; 
also  (§  175)         2%'  =  £'(/c)  +  l-cos0,  while  2Fx=K; 
so  that  (1  +  O^TA)  =  E{k)  +  kK. 
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183.  The  following  theorems,  analogous  to  those  of  §  177, 
can  easily  be  proved  by  the  student: — 

(i.)  The  difference  between  the  infinite  asymptote  DT  and 
the  infinite  arc  FT  is  equal  to  AD  —  SlVcAF',  so  that 
the  difference  between  the  infinite  asymptote  OT  and 
the  infinite  arc  J.  T  is  equal  to  OD  -{-  AD  —  2  ^xo,  AF ; 

(ii.)  the  coordinates   of  F  are   (c  +  ?>)^{(c  — 6)/c},  /JQ^^I^)'^ 
and  the  tangent  FK=AD  =  h,  KG  =  c; 

(iii.)  the  tangents  at  P,  Q  intersect  in  R  on  the  confocal 
ellipse  through  F,  whose  equation  is 


c  +  b      b 

and  the  tangents  at  P\  Q  intersect  in  R'  on  the  con- 
focal  hyperbola  through  B  and  K,  whose  equation  is 


=c; 


c  —  a     a 

(iv.)  PR-&YcPF=QR-sircQF', 
(v.)  P'i^'  +  i^'Q-arcP'Q  is  constant; 

(vi.)  the  circle  inscribed  in  the  region  bounded  by  the 
straight  line  AD,  the  asymptote  PT  and  the  hyper- 
bola AQ  touches  the  hyperbola  at  F ; 

(vii.)  PT=  c  cot  x^X'  Q  ^—  ^  ^^^  X^X>  C'^  —  cAx/^^^  x^^^  X^ 
PT.QV  =  FK\  PY.QZ=c\ 
Qv-PT=QZ,       or      vZ  =  PT, 

pj^^,  Ax_l-cos(x-xO  EQ  =  cM-^-''<^-^^letc. 
sm  X  cos  X  —  cos  x  sm  x    ^^^  X  ~  ^^^  X 

184.  The  geometrical  theorems  of  §  173  for  the  ellipse  hold 
with  slight  modification  for  the  mechanical  description  of  con- 
focal  ellipses  and  hyperbolas  from  a  fixed  hyperbola. 

The  threads  from  the  reel  must  be  led  round  distant  points 
on  the  hyperbola  APQ  (fig.  24)  and  be  wrapped  on  the  curve ; 
and  now,  starting  from  F,  the  confocal  ellipse  FRD  will  be 
described,  if  the  threads  are  led  off"  in  the  same  direction. 

At  Dy  one  thread  DT  must  be  supposed  of  infinite  length  ; 
and,  beyond  D  on  the  ellipse  FD,  the  thread  DT  must  be  trans- 
ferred to  the  other  branch  of  the  hyperbola. 

By  making  the  threads  come  off'  the  reel  in  opposite  direc- 
tions, the  confocal  hyperbola  DK  can  be  described,  starting 
from  D  or  any  other  point  R. 
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185.  The  integration  of  the  functions  of  §  77  can  now  be 
expressed  by  means  of  the  elliptic  functions,  and  of  the  function 
E  am  v.,  defined  by 

E  am  u  =J^(\n^udu. 

0 

Then  J'k^^w^ucIu  =  u  —  E  am  u 

0 

y^K^cn^udu  =  E  amu  —  k'^u. 

0 

To  integrate  a  reciprocal  function,  for  instance  nd%,  we 

notice  that 

d^ 
-r-  :^  log  dn  u  =  /c'^nd^it  —  dn^w, 

so  that  fK^w^udu  =  E  a.mu  —  K~snu  en  u/dn  u  ; 

0 

and  so  on. 

Again,  since  cdhL  =  sn\K—u), 

fK-Q.^-ud\i  =  u  — ydn^  {K  —  u)du 

0  0 

=  u-E-\-E8im(K-u) 
=  u  —  E  am  u  +  /c-sn  -m,  en  u/dn  u  ; 
and  since  K^nd^u  —  dn-(K  —  u), 

/K'-^iid^udu  =  E-Eam{K-u) 

=  E  am  u  —  /c^sn  u  en  2c/dn  u, 
as  before. 

In  Problem  III,  §  8G,  we  find 

dt     dn2^     ,  2A 
d^     cn20 
and  nt  =/dc^ede  =  0- E am  O  +  mO  dn  0/cn  a 


Examples. 

1.  Prove  that  the  area  of  the  Cassinian 

r*-2aVcos20  +  a4  =  64 

is  2  /  (6-*  -  a^sm^^fd<p,  if  6  >  a ; 


or 


2y{a^-¥sm^<p)-h*cos^(pd<p,  if  a  >  b. 
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2.  Rectify,  by  means  of  elliptic  arcs  (pointing  out  the 
geometrical  connexion), 

(i.)  yjh  =  sin  x/a,  cos  x/a,  cosh  x/a,  dn  x/a,  en  x/a,  sn  x/a, . . . ; 
(ii.)  r  =  hcos(h6la)  or  acos((xO/6),  the  pedals  of  an  epi-  or 

hypo-cycloid ; 
(iii.)  rcos(bO/a)  =  h,  or  r cosh(60/a)  =  6,  Cotes's  spirals; 
(iv.)  the  lima9on  r  =  a-\-h  cos  6,  the  trochoid,  and  the  epi- 

and  hypo-trochoids. 

3.  Express  a?  as  a  function  of  s  in  the  Elastica  of  §  97. 

Prove  that  if  the  ordinate  is  made  equal  to  p,  the  perpendic- 
ular on  the  tangent  from  the  centre  of  an  ellipse  or  hyperbola, 
and  if  the  abscissa  is  made  equal  to  the  arc  ^P±PF,  the 
curve  will  be  an  Elastica  (Maclaurin,  Fluxions,  1742.) 

4  Prove  that    (1— /c^)-r^H j K=0', 

CtK  K  CLk 

(l-/c2)-^r^-f ,-+^=0. 

^  dK^  K  dK 

Change  the  independent  variable  in  these  differential  equa- 
tions from  K  to  k,  0,  or  u,  where 

ic  =  ^h  =  sin  0  =  tanh  u  ; 
and  reduce  the  resulting  equations  to  the  canonical  form 

y  dx^ 

Solve  the  differential  equations  in  which 

1  —  hh' 
I—  :^    cosec220,  —  cosech22i6,  —  sech22u,  .... 

(Glaisher,  Q,  J.  M.,  XX.,  p.  313 ;  Kleiber,  Messenger,  XVIII., 
p.  167.) 

5 .  Prove  that,  if  u^-\-u.2-\-u^-\-n^  =  ^j 

1+/C%S2^3^4    ^   ^1  ^2  ^3  ^4   ^ 

—       ^  ^1^2^3^4        (  ^1^1    I   ^2^2   I   ^3^3   i   ?A  ] 
K^C-^C^C^C^  —  k'^K   Cj  Cg  Cg  G^  J 

^  _K%d^d^d^_  /s^     S2C2     S3C3     s^c A 
K^-\-d^d^d^d^  d^       d^       d^'^  d^J 

=  K\/{h^  +  ^2^  +  ^3^  +  ^"^4^  -  2S1S2 V4  +  2C1C2C3C4  -  2). 
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The  Elli'piic  Integral  of  the  Third  Kind. 
186.  We  can  now  make  a  fresh  start,  and  prove  the  Addition 
Theorem  for  the  Zeta  Function  independently  ;  and  then  pro- 
ceed to  Jacobi's  form  of  the  Third  Elliptic  Integral. 
(Fundamenta  Nova,  49 ;  Glaisher,  Proc.  L.M.S.  XVII.  p.  153.) 
Multiplying  formulas  (3)  and  (6),  §  137, 

—  4/c%n  16  en  u  dn  u  sn  i;  en  V  dn  -y 
(l—zc^n^sn^v)'^ 
and,  integrating  with  respect  to  v, 

rr       /     ,    X  ,   XT'       /  .     ^     2  en  u  dn  u/sn  u 

where  G  is  the  constant  of  integration,  independent  of  v. 
To  determine  C,  first  put  v  =  u  ;  then 

^     r,        r.     .  2  en  It  dn  u/sn  u 
1— /c^sn% 
so  that,  replacing  ^am  u  by  Eu/K+Zu, 
„ ,     .    -      ^ ,  K     ry^        2  en  u  dn  u/sn  u     2  en  u  dn  Wsn  v 

sn2u/-        1— A:-sn%     ,       „      „ 

1-:; K—^ ^     =/C^Sn  2U: 


~  sn%  \      1  -  /c^sn%sn^t;/  1  —  /c^sn^u  sn^-y 

=  K'^sn(u  4-  t;)sn(u  —  '?;)sn  2u (2) 

Replacing   u-\-v,  u  —  v,  and   2u   by   u,  t',  and   u+i',  this 
becomes  the  formula  given  above,  §  176, 

Zu-\-Zv  —  Z{u-\-v)  =  K^s,numv8n{u-\-v) (2)* 

Again,  put  u  =  0  for  the  determination  of  (7;  then 
G=  2Ew  +  2  en  u  dn  u/sn  u  ; 
and  now 
,7,     ,     X  ,  ,7/          \     ory        —  2/c2sn  u  cn  u  dn  u  su^i; 
Z(i.+t;)  +  Z(u-^)-2Zu  = 1_^.3„.^,^^ (3), 

another  form  of  the  Addition  Equation  of  the  Zeta  Eunction, 
leading  immediately  to  Jacobi's  form  of  the  Third  Elliptic 
Integral,  as  required  in  §  114. 

187.  Integrating  this  equation  (3)  again  with  respect  to  v,  and 

employing  Jacobi's  notation  of 

Tx/        N  r       /*/c^sn  u  CD  u  dn  u  sn^?;  dv 

Il{v,  u)  for  / 5—2 o , 

^        ^       y  1  — Ac^sn^wsn^i; 

0 

where  u  is  called  the  parameter,  and  v  the  argument,  then 
Il{v,  u)  =  vZu -  i/Z(u  +  v)dv -  i/Z{u  -  v)dv. 
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Jacobi  now  introduces  a  new  function  Qu,  called  the  Theta 
Function,  defined  by 

yZudu  =  \o^-j^, 
^  eo 

0 

or  9u  =  90  exipyZudu; (4) 

0 

so  that  Zu  =  7^ — . 

Now  yZ{u  +  v)dv  =  \og^^^'^, 

0 

0  ^  '^ 

and  n('y,  u)  =  vZu  +  J  log  ^^ — — -<^, 


loge-   /g!i^, (5), 


e(u+vy 

so  that  the  Third  Elliptic  Integral  is  expressed  by  Jacobi's 
Theta  and  Zeta  Functions,  the  arguments  being  u  and  v,  two 
in  number  only,  and  not  three,  n,  k,  0,  as  in  Legendre's  form. 

188.  Integrating  equation  (3)  again  with  respect  to  u, 
I     /{din\u  -\-v)  —  dn^(t6  —  v)}dvdvb  =  log(l  —  /c^sn%  sn^v), 

0        0 

or 

log       Q^      +  log  — g;^'  -  2  log  g-  =  log(I  -  /c2sn%  sn^v), 

^^"+ffie^r^^^"=l-^-sn%.n^. (6) 

a  formula  which  takes  the  place  of  the  Addition  Theorem  for 
the  Theta  Functions. 

For  instance,  putting  u  =  v, 

e2u = (1  -  /c2sn%)e%/e3o (7) 

Interchanging  the  argument  and  parameter,  u  and  v,  then 

n(.,.)=uz.+iiog|^, 

SO  that    n(u,  v)  —  Il(v,  u)  =  uZv  —  vZu, (8) 

and  JI(v,  u)  is  thus  made  to  depend  upon  11(1^,  v). 
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189.  In  Legendre's  notation,  II{n,  k,  (p)  or  simply  II^,  is 
employed  to  denote  his  Elliptic  Integral  of  the  Third  Kind 


A 


(l+7isin2^)A^ 

0 

n  being  called  Legendre's  parameter  (§  114) ;  and  with  Jacobi's 
notation,  n(n,  k,  am  u)  =  /r— s-  • 

0 

But  Jacobi  changes  the  notation,  by  putting  ti  =  — /c'^sn^a, 
and  by  calling  a  the  parameter;  also  by  denoting  the  integral 

•/c^sn  a  en  a  dn  a  sn^uc^u  ,      ^,       . 
^i r. — s s by  II  (u,  a), 


/' 


/r 


and  not  the  integral 

r  du  ,  .  ,  ,        .   sn  a  n(u,  a) 

^ o — s 9-,  which  equals  u-\ ^ 

1  —  K'^sn^a  sn-it  ^  en  a  dn  a 

0 

In  Legendre's  notation,  the  Addition  Equation  of  the  elliptic 
integrals  of  the  first  kind 

leads  to  Ecp + Ex/r  —  E/jl  =  k^siu  0  sin  yfr  sin  jul, 

the  Addition  Theorem  for  the  second  elliptic  integrals ; 
and  now  for  Legendre's  elliptic  integrals  of  the  third  kind, 
the  Addition  Theorem  is  (Legendre,  F.  E.  /.,  Chap.  XVI.) 

^  Va  I  +  71  —  n  cos  0  cos -i/r  cos /x 

>y/(  — a)  1+71  — 71  cos  0  cos -l/r  cos /i     ^ 

according  as  a  is  positive  or  negative,  where 

a  =  (l+7l)(l  +  /c77l); 
this  can  be  verified  by  differentiation. 

This  relation  is  very  much  simplified  by  the  use  of  Jacobi's 
function  n(u,  a) ;  and  now  with 

0  =  amu,  i/r  =  amv,  />t  =  am(u  +  t^), 
it  becomes    n(u,  a) + Jl{v,  a)  —  Jl{u-\-v,a)  =  \  log  fi, 
where  o_e(u-a)e(^-a)9(u+t;  +  a) 

Where  ^^-e(t.  +  a)e(^  +  a)e(u  +  ^;-ay  ^^^) 

and  fi  is  capable  of  being  expressed  in  a  great  variety  of  ways 
by  means  of  the  elliptic  functions  en,  sn,  dn  of  combinations 
of  u,  V,  a. 

G.E.F.  K 
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„      fe(u  -  a)e{v  -  a)Y  _   e(u  -  v)e{u  ^v-  2a) 
^^  {  eo  J   -l-Khn%u-a)sn{v-ay 

fe{u  +  a)e(v-\-a)Y       e(u-v)Q{u-\-v-\-2a) 


00  J       l—K^sn\u-\-a)sn\v  +  ay 

feae(u  +  v-a)Y      e(u+v)Q(u-}-v-2a) 


X  60  J       1  —  K^sn^a  sn^  {w-\-v  —  a)' 

rOaeCu +j; -ho)  V  _  je(u  +  ^;)e(u  +  ^  +  2a) 
I  90  J   ~  1  —  K^sn^a  sii\u -{- V +uy 

(§  188),  so  that  {Fundamenta  Nova,  §  54) 

^2  _  1  —  /c^sn2(u  +  a)sn2(t'  +  a)  1  —  /c^sn^o,  sn2(u  + 1;  —  a)      ^  ^ . 
"~  1  —  /c^sii2(u  —  a)  ^n\v  —  a)l—  ac^sii%  ^ji\u + i;  +  a)  *  * '  *  ^ 
One  of  the  simplest  expressions,  equivalent  to  that  given 
above  in  (9)  in  Legendre's  notation,  is 

^_1— Ac%nusnt^snasn(t6  +  f  —  a)  .^^. 

l  +  /c%nusn'ysn  asn(u4-t^-ha)' 

and  a  systematic  collection  of  different  forms  of  Q.  is  given  by 
Glaisher  {Messenger  of  Mathematics,  X.). 

190.  According  as  Legendre's  a  or  (1  -\-n){l-{-K^ln)  is  positive 
or  negative,  so  his  Integral  of  the  Third  Kind  Jl{n,  k,  <p)  falls 
into  one  of  two  classes,  the  first  called  circular,  the  second 
logarithifYiic,  or  hyperbolic,  as  we  shall  call  it. 

In  the  corresponding  classification  of  Jacobi's  form,  the  para- 
meter a  is  imagina.ry  or  real;  and  it  is  remarkable  that  in 
dynamical  problems,  it  is  the  circular  form,  with  imaginary 
Jacobian  parameter  a,  which  is  of  almost  invariable  occurrence. 

When  Legendre's 

a  or  {l-\-n){l  +  ic^ln) 
is  positive,  and  the  corresponding  Elliptic  Integral  of  the  Third 
Kind  is  circular,  then  Jacobi's  parameter  is  imaginary;  and 
(i.)  with  n  positive,  we  must  put  n=  — /c^n^m; 

(ii.)   — /c^>7i>  —  1,  we  must,  according  to  §  56,  put 
n=  —Khn'^{K-\-ih), 
as  in  §  114 ;  and  now  the  integral  is  expressed  by 

Il(u,  ia)  or  n(u,  K-\-ih), 
involving  Theta  and  Zeta  functions  of  the  imaginary  arguments 
ia  or  K+ib  ;  for  which  there  is  no  theorem,  short  of  expansion, 
to  express  the  result  in  a  real  form. 

We  shall  find  however,  in  the  applications,  that  this  imagi- 
nary form  constitutes  no  real  practical  drawback. 
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Taking  for  example  the  result  of  §  114,  then,  by  (6)  §  188, 
^  =  /i^(^--^^)^{e(u+a)e(u-a)}g^. 

with  u  =  nt,  and  a  =  K-\-t'iK' \  while 

..         ,.     cnadna     ,  ^.        . 
%{(f>  -  ij.t)  =  -gj^—  '^  +  n(u,  a), 

V,        ^x  /cn^dna     ,     „  \    IQ{u—a) 

so  that,  by  multiplication, 

{x  -\-  iy){cos  juit  —  i  sin  /mt),  or  p  exp  i{(p  —  ixt) 
,    IfA-D  .D-C\e{vi-a)eO       /cnadna.„\         ,,^, 

which,  when  resolved  into  its  real  and  imaginary  part,  gives 
the  vector  of  the  herpolhode,  or  its  coordinates  with  respect  to 
axes  resolving  with  constant  angular  velocity  />t. 

191.  Take  Jacobi's  Jl{n,  a),  and  split  up  the  quantity  under 
the  sign  of  integration  into  a  quotient  and  partial  fractions ; 
therefore 

1  en  a  dn  a /    /'       du  T        du         \ 

2  snc(     ly  1  — /csnasn^6  y  l  +  /csnasnitj 

=  16  en  a  dn  a/sn  a + n(u,  a)  \ 
while 

1  cnadna 

2  sna 


{  r     du         r     dvb      \ 

Wl— /csnasni6  V l+/csnasnuj 


/c  en  g  dn  g.  sn  u j 
1  —  /c%n%  sn  V 

=y*  {  J/c  sn  (a + It)  —  J/c  sn(a  —  u)  }  dn 

_1,      dn(a+'M')  — A:cn(a+u)  dn  aH-zccna.^P 

~2     °  dn(ft  — u)H-/ccn(a  — u)*dna  — /cci>«^ 

Therefore,  by  addition  and  subtraction, 

en  a  dn  « V       du  fry    ,  en  a  dn  a\ 

sn  a  y  1  —  /c  sn  a  sn  it        \  sn  a     / 

0 

1,      0(a  — u)  dn(c6  — u)  — Accnfg  — u)  dna+/fcna 

2    °(3(a+'M/)*dn(a  +  u)+A:cn(a+it)  *dna  — /ccna' 

cnadna/*       du  ( r,    ,  cnadnaN 

It-. =  u(ZaH 

sn  ct  y  1  +  /c  sn  a  sn  u        \  sn  a     / 

1,      0(a  — it)  dn(<x  — it)  +  /ccn(a  — It)  dna  — /ccna 
2    *8(a4-u)*dn(tt+'M')— Accn(a  +  it)  'dnct+Accna' 
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192.  Again,  taking  the  formula  (7),  §  137, 

sn^a  — sn%  /     ,     x     /         \ 

and  differentiating  logarithmically  with  respect  to  a, 
sn  a  en  a  dn  a     Khn  acnadna  sn% 
sn^a  --  sn^u  1  —  /c^sn%  sn% 

_1  cn{a  +  u)dn(a-{-u)     1  cn(a  —  u)dn(a  —  u) 

~2  sn{a-{-u)  2         sn(a  —  u)         ' 


f- 


and  then  integrating  with  respect  to  ^6, 

snacnadna(iu     1,      sn((x+i6)     „/        x 

9 9 =  s  log  — ^ ( -  n('M.,  a) 

sn^a  — sn%         2     °sn(a  — 'w.)         ^        ^ 

0 

2     ^sn(a  — ^(')  9(a  — i6) 

=  -wZa  +  2logg^, (14) 

introducing  Jacobi's  function  Hu,  called  the  Eta  Function, 

defined  by  the  equation  {Fundamenta  Nova,  §  61), 

1    H^^  , 

snu  =  -^  — - (15) 

This  form  (14)  and  Jacobi's  Hiu,  a)  are  the  two  forms  of  the 
hyperbolic  integral  of  the  third  kind  to  which  Legendre's  form 
can  be  reduced  for  negative  values  of  a. 

When  0  >  '?^  >  — /c^   we  put  n  =  —  zc^sn^, 

and  obtain  Jacobi's  form  Jl.{ib,  a)  of  (5). 

When  —  1  >  ?i  >  —  GO  ,  we  put  n=  —  l/sn%, 

and  obtain  the  above  form  (14). 

This  form  again  can  be  split  up  into  partial  fractions ;  and 
a  similar  procedure  shows  that,  since 


/i 


du      ,  snu  ,      dnu  — enu 

=  lo2:-r- — ,  or  looj , 

snu        ^dnu  +  cnu  °        ^nu 


therefore,  by  equations  (4)  and  (7),  §  137, 
'cnadna^nudu 


r 


_^    /"sn(a-^n)  —  sn(a  —  u)  J 
'^J      sn(a  +  u)sn(«,  — u) 

__.  r  dvj       J  r  du 

'~^J    sn(a  — 16)     t/ sii((:t  +  u) 


/ 
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_    ,     sn(a-\-u)  dY\(a—u)-\-cn(a  —  u)  dna  —  cna 

~  -     °sn(a  — u)  dn(aH-tt)  — cn(a-fu)  dna+cna' 

_    ,      sn(a  — u)  dTi(a-\-u)-{-cn(a-\-u)  dna  —  cna   ..^. 

~  ^    ^  sn(a  4-  u)  dn(a  —  u)  —  cn(a  —  u)  dn  a  +  en  a*  ^     ^ 

Therefore,  by  addition  and  subtraction  of  (14)  and  (16), 
cnadnacZu 


sn  a  —  sn  u 


rw    .11      0(a+w)  dn(a  +  20  +  cii(a+u)  dna  —  cna 

=  —  uZa  +  \ log  -^) (  .—. { 7 (  J ; , 

■'    ^9(a— u)  dn(a  — t^)  — cn(a-u)  dna  +  cna 

cnadnacZu 


/ 


sna-|-snt6 
0 

__    ^       ,,  ^0(a+u)  dn(a  +  u)  —  en (g  +  u)  dna  +  cna 

-  «-i-^  ^^9(a  — u)  dn(a  — w)  +  cn(a  — ii)  dna  —  cna' 

By  means  of  equation  (6),  §  188,  and  the  formulas  of  §  123, 
these  relations  may  be  written 

'cnadnatZ'w 


/ 


sna  — sni6 
0 

_    2   4.  1  cr  Q^K^  +  ^)  sn  \a  en  |(a  +  'M^)dn  \{a-\-u) 
^  ^       ^°  62J(a  — u)       sn|(a  — ujcn^adn  Ja     * 
'cnadna(iu 


/ 


sna  +  snt6 
0 
_  Q^|(a+u)       sn  |(a  +  t6)cn  \a  dn  ^a 

—  —      «,         o  02J(a  — u)  sn^acn  |(a  — u)dn  Ka-i/,)' 
The  student  may  prove,  by  a  similar  procedure,  that 


/ 


/ 


snadnacZu     ,,      1  — cn(a4-if')     ^, 

—  =  \  log  1 — / —  X  -  n(u,  a ), 

en  u  — en  a  °1  — cn(a  — u)        ^        ^ 

/sn  a  dn  a  (Zu     ,  ,      1  +  cn(a  —  u)  ,  _^ .      * 
cnu  +  cna=^'°gl  +  cn(a  +  u)  +  "<^'  <*)' 
//c^sn  a  en  a  c?i6     ,,      1— dn(a  +  u)     ^r, 
dnu-dna  =  * '"« l-dn(a-^) " ^^""  «>' 
/K^snacna(it6     ,,      l  +  dn(ct  — u)     _^^ 
dn^  +  dna   =^'°g  l  +  cln(a  +  u)  +  n<^'  «>> 
snacnadna  — snucnudnu  ,    _,     sn(a  +  u)0(a+u)90 

sn^a— sn^w,  ~    ^  OaOt^  ^       * 

snudnu  — snadna  ,    _    7   _]  ^Q(<x  +  u)90  1  — cn(a-|-u) 
en  u  — en  a  "  *^      9a9i6  1  — ena     ' 
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Eulers  Pendulum. 

193.  Consider  for  instance  the  rolling  oscillations  on  a 
horizontal  plane  of  a  body  with  a  cylindrical  base,  such  as  a 
rocking  stone,  or  a  cradle. 

Then  the  Principle  of  Energy,  considering  the  line  of  contact 
as  the  instantaneous  axis  of  rotation,  leads  to  the  equation 

i(c^  -  2ch  cos  e+h^  +  ¥){deidtY  =  ^/i(vers  a  -  vers  0), 
where  d  denotes  the  inclination  to  the  vertical  of  the  plane 
through  the  axis  and  the  centre  of  gravity  at  any  time  t,  a  the 
extreme  value  of  0,  c  the  radius  of  the  cylindrical  surface,  li  the 
distance  of  the  C.  G.  from  the  axis  of  the  cylinder,  and  h  the 
radius  of  gyration  about  the  parallel  axis  through  the  C.  G. 

When  c  =  0,  this  equation  reduces  to  ordinary  pendulum 
oscillations,  as  in  (3)  §  3 ;  but  in  the  general  case  we  have  the 
oscillations  of  what  is  sometimes  called  Euler's  Pendulum. 

dO''  V^sin^ia-sin^i^) 

^(c-/^)H/<^'+{(c  +  /^y  +  />^'}tan^ia, 
~       4<gh  cos^a{tan^a  -  tan^i^)       ' 
and  now,  if  we  put 

tsin^O  =  tan  Ja  cos  ^, 

dt^  _ c^-2chcos  a  +  h^-i-k^-  {(c  +  hy-+-k^}sm%asm^(l) 

dt_    lfc^"-2chcoHa-\-h^  +  k^\  A0 

^^  ^dcp~^J\  oh  J  l-sin2iasinV 

on  putting  n^  =  g/c,  and 


""      c'-2chcosa-^k^-{-k^        ^   '         c^-2chcosa  +  hr--{-k^ 

To  reduce  this  to  Jacobi's  canonical  form,  put  <p  =  Simu, 
and  sin^Ja  =  Ac^sn^o, ;  then  dn2(X  =  cos^Ja, 

„       c^-2chcosa  +  h^-\-k'^       o        ichcosHa 
^^d        sn^a=  ^,^f^^j. >  ^^'«  =  (c  +  /.)H/.^  ' 

.,    ,     dt     »snadna  dn^u 

so  that  71 -7-  =  2 


2 


2c 

sn  a  dn  a     2/c^sn  a  en  a  dn  a-  sn% 


en  a  1 


,  ^     ^sn  a  dn  a       ^tt/        ^ 

and  nt  =  2  u  —  2lUu,  a) 

en  a 

while  tan  J0  =  tan  J  a  en  u. 
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In  the  ordinary  pendulum,  where  c  =  0,  this  reduces,  as 
in  §  8,  to 

tan  JO  =  tan  J  a  cn(K—7it), 
equivalent  to 

siniO  =  sin  Ja  sn  nt ; 

where  n  now  denotes  >v/{5'V(^^+^^)}- 

As  another  application  of  the  Third  Elliptic  Integral  the 
student  may  rectify  the  inverse  (or  pedal)  of  an  ellipse  or 
hyperbola,  with  respect  to  any  point;  examining  the  parti- 
cular case  when  the  point  *is  the  centre ;  also  the  case  of  the 
Lemniscate,  the  inverse  or  pedal  of  a  rectangular  hyperbola, 
with  respect  to  the  centre  (R.  A.  Roberts,  Integral  Calculus, 
p.  310). 

Examples. 

1.  Prove  that,  ifk-{-k'  =  l, 

'i^  fhir     {k  COS^cj)  +  k'cOfi^\lr)d(l)d\[r       _  . 

J{\-k  sin20)^(l  -  k'^in^yjr)  ~  ^'^ ' 
0        0 

and  deduce  Legendres  relation  of  §  171. 

2.  f'Y'  k{y-x)dxdy 


ir 


J{x  .\-x.  l-kx)J{  -y  .1-y.l-ky) 
0       0 


=  2: 


'•//or 


KxXl-hKy)  J{l-xU-KV)J{y^-l.l-KY)    kk^ 

4     nri (y-x)dxdy ^ 

J  Js/(^'<x^-ei.x-e^^.x-e^)J{-4<.y-e^.y-e.^.y-e^) 
'-     ^3  (§  51). 

r<^+Hra (y-x)dxdy 

a        „->{V{(«-«')-(^-^)'  +  ^'}V{(2/-a).(2/-^/  +  ^'}~^ 

J  J  {x-a){:y-a)J{-XY) 

y     /s 
7.  Denoting  K-E,  K'-E\  E-k'^K,  E'-k^K'  by  J,  J\  G,  G' 
respectively  (Glaisher,  Q.  J.  M.,  XX.),  prove  that 

^  \      dK  dK  J      k\     dK         dK  / 

\       dK  dK  /       K    \     dK  dK/ 


CHAPTER  VII. 

ELLIPTIC   INTEGRALS   IN  GENERAL,  AND  THEIR 
APPLICATIONS. 

194.  The  general  algebraical  function,  the  integral  of  which 
leads  to  elliptic  integrals,  is  of  the  form 

U+VJX' 

where  S,  T,  U,  V  are  rational  integral  algebraical  functions  of 
X,  and  X  is  of  the  third  or  fourth  degree  in  x. 
We  first  rationalize  the  denominator,  so  that 

S+T^X  _(S+TJX)(U-VJX)_M    N    1 
-jj^  VJX~  m-  V^X  ~D'^D  JX' 

suppose  ;  and  now  the  integration  of  the  rational  part  MjD  is 
effected  by  elementary  methods,  when  it  is  resolved  into  its 
quotient  and  partial  fractions. 

In  the  irrational  part  NjD^X,  the  rational  fraction  NjD 
is  also  resolved,  into  a  quotient,  having  a  typical  term  x'^, 
and  into  partial  fractions,  having  typical  terms 
ll{x-a)  or  ll{x-aY. 

By  differentiation,  we  find  that 

so  that,  integrating,  and  denoting yi'^cZaj/^X  by  it^, 

^m-3^X  =  (m  — l)au^4-4(m  — f)6u^_i  +  6(m  — 2)cu^_2 
+  4(m  -  i)dum  -  3  +  (m  -  ^)eu^  _  4, 
a  formula  of  reduction  by  means  of  which  the  integral  u^  is 

made  to  depend  ultimately  on  the  integrals  u^,  u^,  and  Uq, 
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Similarly,  by  differentiation  and  integration,  denoting 
fdx\l^x-aYjX  by  v„, 
we  can  determine  another  formula  of  reduction,  of  the  form 

yx  —  af'  ^ 
by  means  of  which  the  integral  y„  is  made  to  depend  ultimately 
on  the  integrals  v^,  v^,  v^^,  and  v_^\  or  rather,  on  v^,  Uq,  Uj,  Ug ; 
since  'i^o  ^^^  '^0  ^^^  ^^^  same,  and 


itj  — a^o,    'y_2  =  t^2  — 2aUi  +  ant 


By  the  various  substitutions  of  Chapter  II.,  ii^  is  reduced  to 
Legendre's  First  Elliptic  Integral,  while  at  the  same  time  the 
integrals  u^,  Ug,  and  v^  are  reduced  to  elliptic  integrals  of  the 
Second  and  Third  Kind. 

When  x  —  a  is  a  factor  of  X,  the  substitution  x  —  a  =  lly 
shows  that  v^  becomes  yydy/^Y,  where  Fis  a  cubic  function 
of  y,  and  v-^  now  reduces  to  the  Second  Elliptic  Integral. 

But  without  carrying  out  this  work  in  detail,  now  only  of 
antiquarian  interest,  we  adopt  instead  the  Weierstrassian 
notation :  and  by  means  of  the  substitutions  of  the  previous 
chapter  we  express  x  and  ^X  rationally  in  terms  of  pu  and 
^'u ;  so  that  the  integration  is  reduced  ultimately  to  that  of 
A+Bp'u  with  respect  to  u,  A  and  B  being  rational  functions 
of  ^u. 

195.  We  must  at  this  stage  introduce  the  functions 
fu  and  a-u, 
the  functions  employed  by  Weierstrass,  in  conjundiion  with 
his  function  fu. 

The  function  ^u,  called  the  zeta  function,  is  defined  by 

f'u=  —pu,  or  ^u=  —ffiidu  ; 
while  the  function  crVb,  called  the  sigma  function,  is  defined  by 

or  log  a-u  =/^udu,  a-u  =  exipy^udu  ; 

1  XI            d-loo:  o-u 
and  thus      r^. —  =  —  pu. 
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Taking  the  definition  of  s  or  ^u  in  §  50, 

U=J  {^s^-g^-g^)-^ds, 

expand  in  descending  powers  of  s,  and  integrate ;  then 
u=y{s-i(l-ig^''-ig,s-'')-id3 


'f' 


the  *  marking  the  place  of  a  missing  term  in  the  expansion. 

Therefore,  by  Reversion  of  Series,  since  u^  is  a  rational 
function  of  s,  we  obtain,  in  the  neighbourhood  of  ii  =  0, 

sor^u-^,+  ^+  2^  +  2^  +.... 

To  obtain  further  terms  of  the  expansion,  assume 

and  since     p'^u  =  ^(^^u — g^^iJt^ — g^, 

we  can  obtain  from  the  last  equation  a  recurring  formula  for 
the  determination  of  the  coefficients  c  ;  and  as  far  as  v?, 

^"'"162"^*'^  20  "^  28  "^ 2^3. 52 "^2^5. 7. ll^"*' 
The  expansion  of  the  zeta  function  is  now 

;:,,__L,        _&L_Ss^__9li^ 929z^^  . 

^        u"^*       60       140     2*. 3. 52. 7     2^3.5.7.11     *"' 

so  that,  defined  more  strictly, 

0 

Similarly  we  shall  find,  for  the  sigma  function, 

.;_.,-!_  ^^^^  ^3'^^  ^2'^^  ^2g^3^'^ 

a-u-u-t  ^      24,3  5     23.3.5.7     2^32.5.7     27.32.52.7.11      **"' 

so  that,  strictly  defined, 

log  cru  =  log  u-\- 1  \bi \dvb,  or  crii  =  UQ^^/  (tu ]du. 
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Homogeneity. 

196.  From  considerations  of  homogeneity  it  follows,  that  if 
^6  is  changed  into  u/m,  and  at  the  same  time  if  g^  and  g^  are 
changed  into  'in^g.i  and  m^^/g,  then  s  or  <pii  is  changed  into  mH 
or  m^^u  ;  so  that 

and  similarly 

f (^' ;  5'2>  5^3) =^^  f  (I; ;  '^'^'2.  ^^3)' 

At  the  same  time  the  discriminant  A  becomes  changed  to 
m^^A,  but  the  absolute  invariant  J  is  left  unchanged  (§  53)  ; 
we  may  in  this  manner  alter  the  argument  u  proportionally ; 
for  instance  by  taking  m  =  ^{e^  -  c^  we  can  make  the  argument 
the  same  as  in  the  corresponding  elliptic  functions  (§  51). 

When  m  is  chosen  so  that  m^^A  =  l,  or  m  =  A"^,the  elliptic 
integral  is  said  to  be  normalised  (Klein). 

Suppose,  for  instance,  that  g^  =  0, 
and  m,  m^  are  the  imaginary  cube  roots  of  unity,  —  J  ±  ^i^/S  ; 
then  m^  =  l,  and  ulm  =  m/^u; 

so  that  p(m^u;  0,  g^)  =  m.^p(u  ;  0,  g^), 

^{mu;  0,  ^3)  =  m^(u;  0,^3), 
while  ^'u  =  ^'mu  =  ^'m^u. 

Again  f(«;0,^s)=^f^=^f^.. 

\  >  ij.iy  ^^  ^^2 

This  is  the  simplest  illustration  of  the  theory  of  Complex 
Multiplication  of  Elliptic  Functions,  of  which  we  shall  make 
use  hereafter ;  the  general  theory  is  required  in  the  integration 
of  the  equation 

Mdy dx 

for  particular  numerical  values  of  g^  and  ^3,  when  1/ii  is  a 
complex  number  of  the  form  a  +  ib^n  ;  in  this  instance  92  =  0, 
and  M  is  an  imaginary  cubic  root  of  unity. 
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197.  With  the  aid  of  these  three  functions  of  Weierstrass, 
^u,  ^u,  and  a-u,  it  is  possible  to  express  any  elliptic  integral, 
and  we  can  thus  complete  the  problem  left  unfinished  in  §  194. 

The  function  ^u  is  analogous  to  Jacobi's  Zeta  function ;  and 
with  s  =  ^u,  it  may  be  defined  by  the  relation 


=>* 


Thus,  for  instance,  from  §  153,  with  appropriate  limits, 
hi~f^     a-^-a-y-a-Sfx-fi     x-y     x-S\  dx 


_  rdx 

JJX' 


where  u     , 

To   obtain   the   Addition   Equation   of    the   zeta   function 
analogous  to  (2)  and  (3)  of  §  186,  take  the  formula  (F)  of  §  144, 

implying  also  the  formula,  obtained  by  changing  the  sign  of  v, 


so  that,  by  subtraction, 
^(u-v)- 
Integrating  (a)  with  respect  to  v, 

where  G,  the  arbitrary  constant  of  integration,  may  be  obtained 
by  putting  '^  =  0,  when  ^v  =  qo  ;  so  that  C=  —  2fu,  and 


pi 
An  interchange  of  u  and  v  gives 


^(n-v)  +  ^(u  +  v)-2^'W=       ^        {^) 


-^{v^-v)+^{u+v)-Uv=  ^^; m 

SO  that,  by  addition, 

^(u  +  v)-      fu      -   ^v  =  i^^^^'^^^. (y) 

the  Addition  Equation,  analogous  to  (2*)  §  186. 
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With  u  +  v+w  =  0, 

this  may  be  written,  analogous  to  §  176, 

198.  We  can  now  take  the  function  A+B^'u  of  §  194,  and 
suppose  that  A  and  B  are  resolved  into  their  quotient  and 
partial  fractions. 

Writing  p,  p\  p",  ...  for  ^u  and  its  successive  derivatives, 
then,  the  relations 

p'"  =  \2pp\  etc., 
enable  us  to  express  the  quotient  or  integral  part  of  A-\-B<^'ib 
in  the  form 

C'  =  Co + Ci^3  w.  +  c^f'u  +  c.^<p"u  + . . . . 

Considering  next  a  partial  fraction  oi  A-\-B  <p'u  of  the  form 

pu  —  a 
we  replace  a  by  pv,  and  write  the  partial  fraction  in  the  form 

pu  —  fv         pu  —  pv 

All  such  partial  fractions  can  thus  be  expressed  by  a  series 
of  terms, 

L = i^^{u  -  v^) + idi'^  -  v^) + mu  -  ^3) + . . . , 

where  the  sum  of  the  coefficients  I  is  zero  for  each  partial 
fraction,  and  therefore  for  the  whole  series ;  so  that 
li-\-l2  +  h-^"'  =  0. 
Again,  by  repeated  differentiation  of  equations  (/?}  and  {/3') 
(§  197),  with  respect  to  u  or  v,  we  obtain  equations,  such  as 

by  means  of  which  partial  fractions  of  the  form 

P±M^   or  ffenerallv  ^±^^ 

can  be  expressed  by  terms  of  the  form  p(u  +  v),  p{u  —  v),  and 
by  their  derivatives ;  as  well  as  by  terms  of  the  form  L  and  G. 
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Thus,  finally,  A-\-B  <p'u,  or  any  rational  function  of  (pu  and 
<p'u,  can  always  be  expressed  as  the  sum  Z  +  P  of  two  series  of 
terms,         L  =  l^^{u  -  v^)  +  l^^{n  -  v^  +  \^{u  -  v^)  + . . . , 
where  l^  +  l^-\-l^-\-  ..,=0, 

and  P  =  c-[- 2m  f^''\u  —  v)  ; 

and  now  the  integral  can  immediately  be  written  down,  in- 
volving, in  general,  the  sigma,  zeta,  and  <p  function,  as  well  as 
its  derivatives. 

When  the  sigma  and  zeta  functions  are  absent,  the  integral 
is  a  function  of  fu  and  <p'ii,  and  is  not  properly  elliptic,  but 
only  algebraical. 

This  method  of  integration  is  taken  from  Halphen's  Fonc- 
tions  Elliptiques,  L,  chap.  vii. 

Halphen  points  out  that  to  obtain  the  coefficients  in  the 
series  of  terms 

l^(u  —  v)  +  mQ^{u  —  v)-\- ii\^\iL  —  v)  +  m^f"{u  —  v)-\- ... , 
corresponding  to  the  same  v,  it  is  only  necessary  to  take  the 
coefficients  of  {u  —  v)"'^,  {u  —  v)~'^,{u  —  v)~^, ...  in  the  expansion 
of  A-{-B<p'u  in  ascending  powers  of  u  —  v]  the  coefficient  I 
being  Cauchy's  residue. 


fi 


199.  Integrating  (/^)  with  respect  to  v,  then 

•P'^^^_l0g-(^^)_2,;f„, (ft) 

0 

which  may  be  considered  a  canonical  form  of  the  Third  Elliptic 
Integral,  in  Weierstr ass's  notation. 
Thus,  for  instance,  in  §  113, 

du 


1/  mt  —  ' 


1  1      cr(ti-\-v)        p 
ilog-) — '-^-uCv, 


y  (r(u  —  v) 
By  integration  of  (y),  with  respect  to  u  and  v, 

1  ^'U-^'V.  ^^^C^(U+V)      ,,c,_i_(7(l6  +  'y) 


2  ^u  —  ^v  ^    a-ucrv         ^  ^    a-na-v  ^'^' 

1  (p'u  —  <p'v^       ,      (T(n-\-v)       c       1      cr(u-\-v)  _  >         .     . 
^  ^ — dv=\oQ— — —^  —  vtw  =  \oQ^— ~e  '^";....(y2) 


y/^ 
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either  of  which  may  be  taken  as  a  canonical  form  of  the  Third 
Elliptic  Integral ;  and  also  as  illustrating  the  interchange  of 
am'plihide  u  and  parameter  v,  as  in  the  Jacobian  Elliptic 
Integral  of  the  Third  Kind,  U(u,  v),  in  §  188. 

Or  otherwise,  interchanging  u  and  v  in  (^^\  or  integrating  (/3'), 

» =log-7 — -—i  +  2utv, (80) 


/. 


so  that,  by  addition  of  {j3-^  and  {^.^, 
'f'u  dv  +  p'v  du 


/' 


=  2utv-2vtu, (S) 

a  form  of  the  theorem  of  the  interchange  of  amplitude  and 
parameter,  analogous  to  (8),  §  188. 

200.  Integrating  (P)  with  respect  to  it, 

log      ^^     +  log  — -^  -  2  log  (TU  =  log(^u  -  ^v), 

ar(v-\-u)(r(v  —  u) 
or  -^ ^ — Y =  <pu  -  fv, 

the  fundamental  formula  is  the  use  of  Weierstrass's  elliptic 
function,  analogous  to  equation  (6)  of  §  188. 

As  an  application  consider  the  herpolhode  of     113  ;  then 
/i^h    ..  .     nh    ja(n-{-v)(T{ii  —  v) 


nh    ,,  .     nil    I(t(u-^v 


while  e^0  =  ./4^e-f^ 

^^  cr{u  —  v)  ' 

so  that,  in  the  curve  described  by  //, 

.  .  .^,     nh  (r(u  +  v)      > 

^     ^  IJL      crUcrV 

while  in  the  herpolhode  described  by  P  we  must  multiply  this 

function  by  e^^''  or  cos  /mt+i  sin  jmt. 

Putting  u  =  v  in  (K),  we  obtain 

(r2u         ^,^^t.  —  pv 

cr^u  (t(u  —  v)         * 

This  may  be  obtained  by  integration  of  the  formula  of  §  149, 

1    d^ 
<^2u  =  <pu-^^j^^\og<pu. 


A 

0 
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If  n,  V,  w,  X  denote  any  four  arguments, 

cr(w  —  V  )(r{  u  +  v  )(T{tv  —  x)(j{w  +  x) 
-\-(T{v  —  w)(T{v-\-iv)ar{u—x)a-{u-^x)' 

-\-(T{w  —  u)(T{w  +  u)a-{v  —  x)(T{v-\-x)  =  0, (L) 

since  it  is  of  the  form 

(jj^V){w-x)+{v-w){u-x)-^{w-u){y-x\ 

where  U—  F  =  —  <T^iia''^v{<pu  —  fv),  etc. 

201.  We  notice  that  the  Third  Elliptic  Integral  can  be 
expressed  very  simply  as  the  logarithm  of  a  function,  so  that 
we  may  write  (y^)  in  the  form 

^ — au  =  loff  0(u,  v), 

where  d>{u,  v)  =  '^^^'^^^^e--^\ 

and  (}>{u,  v)  is  called  by  Hermite  a  doubly  periodic  function  of 
the  second  kind. 

Changing  the  sign  of  u,  or  Vy 

A,(n,  -v)  =  dy(-'U,  V)  =  -  ^(^"'^W^ ; 

so  that  (p{u,  v)(p(u,  —v)=^fu  —  <pv. 

202.  Suppose  <^v  =  e^,  e^,  or  e^\  then,  according  to  §  54,  we 
can  take  v  =  w^,  w^  +  Wg,  or  0)3,  to  correspond ;  and  now 

<p'v  =  0,  and  log  0(it,  v)  =  \  log  {'jpu  —  <^v) ; 
so  that 

0(u,  ft)i)  =  9^(u,  -  coi)  =  J{<pu  -  e-^,  etc. ; 

and  (p{u,  v)  is  an  elliptic  function  for  these  values  of  v. 
We  may  thus  put 

^(^^-6,)  =  ^^^^^+^.-^^  or  ^, 
^^^  1^        o-u  0-0)1  o-tt' 

where  o-.u  denotes  — '^ ^U'^^'^i. 

Similarly, 

where      ^,^  =  ^(^^+^3), -„«..+.,,    ^  ^  =  ^(!H:i!^s),-rf«, 

(T(ft)l  +  ft)o;  "*  (TCOg 

Also  ^'u  =  --  2^(pu  -  e^.  <pu-e^.<pu-  e^  —  -  2(t{^i  g-.^ii  a-^uja-^ii, 
and  (§  200)  a-2u  =  2o-?(.  o-^u  o-g'M'  (73U. 
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Denoting  by  a,  /3,  y  the  three  numbers  1,  2,  3,  taken  in  any 
order,  then  the  relation 

(TrtU  =  crujifii  —  Ca) 
gives,  by  a  combination  of  the  expansions  of  &w  and  ^u  in  §  195, 

O-aU  =  1  -  \eaU^  —  T  8 (66a2  -  g^v}  —  . . .  . 

so  that  cTa'^J^  is  an  even  function  of  u,  and  unaffected  by  Homo- 
geneity (§  196). 

Thus,  for  instance,  from  ex.  9,  p.  174, 

cra2't(.  +  cT^tu  =  { J{<p2u  -  Co)  +  >s/(^2u  -  e^)]a^u 

The  symbol  rja  is   employed  to  denote   fwa,  so   that  ;;  is 
the  analogue  of  Legendre's  E  of  §  77. 

With  positive  discriminant  A  (§  53),  we  find  (exs.  4,  5,  p.  199), 

and  with  negative  A  (§  62 J, 

formulas  analogous  to  Legendres  relation  of  §  171. 

203.  Denoting  (pib,  <pv,  pw  by  x,  y,  z,  then  (§  165)  if 
u-\-v+w  =  0, 

{x  +  y-^z){4txyz-g^  =  {yz+zx+xy  +  lg^^ (I.) 

Denoting  also  (x  —  ea){y  —  ea)(z  ^  ea)  by  Sa^,  then  since 

Sa^  =  xyz  -lg^-{yz  +  zx-{-xy-h  \g^ea  +  (aJ  +  2/ + 2?)«a2 

by  means  of  (I) ;  and  this  is  of  the  form  A-\-Bea,  so  that 

fe  -  ^3)^1 + (^3  -  ^1)^2 + (^1  -  ^2)^3 = ^ ; 

or  (gg-  e^)criU(TiV(r{W  +  (^3-  el)o-2^*o■2^'cr2^t'  +  (^1-  e^Ja^Ua-f^Va-^w  =  0, 

(Ta'M'  (TaV  (TaW 

smce  8a  =  ^^^^^^ . 

a-u  crv  (tW 

(W.  Burnside,  Messenger  of  Mathematics,  Oct.  1891.) 

As  an  exercise  the  student  may  prove  that,  with 

u  +  v-\-w-\-x  =  0, 

(^2  ""  ^z)^i^  ^1^  ^{^  o"!^  +  (^3  —  ^i)o'2'"'  0-2^  o-g'w;  O-yT 

+  (^1 ""  ^i)^z^(T^(T.^V(T<^X  +  (^2  —  ^3){63  —  ^i)(6i  -  62)0-^^  O^  ^^"^  (TiC  =  0, 

the  analogue,  in  Weierstrass's  notation,  to  Cayley's  theorem, 
given  in  ex.  1,  ii.,  p.  140. 

Q.E.F.  O 
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204.  The  solution  of  Lamp's  differential  equation,  which  may 
be  written  in  Weierstrass's  notation 
1  d^v 

y   du^^''^^^^~^^^^^~^^'' • ^^^ 

is  given,  when  n  =  l,  by  the  function  (p(u,  v)  of  §  201. 
For,  differentiating  ^  logarithmically  with  respect  to  u, 

(f)  du     2  pu  —  pv     ^^         ^     ^       ^ 
and  differentiating  again, 


so  that 

1  d^<f>     1  fp'u-^'vV       ,     ,    ,  , 
(j>  du^    4f  \^u  —  pv/      *  ^         ^     * 

Lame's  differential  equation,  with  n  =  l,  and  h  =  pv. 
The  general  solution  of 

13  =  2,.+,.... (2) 

is  therefore 

y  =  G<p(u,  v)  +  C'(p{u,  —v),  or  C(j){u,  v)-\-C'(f){  —  u,  v). 
When  h  or  (pv  =  e^,  e^,  or  Cg,  the  solution  is  one  of  Lamp's 
functions,  as  in  §  202. 

One  solution  is  now  ^^/(^u  — ^a),  where  a  =  l,  2,  or  3; 
the  other  being 

{^{n-^o)a)-ean}J{fu-ea\ 
as  may  be  verified  by  differentiation,  or  determined  indepen- 
dently from  a  knowledge  of  the  particular  solution  ^{<pii  —  ea). 

205.  The  revolving  chain,  resumed. 

We  are  now  able  to  complete  the  solution  (§  80)  of  the 
tortuous  revolving  chain,  by  obtaining  an  analytical  expression 
for  its  projection  on  a  plane  perpendicular  to  the  axis  of 
revolution. 

Putting  y  =  i^  cos  xj/-,  z  =  V  sin  1/^, 

then  we  have  found  in  §  80,  p.  70,  that,  when  the  notation  of 
Legendre  and  Jacobi  is  employed, 

dyfr^  H  ^ HIT^ 

dx     W    hHn\Kxla)^-cHxi\Kxlo^ 
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which,  on  putting  u  =  Kx/a,  and 

/c2sn2t'=  -(62_c2)/c2,  dn^u  =  b''lc\ 

so  that,  with      k'  =  (b^  -  c^)l(cl^  -  c% 

sn'^v  =  —  ((Z=2  —  G^)lc^y  cnH  =  d^jc^, 

,                      di\b-         en  V  dn  i^/sn  t; 
becomes  .^  =  —  ^ s — ¥^ » 

so  that  'i\U=—u lliu,  V) (1) 

^  snv  \  >    ' 

Since  sn'^y  is  negative,  we  may,  by  (67)  i^  73,  put  v  =  t'iK\ 

where  t'  is  a  real  proper  fraction. 

Now  T  =  c^{\  —  K^n^u  sn^v) 

=oeo/(u^yj^^-^), (,, 

1  .,  i;^        /9(u  +  t')        /     en7;dn^;     ^\ 

while  ey=J^ ^exp  I  —    -  —  Zv)u\ 

\  Q{;ii  —  v)^\        sn  t;  / 

so  that         y  +  %z  =  cBO  ^    ,.     exp  ( Zvju;... .(3) 

whicli,  when  resolved  into  its  real  and  imaginary  part,  will 
give  y  and  z  as  functions  of  u  or  Kxja,  and  thus  represent  the 
equation  of  the  chain. 

20G.  The  procedure  is  more  rapid  with  Weierstrass's  notation. 
Writing  y^-\-z^  =  r^,  we  have  found  that  (§  80) 

so  that  we  may  put 

r^  =  Tc^i^v.  —  ^t;), (1) 

provided  that    ,   =   — yr — ,  • 

and  g^y  g^  are  suitably  chosen. 

Since  v  is  the  value  of  u  which  makes  r^  vanish,  therefore 

the  value  of  (dr^^/clxf  when  7^2  =  0  (§  SO) ;  so  that 

p'h=-lGH^~ln^w^J<^,  (2) 

and  ^'v  is  therefore  a  pure  imaginary,  which  we  take  to  be 
negative  imaginary,  so  that  v  =  f'a)^  (§  54). 

^  d\lr_  H    dx_^    'IH         1       _    li<p'v 

du  ~  Tr^  du ""  n^wl^  ^it  —  ^  y  ~  p  u  —  p v 
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S=P^!$=if(-+-)+H(--)-f- (-5) 

from  (/3')  (§  197) ;  so  that 

.  ,       11  cr(v  +  u)         . 

ei^=  /^^)     „,    ^ (4) 

while  r=       .   M^+^)'K^-^) (5) 

and  2/+re=       ik     2<!!±!L)e-* 

^  0-1'  0-u 

=        h(j)(u,  v), 

y  —  iz=         k(l)(u,  —  v), (6) 

giving  the  form  of  the  chain. 

For  a  revolving  chain  fixed  at  two  points,  we  must  have  r^ 
restricted  to  lie  between  positive  values,  6^  and  c^,  and  therefore 
<^ii  must  be  restricted  to  lie  between  e^  and  e^ ;  so  that  with 
du/dx  constant,  we  must  put  u  =  xcoJa-\-(jo^. 

For  a  chain  attracted  to  the  axis  with  intensity  proportional 
to  the  distance,  and  thus  taking  up  a  form  of  minimum 
moment  of  inertia,  we  have  u  =  xooja ;  and  now  ^u  can  become 
infinite,  and  the  chain  reach  to  infinite  distance. 

In  this  and  other  mechanical  problems,  the  parameter  of  the 
elliptic  integral  of  the  third  kind  is  almost  always  imaginary ; 
the  apparent  awkwardness  of  this  imaginary  parameter  is 
removed  when  we  proceed  to  express  the  vector  y-{-iz  by  a 
doubly  periodic  function  of  the  second  kind  (p(u,  v),  whose 
logarithm  is  the  elliptic  integral  of  the  third  kind  ;  and  thence 
determine  y  and  z  theoretically  by  resolving  ^(u,  v)  into  its 
real  and  imaginary  part. 

Familiar  instances  of  the  same  procedure  are  met  with  in 
Elementary  Mathematics  ;  thus 

x-\-iy  =  c  cos{nt  +  ia),  or  c  cosh{nt-\-iP), 
will  represent  elliptic  or  hyperbolic  motion  about  the  centre. 

Generally,  with  x-\-iy  —  z,  X-\-  i  Y=  Z=  F'z  :  then 

dz 
J{2Fi+2h) 

will  give  the  motion  of  a  particle  of  unit  mass  under  component 
forces  (Z,  F).  (Lecornu,  Comptes  Rendus,  t.  101,  p.  1244.) 


z  =  F'z,  W  =  Fz + h,  t  = /*- 
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207.  The  Tortuous  Elastica. 

A  procedure,  similar  to  that  just  employed  for  the  revolvin 


tr> 


chain,  will  show  that  the  equation  of  the  curve  assumed  by 
a  round  wire  of  uniform  flexibility  in  all  directions  can  be 
expressed  b}''  the  equation 

y-\-iz  =  k(p(u,  v) 
and  z  =  k^u  +  yu, 

where  i6  =  swjc  +  0)3, 

s  denoting  the  length  of  an  arc  of  the  wire,  and  2c  the  length 
of  a  complete  wave. 

{Proc.  London  Math.  Society,  XVIII.,  p.  277.) 
The  elastic  wire  differs  thus  from  the  revolving  chain  in 
having  tb^sw^jc-^w^,  instead  of  n  =  xwJa-\-iji)^  (§  97). 

To  establish  these  equations,  take  the  axis  Ox  as  the  axis  of 
the  applied  wrench,  consisting  of  a  force  X  along  Ox  and 
a  couple  X  in  a  plane  perpendicular  to  Ox ;  denote  the  tor- 
sional couple  about  the  tangent  at  any  point  by  G,  and  the 
flexural  rigidity  of  the  wire  by  B. 

'Then  the  component  couples  of  resilience  about  the  axes 
Ox,  Oy,  Oz  are  taken  to  be 

W^"-y"z'\  B{z'x"'-z"x'),  B(xY-xY) 
the  accents  denoting  differentiation  with  respect  to  the  arc  s ; 
the  equations  of  equilibrium  are  therefore 

B{yV-y"z')=^Gx'+L (1) 

B{z'x'-z'x)  =Gy'-\-Xz (2) 

B(xY-xy)  =  Gz'-Xy (3) 

(Binet  and  Wantzel,  Comptes  Rendus,  1844). 
Differentiating  each  equation  with  respect  to  s,  multiplying 
respectively  by  x\  y\  z\  and  adding,  gives 

(r'  =  0  ;  so  that  G  is  constant. 
Multiply  equations  (1),  (2),  (3)  by  x\  y\  z\  and  add ;  then   ^  v 
G-X{yz'-y'z)  =  id,     G- 4Lx'-^(^t'-7  ^/ 
so  that  yz —y'z  =  r^d\jrlds=GjX,   a  constant ; 

and  yz"  —  y"z  =  {). 

Again,  multiplying  (2)  by  y,  (3)  by  ;:;,  and  adding,  gives 
Bx\yz'  -  yz)  -  Bx{yz"  -  y"z)  =  G(yy' + zz'), 
or  Bx"  =  X{yy+zz'), 

so  that,  integrating,  Bx'  =  iX{y^ + z^)  +  H. 
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Then         5  V^  =  X\yy' + zzj 

=  2X(Bx'  -  H){1  -  x'^)  -  G\    ■ 
a  cubic  function  of  x  ;    so  that,  by  inversion  of  the  elliptic 
integral,  x'  or  y^-\-z^  is  an  elliptic  function  of  the  arc  s,  which 
may  be  written 

y'^JirZ^  =  h\<pw-<^u), (4> 

or  Bx'  =  ^Xk\^(^-<^u)  +  H, 

. ,    ,  dvj     .  Xk 

provided  ds^^-E'' 

and  now  ~—k(^co  —  ^u)  +  y, , 

|  =  fu+(^ft)  + j^jii-; (5> 

,                                    dirlr      iG    ds      2iBG      1              Woo     .^. 
also  V  =  V  9   1-  =  vW'< =       \^} 

By  KirchhofTs  Kinetic  Analogue,  it  follows  that  the  axis  of 
a  Spherical  Pendulum,  Gyrostat,  or  Top  can  be  made  to  follow 
in  direction  the  tangent  of  a  certain  Tortuous  Elastica,  when 
the  point  of  contact  of  the  tangent  on  the  elastica  moves  with 
constant  velocity;  so  that,  if  x,  y,  z  are  the  coordinates  of  a 
point  fixed  in  the  axis  of  the  Gyrostat,  and  Ox  is  vertical, 

y-\-iz  =  k^ ^ ^  exp(X  —  Ca))w-, 

x  =  k{pv  —  pu), 
where  now  u  =  nt+(jo^, 

and  2(joJn  is  the  period  of  the  oscillations  of  the  Top,  or  Spheri- 
cal Pendulum. 

The  Spherical  Pendulum  and  the  To]p. 

208.  To  prove  these  formulas  independently  for  the  spheri- 
cal pendulum,  let  the  weight  of  the  bob  be  W  lb.,  and  let  the 
tension  of  the  thread  be  a  force  of  Nl  W  poundals ;  then  the 
equations  of  motion  are,  with  the  axis  of  x  drawn  vertically 
downwards, 

'^+mc=g,^+Ny  =  0,§  +  M  =  0; (1> 

subject  to  the  condition,  I  denoting  the  length  of  the  thread, 
x^-\-y'-^z'=^l^. 
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The  equation  of  energy  is 

j(^2  +  2/-2+-2)=^(^-fc); (2) 

while  y&  —  yz  =  hf&  constant (3) 

Now,  ocx-\-yy-\-zz  +  Nl^=gx, 

so  that        Nl^  =  (jx  +  x^  +  y^-^z^= g{Sx  +  2c) ; 
thus  giving  the  tension  of  the  thread. 

Hermite  writes  (Sur  quelques  a'pjplications  des  fonctions 
elliptiques,  1885) 

(y  +  iz)(y  ~  iz)  =  yy-^zz-  i{yi  -  yz) 
=  —xx—ih, 
so  that  the  norm  of  each  side  is 

(2/2  +  ^2)(2/2  ^  ^2')  ^  ^2^2  +  /^2^ 

Then 

(Z2_a;2){2^(a^  +  c)-a;2}  =.xV-\-h^ 
or  ^2^2  ^  2^(a;  +  c)(Z2  -  ic2)  -  h'' 

=  -  2(7a;3  _  2^ca;2  +  2gPx  +  2^0^^  -  h^; 
so  that  aj  is  a  simple  elliptic  function  of  t,  which  we  may  write 

x  =  k(pv-^u),  (4) 

where  u=nt-\-(jo^,  for  pu  to  lie  between  e^  and  e^. 

Then  i2^2^2^^2^  ^  2gk%^u  -  fvf  -  2gck\<§>u  -  <^vf 

-  2ghl\<pu  -  pv)  +  2gcl^  -  Jr 
=  igJ<^(4<p^u  -  g^<p.u  -  g^), 
provided  n'^  =  ig^l^'^,  and  pv=  —  ^c/k ; 

while  g^  and  g^  are  suitably  chosen. 

The  value  of  pv  is  found  by  noticing  that  x  =  0  when  u  =  v; 
and  thus  ^2^2^2^'2^  ^  2(7C^2  _  /^2^ 

Now  Hermite  writes 

1       d\    ,  .  ,         .,dt^         2Nl^        Jx-\-2c    ^       ,  ^ 
y-\-%z  du^^^  dvP-  gk  k  "  ^    ' 

Lame's  differential  equation  for  n  —  2,  with  h  —  Q^v. 

The  formal  solution  of  this  equation  is  reserved  for  the 
present;  but  it  can  be  inferred  for  this  case  by  taking  the 
equation  (3)  and  writing  it 
dyjr  _        h 
'du~n(y^+z^) 
diyjr_  ih/n  _Hh/nl^ihl7il 
^^  l^~W^'^'''''f^^  T^ ^""^ 
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We  now  put 

l  —  x  —  k{(piL  —  fa)j     l-{-X'—k{ph  —  ^u) ; (6) 

and  since  l^x^  =  —  h^,  when  x=  ±l,or  when  u  =  a,or  h,  therefore 

With  h  positive,  and  <ph><pu>fa,  we  take  <p'a  negative 
imaginary,  and  ^'h=  —^'a  positive  imaginary,  so  that  (§  54), 
a=pa)3,  h  =  w^-\-qw^y  where  j)  and  q  are  real  proper  fractions. 

Then  ^=-iP'«+    Wb      (7) 

and  integrating,  by  equation  (/3),  §  199, 

Now  y  +  ig^  ,2.^^  'r(u  +  aM&+u)^^     ^^ 

2/  — ^0  (7(w.— a)(7(5  — u)     ^        ^         ^  ' 

while 

(2/  +  iz){y  -  iz)  =  y^+z^  =  V^-x^  =  k%<pn  -  <pa){(^h  -  (pu) 
_j2^{u  +  a)(T(u  —  a)  (T(h-\-u)or(h  —  u) 

,-,    ,                ,   .       ■,o-(ii  +  a)(7(u  +  6)        .      .        ,,- 
so  that  y-\-iz  =  k  — ^-^2 ^^^^P(  ~  s^^  —  S^)^^' 

thus  giving  the  solution  of  Lamp's  differential  equation  for  n  =  2. 

209.  It  is  interesting  to  verify  that  these  values  of  y+iz 
and  y  —  iz  are  solutions  of  Lame's  equation  for  n  =  2. 

Denoting  y  +  izhj  0,  and  differentiating  logarithmically, 

_  1  p'u  —  p'a     1  ^'b  —  p'u  . 
~2  ^w  —  pa      2  <pb  —  <pu 
and  differentiating:  agfain, 

4\pit  — ^0./      2  ^16 —  ^a  (pb  —  (pu      4}\^b  —  ^u/ 
-\-2^u-p{u-\-a)-p(b-\-u) 
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But  with  p'a  =  —  pb, 

1  p'u  —  p'a  p'b  —  p'u  _  1  p'^u  —  p%    _ 

^b-pu  "2  (ri^-pa){pb-pu) 


•>.    (at  I.  —  ( 


2{<pu+pa-^pb), 


so  that  -  -T-^  =  Qpu  +  ^pa  +  3^6, 

Lame's  differential  equation  for  'm=2,  with  h  =  ^pa-^Zpb,  in 
place  of  the  previous  value  oi  h  =  6pv. 

From  KirchhofF's  Kinetic  Analogue  in  §  207  we  may  put 

y  +  ''  =  ^\ldb^Hr^  exp(-fa-f6)u 


^ j-i  -^i — rT\ — -  exp(  -  f^  -  Wu  \ 
du\  cr(ai-b)(TU       ^^     ^  J 


where  X  =  f (<x + 6)  —  f a  —  f  6. 

With  ^'  (a—b)  =  pa  =  —  ^^'6, 

therefore  ^(a  —  b)  =  ^a  —  ^b; 

and,  changing  the  sign  of  a, 

a'{u  —  a)a-(b-\-u)        /c       ctn         c^  ^/  ,  ;x 

-^-^^^5A__^xp(fa-f6>=^0(u,  -a  +  6). 

(Halphen,  F.  E.,  I.,  p.  230.) 

210.  In  the  slightly  more  general  case  of  the  motion  of  the 
Top,  we  shall  find  it  convenient  to  draw  the  axis  Ox  vertically 
upwards,  and  to  call  0  the  angle  which  the  axis  0(7  of  the 
top  makes  with  the  vertical  Ox. 

Then,  from  the  principles  of  the  Conservation  of  Energy  and 
Momentum,  we  obtain  the  equations  (Routh,  Rigid  Dynamics) 

\A{deidtf  +  \A  sin'eidrJrldtY  =  Wg{c  -hcosO), (1) 

Asiri'e(d\lr/dt)-\-Grcose  =  G,  (2) 

where  r  denotes  the  constant  angular  velocity  of  the  top  about 
its  axis  of  figure  OC,  d\}r/dt  the  angular  velocity  of  the  verti- 
cal plane  through  Ox  and  OC,h  the  distance  of  the  centre  of 
gravity  G  from  0,  W  lb.  the  weight  of  the  top,  and  C,  A 
its  moments  of  inertia  about  the  axis  of  figure  OC,  and  about 
any  axis  through  0  at  right  angles  to  OC. 


218  ELLIPTIC  INTEGRALS  IN  GENERAL, 

Putting  A/Wh  =  l=OP,  as  in  the  simple  pendulum,  then 
F  is  the  centre  of  oscillation  for  plane  vibrations. 

The  elimination  of  dyp-ldt  between  equations  (1)  and  (2)  gives 

=  ^(cos  Q  —  cos  a)(cos  0  —  cos  /3)(cos  0  —  d), (3) 

suppose ;  the  inclination  of  the  axis  of  the  top  to  the  vertical 
being  supposed  to  oscillate  between  a  and  /3, 

a>  0>  /3,  or  cos  a  <  cos  0  <  cos  fi  <  d. 
Guided  by  equation  (17),  p.  37,  we  put 

cos  0  =  cos  a  cos^^  +  cos  ^  sin^^, 
cos  0  —  cos  a  =  (cos  /3  --  cos  a)sin20, 

cos/3  —  cos  6  =  (cos  /3  —  cos  a)cos2^  ; (4) 

and  therefore, 


(sy=if(^— ^) 


=  -^^{c^  —  cosa  —  (cos  /3  —  cos  a)sin20  j 

,  „     cos  8  —  cos  a      ,^     d  —  cos  B 

where     k^  =  — -S .    k   =  ^ * 

a  —  cos  a  a  —  cos  a 

and       ln^  =  i g(d  —  cos  a). 

Now  we  may  put  0  =  am  nt,  and 

cos  0  =  cos  a  cn^nt-\-QOS  /3  sn^nt, (5) 

so  that  the  projection  on  the  vertical  Ox  of  the  motion  of  a 

point  on  00  resembles  ordinary  plane  pendulum  motion. 

When  d  =  l  and  cos  a=  —  1,  then 

>i2  =  gll^   ^2  _  cos^i/S  =  sin^i  (tt  - 13) ; 

0  and  Or  vanish,  and  the  oscillations  are  in  a  vertical  plane. 

But,  in  the  general  state  of  motion, 

A  ^"4^  _G  —  Cr  cos  6 
dt  ~~       sin^O 

~2  l+cos0"^2  1-COS0 
1  G-^Gr  1  G-Gr 


2  l-f-cosa4-(cos/3-cosa)sn%i^     2  l-cosa-(coS;8-cosa)sn^>i^' 
so  that  yp-  is  expressed  by  two  Third  Elliptic  Integrals. 
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Putting  cos0=  ±1  in  equation  (3),  show  that 
(^-^'*)'  =  2^(1  -f  cos  a)(l  +COS ^)(cZ+ 1) ; 

while,  in  accordance  with  Jacobi's  notation,  we  put 

9    „  cos  i8  — cos  a      9    9        cos /8  — cos  a. 

^  1  +  COSa  ^         1— cosa 

so  that,  finally,  with  u  =  nt,  we  find 

djyfr  _ en  v^dn  v^/sn  v^  ,  en  '?;2dn  t^g/^^  '^'2 .  (c\ 

d'W  ~  1  —  /c^n^D^sn^       1  —  /c'-^sn^VgSn^u  ' ^ 

and,  as  in  the  spherical  pendulum  (§  208),  we  take 

v^  =  ijpK\    V2  =  K+ iqK  \ 
where  "p  and  q  are  real  proper  fractions. 

In  the  Weierstrassian  notation,  we  put,  as  in  (6),  §  208, 
1  +  cos  Q  =  k{<^Vb  —  pa),  1  —  cos  ^  =  k(ph  —  pu) ; 
and  thence  (§  224)  c  —  h  cos  6  =  hk{p(a  +  b)  —  pu}. 

Wethusobtain     f^=— i^+    i^; (7> 

but  now  the  relation  f'a  =  —  <p'h  holds  only  when  Cv  =  0,  or 
when  the  motion  of  the  top  is  comparable  with  that  of  the 
spherical  pendulum ;  on  the  other  hand,  the  relation  <p'a  =  f'b 
implies  that  G  =  0. 

The  Kinetic  Analogue  of  the  Top  with  the  Tortuous  Elastica 
(§  207)  is  obtained  by  putting 

(X-f6  =  ft),  and  X  =  f(a  +  6)  — fa  — f6. 

In  the  Steady  Motion  of  the  Top,  a  =  ^y  k  =  0,  A''=  W; 
and  the  elliptic  functions  degenerate  into  circular  functions. 

We  thus  obtain  the  condition  for  the  steady  motion,  and  the 
period  of  the  small  oscillations,  given  in  'Routh's  Rigid  Dynamics, 

211.  A  similar  procedure  will  solve  the  general  equations 
of  motion  of  a  solid  fiorure  of  revolution,  movinf):  under  no 
forces  through  an  infinitely  extended  incompressible  friction- 
less  liquid;  the  work  will  be  found  in  Appendix  III.  of 
Basset's  Hydrodynamics,  vol.  I ;  also  in  Halphen's  Fonctions 
elliptiques,  II.,  chap.  IV.  The  problem  is  of  practical  interest 
from  its  bearing  upon  the  determination  of  the  amount  of  spin 
requisite  to  secure  the  stability  of  an  elongated  projectile. 

{Proceedings,  Royal  Artillery  Institution,  1879.) 
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212.  We  again  resume  the  consideration  of  the  motion  of  a 
body  under  no  forces,  first  mentioned  in  §  32,  as  affording  a 
good  practical  illustration  of  the  necessity  for  the  introduction 
of  various  analytical  theorems  of  Elliptic  Functions. 

Geometrical  Representation  of  the  Motion  of  a  Body  under 
No  Forces,  according  to  MacCullagh,  Siacci,  and  Gebbia. 

Quadrics  concyclic  with  the  momental  ellipsoid,  that  is, 
having  the  same  circular  sections,  are  given  by  (Smith,  Solid 
Geometry,  §  170) 

and  now,  if  we  produce  the  instantaneous  axis  of  rotation  OP 
to  meet  the  concyclic  quadric  in  P\  and  denote  OP'  by  R\ 

{A-H)p'  +  {B-H)q^-^{G-H)r''  =  Dh^ic^lR"\ 
while  Af^  Bq^+  Gr^  =  m^J/R\ 

so  that,  by  subtraction, 

//(pHgH.^)  =  mv(i,-i,),   or   I- J.  =  5 

Along  the  polhode,  R  =  h  sec  6,  where  0  denotes  the  angle 
between  the  instantaneous  axis  OP  and  the  fixed  axis  of 
resultant  angular  momentum  00;  and  then 

^,2  =  cos-e-^, (1) 

the  polar  equation  of  a  quadric  surface  of  revolution. 

Since  R^  is  less  than  hhec^O  for  all  points  adjacent  to  P  on 
the  momental  ellipsoid,  therefore  in  the  concyclic  quadric 

^,2  IS  greater  than  -p--^)^' 

except  at  the  point  P\  and  therefore  the  concyclic  quadric 
touches  this  quadric  surface  of  revolution  at  P'  and  rolls 
upon  it  during  the  motion. 

We  may  also  take  concyclic  quadrics,  given  by 
(.H-A)x^  +  (H-B)y^  +  (H-G)z^  =  Dh^ 

.  h^     H     h^     H         ,.  ,^, 

and  now  ^^  =  i)  -  E~2  "  i)  "  ^"^^  ^' ^^^ 

the  polar  equation  of  a  quadric  of  revolution. 

In  particular,  ii  H=D,  then  A"sin^  =  ^,  the  polar  equation 
of  a  cylinder  of  revolution,  outside  which  this  concyclic  hyper- 
boloid  rolls  during  the  motion  (Siacci,  In  niemoriani  D. 
Chelini,  Gollectanea  mathematica,  1881.) 
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213.  By  reciprocation  of  these  theorem.s,  we  prove  Mac- 
Cullagh's  theorem,  **  that  the  ellipsoid  of  gyration, 

^2     2/2     ^2  _  1 

always  moves  in  contact  with  two  fixed  points  on  the  axis  of 
resultant  angular  momentum,  equidistant  from  the  centre  " ; 
and  we  also  deduce  Gebbia's  extension  of  MacCullagh's  theorem, 
that  "  confocals  of  the  ellipsoid  of  gyration,  the  polar  recipro- 
cals of  the  concyclic  ellipsoids  of  the  momental  ellipsoid,  slide 
without  rolling  on  fixed  quadric  surfaces  of  revolution." 

In  particular,  the  polar  reciprocal  of  Siacci's  cylinder  of 
revolution  is  a  circle,  upon  which  a  certain  confocal  to  the 
ellipsoid  of  gyration  slides  without  rolling. 

Geometrical  Representatioiii  of  the  Motion,  according  to 
Sylvester,  Darhoux,  amd  Mannheim. 

214.  In  Sylvester's  splendid  generalization  of  Poinsot's  re- 
presentation of  the  motion  of  the  body,  it  is  proved  that  a 
confocal  to  the  momental  ellipsoid  rolls  upon  a  plane  per- 
pendicular to  the  axis  of  resultant  angular  momentum  00  at 
a  constant  distance  from  0,  which  plane  rotates  about  00  with 
constant  angular  velocity,  and  therefore  gives  a  geometrical 
representation  of  the  time.     (Phil.  Trans.,  1866  ) 

The  proof  of  this  theorem  depends  upon  two  geometrical 
propositions,  in  connexion  with  confocal  quadric  surfaces — 

(i.)  "The  locus  of  the  pole  of  a  fixed  tangent  plane  to  a 
quadric  surface,  with  respect  to  any  confocal,  is  the  normal  to 
the  first  surface  ; "  . 

(ii.)  "  the  difi'erence  of  the  squares  of  the  perpendiculars  from 
the  centre  on  two  parallel  tangent  planes  of  two  confocals  is 
constant  and  equal  to  the  difierence  of  the  squares  of  the 
corresponding  semi-axes." 

Thus,  in  fig.  25,  if  OP'  is  a  surface  confocal  with  the 
momental  ellipsoid  OP,  then  Q,  the  pole  of  the  invariable 
plane  OP  with  respect  to  the  surface  OP',  will  lie  in  the 
normal  PQ  to  the  momental  ellipsoid  at  P  ;  while  the  surface 
OP'  will  touch  a  plane  C'P',  parallel  to  the  invariable  plane 
CP,  and  such  that  OC"^  =  OC^-\-,  \-  denoting  the  difference 
of  the  squares  of  corresponding  semi-axes  of  the  confocals. 
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Since  (7  is  a  fixed  point  during  the  motion  of  the  body, 
therefore  C  is  also  fixed. 

Drawing  the  plane  QL  through  Q,  parallel  to,  the  invariable 
plane,  and  denoting  0(7  by  ^,  as  before ;  then  since  Q  is  the 
pole  of  GP, 

OQ.OV=OF\  or  OL.OG=OC'^  =  ¥-\\ 
so  that  OL  =  h-\yh,  LC=\yh. 


H 


V 

/ 

V--^           \ 

/ 

\      ^^-^^ 

p 

1 

:        C 

/ 

c 

Fig.  25. 

Again,  denoting  as  before  (§  104)  by  /x  the  constant  com- 
ponent of  the  angular  velocity  of  the  body  about  OC,  so 
that  the  resultant  angular  velocity  of  the  body  about  OF  is 
fx  cosec  OFG,  then  the  velocity  of  the  point  P'  in  the  body  is 

^  cosec  OFG .  OF' .  sin  FOF'  =  ^.F'  W, 
where  V  is  the  point  in  which  the  line  OP  cuts  the  plane  G'F\ 

Therefore  the  angular  velocity  of  P'  about  the  invariable 

^.     „^.  rv     pv     PQ     x2 

line  00  IS  ^WF^^^'^^OG^^W 

a  constant ;  so  that  if  the  surface  OF'  rolls  without  slipping 
on  the  plane  G'P',  this  plane  must  revolve  about  00  with 
constant  angular  velocity  imX^/h^. 

The  point  P'  lies  in  the  plane  OQFG ;  and  since 
G'F  _G'F' _0G' _0G 
GF~  LQ  ~6L~0G" 
therefore  OG' .  G'F'  =  00 .  OF, 

and  F'  lies  on  the  rectangular  hyperbola  FF' ;  this  is  the 
geometrical  property  principally  employed  by  Prof.  Sylvester. 

(Solid  Geometry,  Salmon,  §§167,  180;  Smith,  §§  163,  167.) 
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The  angular  velocity  of  the  vector  C'P'  with  respect  to  the 

revolving  plane  C'P'  being  -^  —  /x,^,  it  follows  that,  if  /a',  0' 

denote  the  polar  coordinates  of  a  point  P'  on  the  herpolhode 
described  by  P'  on  the  revolving  plane  C'P' ,  then 


and 


p" 

OC'^ 

h^ 

p'' 

OL^" 

h^-\^' 

p 

M' 
dt~ 

=.(l- 

^'\    '2 
-h^JP    ■ 

^A^D^ 

.B-D. 
ABC 

Cj- 

-D    ^h' 

equations  similar  to  those  required  for  the  herpolhode  of  P. 

In  particular,  if  we  take  X^  =  h'^,  then  00' =  0,  and  the  con- 
focal  OP'  is  a  cone ;  and  the  plane  through  0  rotates  with 
constant  angular  velocity  jj.,  while  the  cone,  called  by  Poinsot 
the  rolling  and  slipping  cone,  rolls  on  this  revolving  plane, 
the  angular  velocity  about  the  line  of  contact  OH  being  v. 

If  we  consider  the  curve  described  on  this  revolving  plane 
by  the  point  H,  the  foot  of  the  perpendicular  from  P  on  the 
plane,  then  p,  <p'  being  the  polar  coordinates  of  H  (§  113), 

d<t>;_d4_    _A-D.B-D.G-Dlt^ 
dt~dt     ^~  ABC  p^^' 

so  that  the  point  -H"  describes  on  the  revolving  plane  an  orbit 
as  if  attracted  to  0  ;  and,  as  in  §  89,  we  shall  find  that  the 
requisite  central  force. is  of  the  form  Ap-\-Bp\ 

(Pinczon,  Comj^tes  Rendus,  April,  1887.) 
This  is  otherwise  evident,  by  noticing  that  the  vector  x-\-iy 
of  this  curve  satisfies  Lame's  equation  (§  204) 

(12 

^(aj  +  iy)  =  {'2^u  +  ^v){x  +  iy), 
where  p^  =  k%^v  —  fit) , 

A  value  of  X  may  be  found  which  makes  the  herpolhode  of 
P'  a  closed  curve ;  and  this  closed  polhode  is  an  algebraical 
curve,  when  v  is  an  aliquot  part  of  a  period,  the  correspond- 
ing elliptic  integrals  of  the  third  kind  becoming  'pseudo-elliptic . 

Abel  has  devoted  great  attention  to  the  subject  of  pseudo- 
ellijMc  integrals  {(Euvres,  XI.),  and  the  algebraical  hei^olhode 
afibrds  an  interesting  application  of  his  theorems  (§  218). 
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The  Addition  Theorem  for  the  Third  Elliptic  Integral. 
215.  Theorems  (9)  and  (10)  of  §  189  show  that,  employing 
the  function  (p(u,  v)  of  §  201, 

log  (/)(Ui,  '?;)H-log  (p(u^,  v)  =  ]og  ^(u^  +  u.,,  v)  +  log^, 

(T{v-\-U-^-{-u,2)GrV  au^a-u^  ' 

where,  expressed  by  elliptic  functions  of  ^6^,  u^,  and  v, 

Also,  as  in  equation  (8),  §  188, 

log  (f){v,  n)  =  log  ^(u,  v)  +  u^v  —  v^u ; 
so  that 

log  (f>(v,  u^)  +  \og  <p(v,  u^) 

=  logf/)(v,  u^  +  u.2)-{^u-^-\-^u^^-^(u^-{-u^)}v  +  \ogQ,...{S) 
the  Addition  Theorem  for  the  parameters  u^,  u^. 

These  theorems  have  been  generalized  by  Abel  for  the  addi- 
tion of  any  number  of  amplitudes  or  parameters  in  the 
Third  Elliptic  Integral,  and  the  proof  is  a  simple  extension  of 
his  method,  employed  in  §  162  {(Euvres,  XXL). 

Denoting  by  a  any  arbitrary  quantity,  equation  (7)  of  §  162 
may  be  written 

J.  U/iJUy  "iVf 

a  —  Xr  ]^Xr~  {a  —  Xr)yl/Xr 

Now,  since  Qa  is  of  lower  degree  in  a  than  xfra,  and 
\}ra=GJl{a  —  Xr), 
it  follows  that,  when  resolved  into  partial  fractions, 

Ba  _  Oxr         . 

xfy-a  (a  —  Xr)yl/Xr 

and  therefore,  writing  ix  and  0cc  for  P  and  Q  respectively,  and 
A  for  the  value  of  X  when  x  =  a, 

y    1       dxr  _  Oa  _^(f>aSfa  —  faS(pa 
a  —  Xr  ^Xr ~ \p'a~   {iaf  —  (<pay^A 

=  JL  Sfa-S(pa.JA 1  Sfa+S(f>a .  JA^ 

~  ^A  fa  —  cjya  .  ^A      aJ  cl  fa  +  0a .  ^A 

or    2  '^-^^  -tr  =^  l^^-"/^  =  - 2-5  tanh-<f  V^)...(4) 
a  —  Xr  JXr  ^ia-\-(^aJA  \ia^     /    ^ 
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Integrating,  with  the  notation  (§§  197,  199), 

where  x  =  (^u,  JX  =  —  ^'^t,   a  =  fv,  J  A  —  —  (^'v ; 

so  that 

is  expressible  by  elliptic  functions,  ^  and  ^',  of  v ;  provided  that, 
as  in  (11),  §162, 

^jdxrlJXr  =  ^,  or  St<.^  =  2uV,  (6) 

the  coefficients  ia  fa  and  ^a  being  determined  as  functions  of 
<pUr  and  <^'ur  by  the  plexus  of  equations  (4)  in  §  162 ;  fa  and 
0'a  being  the  same  functions  of  u'r- 
Thus  the  function 

n^:^4^t (7) 

cr('y  +  '?^r) 
is  an  elliptic  function  of  v  provided  that  the  sum  of  the  values 
—  UrOfv  which  make  the  function  vanish  is  equal  to  the  sum 
of  the  values  —  uV  which  make  the  function  infinite  ;  in  other 
words,  briefly  expressed,  provided  the  sum  of  the  zeroes  u  is 
equal  to  the  sum  of  the  infinities  u\ 

In  particular,  with  the  i6Vs  all  zero,  Su^  =  0  ;  and  in  equation 
(6),  §  162,  we  can  put 

\f/a  =  {faf  —  (<pafA  =  11(^1;  —  ^Ur) ; 

so  that     S  log  ^{Ur,  v)  =  log(fa  +  (pa  .  J  A )  +  constant. 

Thus    n^K,^).  or  ^J!+BM^_H^^-^^  +  ^''} (8) 

when  Ui4-W2+^3+---+'^V  =  ^^ W 

is  a  rational  integral  function  of  <^v  and  (§iVy  which  may  be 
written,  as  in  §  198, 

0=c^-\-c^^v-\-c.^^'v-\-  ..,-^Ci,(^^i^-^h (10) 

G.E.F  P 
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So  also,  since  (§201) 

therefore,  writing  U  for  —Ufi, 

r=ij,-l 

2  log  <p(ur,  v)  =  log  0(  Uy  -y)  +  log  Q + a  constant, (11)    , 

where  Q  =  0/(^  U-  fv). 

In  particular,  when  U=ea,  <t>[U,  v)=^  J{<pv-eci)  (§  202),  and 

'n  <t>{ur,  v)  =  GIJ{fv-eal (12) 

r  =  l 

when  ti^-\-u^-\-u^-{-  ...+u^_i  =  (aa- 

By  an  interchange  of  amplitude  and  parameter, 

2  log  cl){u,  v^)-S  log  (l){u,  v\)  =  \ogQ.-pu, (13) 

provided  that  2f^  =  St'V 

0  being  a  function  of  fu,  <p'u,  <pv,  <^'v ;  and 

216.  A  further  application  of  Abel's  Theorem  of  §  162  shows 
that  p  is  expressible  as  a  function  of  <pv  and  <p'v;  this  is  the 
generalization  of  the  Addition  Theorem  for  the  Second  Elliptic 
Integral,  given  in  §  186. 

J     JXr       J     ylr'Xr' 

and  this  case  can  be  determined  as  a  degenerate  case  of  the 
preceding  result ;  since,  making  a  =  oo  , 

^f^^  =  \il.f(— a)-^=lt2/^-^ 

J    /JXr         J    \a  —  Xr       y>JXr         J  a  —  Xr  JX^ 

=  the  coefficient  of  1/a^  in  the  expansion  in  ascending  powers 

ofl/aof  -/.logf7^"-^f (U) 

Thus,  with      X  =  4<x^ — g^x  —  g^,  and  x  =  <pv, 
th en  f y  ^fxdxjJX  \ 

and    porE(f^^-f'?;;)=-21t^tanh-i^'*^^,  (a=oo).  (15) 

Jacobi  calls  ^A  the  factor  of  the  Third  Elliptic  Integral. 

(FerA;6,  II.,  p.  494.) 
I 
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217.  Similar  results  hold  when,  as  in  >^  167,  X  is  supposed 
resolved  into  two  factors,  X^  and  X^. 

Denoting  F^X^  -  Q^X^  by  V^, 

and  varying  the  arbitrary  coefficients  in  P  and  Q,  and  conse- 
quently the  roots  of  xJ^x^O,  as  in  ,^  102,  then 

ylr\dxr  +  2FSP .  Xi  -  2QSQ .  Zg  =  0, 
while  PVZi  +  QV^<=(); 

so  that  xfr'xrdxr  -  2(QdP  -  PSQ)J{X^X^)  =  0, 

fJXr  yfr'Xr  yj/Xr 

and  XdXr/^Xr  —  0,  or  llUr  =  Xu'r. 

Again,  as  in  §  215, 

^     1       dxr  _Oii  _^  (paS  fa  —  fa  Scpa 
a—Xr  JXr ~\l/-a~   ( fa)^A j  —  (^a)'M g 

^1     Sfa.JA^-S4>a.JA^       1     Sfa.  ^A^-\-S<pa.  ^A^ 
~  JA    fa.^A^-  (pa.JA.^     J  A    fa.JA^+  cjta.JA.^ 

-JA  ^'^'^fa.  V^  +  ^«^  V^V 
Thus,  as  an  application  to  the  formulas  of  §§  174,  176,  186, 
and  189,  take,  as  in  §  38  (Durege,  Elliptische  Functionen,  §  36), 
X  =  X^X,^,  where  X^  =  x,  X^  =  (l-x)(l'-kx). 
Then,  with  x  =  sn^u, 

y^dx      ^  rxdx     2.        j^  . 

and  "         /^J^^=2Ilin,.,^), 

in  Legendres  notation,  with  0  =  am  u,  and  n=  —  1/a.  * 
Now,  if,  as  in  §§  164,  165,  we  take 

F  or  fx=p-^x,  and  Q  or  (l)X  =  q, 
and  denote  by  x^,  a^g,  ^^^3,  the  roots  of  the  equation  (7),  §  167, 
fx,  or  P^Zi-Q2j^2,  or  (p+xyx-g'il-x){l-'kx)  =  0; 
then  ^i'Vi  =  f> 

1— iCj.  l—X.y.  1— iC3  =  (lH-_p)2, 

ojj  4-  a;.^ + iCg  —  hx^x,^^  =  —2p; 
so  that,  as  in  §  164, 

(2  —  03 J — .rg  —  ^3 + Jcx^x^^y-  =  4(  1  —  a;^ .  1  —  iCg  .  1  —  x^\ 
where  it-j  4-  ?(,2  +  263  =  0. 
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Again, 

a  —  x^JX^  ja  —  x^J'X^  J a  —  x^\JX,^ 

0  0  "  "      0 

-  V2      ^  f«  .  V^:  +  0a  .  ^A,  ^'        V^  *'^*'     fa  JA^  ^^^^ 
since  ic^,  iCg,  x^  vanish  when  p  and  q  are  made  zero ;  and  this  is 
equivalent  to  the  result  of  equation  (9),  §  1 89,  with  a  =  —  I/ti, 
A     l-aA-ha         .,  ,     V,  ,  h\ 


a"  a  '\      n> 

and  <l)a  JA^^qJ{l-a.\-ha) _     nqJ{-o) 

fa  JA^  (2)  + a)  J  a  1-np 

_  n^{  —  a)x^x^x^ 


\  +  n  —  n^{i  —x^.l—x^.\  —  x^ 
Similarly,  for  the  Second  Elliptic  Integral, 


0  0  0 


^(a.  1  — a.  l-/i:a)  (^  +  a)^a 

=  _21t|-^+Kl-c^.l-^^-a)r-T^3+---l 

=  -2g=.-2V(^ia?2a^3); 07) 

as  before,  in  §§  174,  176,  and  186. 

2.18.  Abel's  pseudo-elliptic  integrals  are  derived  by  making 
the  u'^  equal  in  equations  (7),  (12) ;  or  the  v^  equal  in  equation 
(13) ;  also  by  making  their  sum  equal  to  a  period  «a,  or  the 
sum  of  multiples  of  periods,  such  as  pw-^  +  gwg. 

Now  fjt.  log  (j){u,  v)    is  of  the  form  log  Q.  —  pu, 

or  0(u,  vY  is  of  the  form  e~P"17, 

where  Q  is  a  rational  integral  function  of  ^u  and  <p'u  of  the 
form  of  C  in  (8),  sometimes  qualified  by  a  divisor  >^(^u  — ^a)- 

We  begin  with  the  simplest  case  of  an  algebraical  herpolhode 
by  taking  v  =  a)j^+^(jo^;  and  then,  from  equations  (39)  and  (40), 
§  64,  we  can  infer  that  the  value  of  s,  between  e^  and  e^,  which 

makes  ^i  -  ^g^ij"  ^s  ^  ^i  -  ^2  v^2  -  ^3 

is  s  or  pv  =  e^-{-^(e^-e^,e.2-e^). 


AND  THEIR  APPLICATIONS.  229 

Denoting  pu  by  s,  <^'u  by  ^>S',  and  <^v  by  a,  we  infer  that 
r    da 

J{8-a)JS 
is  pseudo-elliptic,  that  is,  can  be  expressed  in  terras  of 
/ds/JS  and  of  tsiii-\QJS/P). 
In  fact,  by  differentiation  of 

^  a-8  ^'  a-8 

since     i^/y  =  -  2^(e, - 63  .  ^2 - Cg) { ^{e^ - e^)  -  J{e^ - 63) }. 
In  the  herpolhode,  therefore,  of  §  113, 

or  O  =  0-/x^  +  H>/(^i-63)->v/(^2-^3)}^^» 

and    therefore,   relativel}^   to    axes    revolving   with   constant 

angular  velocity, 

M  -  H  x/(^i  -  ^3)  -  sjk^i  -  ^3)  }'^' 
the  herpolhode  will  be  the  algebraical  curve,  given  by 

a  — 8 

(a  —  s)  cos  20  =  ;^(s  —  ^1 .  s  —  62)* 

(a  -  s)'^cos220  =  (a  -  s)'^  -  (63  +  2a)(a  -  8)  +  (a  -  e^Xa  -  ^2). 

(a  -  B)Hxnm  +  { V(^i  -  ^3)  +  x/(^2  -  ^3)}'(a  "  «) 

~  n/(^^i  -  <?3  •  «2  -  ^sK  x/(^i  -  ^3)  - -v/(62  -  ^3)}  V  0 ; 

»2       2 

where,  as  in  §  113,    a  — 8,  or  ^y  — p6=  — ^  ^- 

Referred  to  Cartesian  coordinates,  in  which 
p2  =  ^2  ^  2/2,     ^2siii  20  =  2a;?/, 
this  equation  becomes 

of  the  form  («2  +  6-)(2/^  +  b'')  =  a* (IcS) 
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The  relation  F'^  —  ^3  =  x/(^i  ~  ^3  •  ^2  ~  ^3)' 

combined  with  the  equations  of  §§  110,  113,  leads  to  the  relation 
A-D.D-G_A--B.B-a,      . 

and  either  B  =  D,  which  gives  the  separating  polhode  ;  or 

D~A     B^C 
the  relation  for  this  algebraical  herpolhode. 
Now,  from  §§  108-110, 

_(I^_D\'ij}       _    _(D_D\^^l 

while,  with  A>B>D>C,  and  Cc  =  ^^  e-a  =  e^,  e^  =  e^, 

^1     e.,.-e,     ea-y^^     ^J\i     ^J^^^. 

To  determine  the  confocal  surface  which  will  describe  this 
algebraical  herpolhode  by  rolling  on  a  fixed  tangent  plane,  we 
must  equate  the  angular  velocity  of  the  axes  to  fjX^jh?- ;  and 

h-^lV^B)' 
The  squares  of  the  semi-axes  of  the  confocal  are  therefore 


m 

A 


^-\A  I  2Br--i\G  Ar^ 


B      ^  ~\B     2     ^b)  2V     Br' 

G      ^      \G     2     2  Br         2\G     AJ     ' 
while  the  square  of  the  distance  from  the  centre  of  the  tangent 
plane  on  which  this  confocal  rolls  is  given  by 

The  confocal  is  therefore  a  hyperboloid  of  two  sheets,  of  the 

a^     0^    a^ 
and  in  rolling  on  a  fixed  tangent  plane  at  a  distance  h  from 
the  centre,  it  will  trace  out  the  algebraical  herpolhode  (18), 
being  the  'preceding  herpolhode,  changed  in  scale  in  the  ratio 
of /i  to  6  (Halphen,  F.  E.,  XL,  p.  285). 
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219.  A  more  complicated  case  can  be  constructed  by  taking 
v  =  Wi-{-^(ji)^;  but  now  we  must  choose  particular  numerical 
values  for  g^  and  g^. 

If  we  select  the  modular  angle  of  15°,  then  2/c/c'=  J,  and  in 
(C),  §  53,  J=  53^4,  J- 1  =  ll2-f.4 ;  80  that,  by  choosing  A  =  108, 

then  5^2=  15>  5^3  =  11; 

and  «i  =  i  +  >v/3,     e2=-l,     63  =  ^-^8. 

It  is  easily  verified  that,  with  the  above  value  of  v,  ^v=^  ; 
for  ^2v=  —  |-  =  0v;  also  this  value  of  ^v  or  8  makes,  in  equa- 
tions (39)  and  (40),  §  54, 

The  corresponding  elliptic  integral  of  the  third  kind  in  the 
herpolhode  will  now  be  pseudo-elliptic ;  we  find,  in  fact,  that, 

(2s  — 1)^  (28  —  1)* 

dQ _   1    2s  +  5_l__,    .^du      jip'v    du 
ds~'j2  2^^^J8~^^  da     ^u-pv'ds' 
since  ip'v=  —3^2  ;  so  that,  in  the  herpolhode, 

^     y  pv-pu     -^ 

and  therefore,  relatively  to  axes  revolving  with  constant 
angular  velocity  jm  —  hj^^n,  the  herpolhode  will  be  the  alge- 
braic curve 

^  (2s- 1)^ 

or  (1  -  2s)3sin23e + 9(1  -  2s)2  - 108  =  0, 

22         2 

in  which  1  —  2s  =  2 (^v  -  ^u)  =  2—^  ^  =  3^^,  suppose ; 

it    ft         c  ^ 

and  now  yo«sin230-f3cy-4c«  =  O, (19) 

a  curve,  consisting  of  six  equal  waves,  arranged  on  a  circle. 

With  (i.)  ^  >  5  >  D  >(7.  and 

then  (§113)     ^t;-6,=     ^3=     ^2^—^^^' 

9v-e,^  -J.^=  -^ -^ ; 

A-D.D-G    A'-D.B-D 
so  that  ^ = j^         . 
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Then,  either  A  —D  =  0,  which  would  give  a  stable  rotation 
about  the  axis  A  ;  or 

i)=i+V' • (20) 

so  that  D  is  the  harmonic  mean  between  B  and  (7. 

3     ^^B-D.D-G 


Again,  ^v- 


BG 


so  that  J^3  =  ^^^  2» 

D    A~   '1\D    Br    B^C    A~   2\G    BJ' 

l-h-^^'^Ml-^'^ (21) 

which  is  impossible,  with  A>  B>  G. 

But  (ii.),  with  A>  D>  B>  G,  we  find  that  B  is  the  har- 
.  monic  mean  between  A  and  B ;  also 

^-1  =  (2  +  V3)^(i-1) (22) 

BO  that  2  +  ^3  is  the  ratio  of  the  semi-axes  of  the  focal  ellipse 

of  the  momental  ellipsoid,  and  ^3(^3  —  1)  is  the  excentricity. 

Another  algebraic  herpolhode  can  be  constructed  by  taking 

tj  =  coi+fft)3;  ^^^>  ^^^^  92— ^^y  9z  —  ^^>  ^®  fi^^  ^^^^ 

^^=— l+x/3,     ^^'^= -3^2(2-^3). 
Now,  if 

.,^.,6(^3-1)^(^-6,  ■  „-e,)_,      .,(2s-10  +  7V3)V(2s-2e,) 
(28-2^3  +  5)*  (28-2^3  +  5)^ 

dQ     _  ^2(^3-1)         3V2(2-V3)      . 
ds  ~  2  V>S  (2s  -  2  V3  +  5) ^.^  ' 

so  that 
r^i<p'vdu ^  r-Sj2(2-JS)ds 

and  now  the  algebraic  herpolhode,  with  respect  to  revolving 
axes,  is  given  by 

(2s-2^3  +  5)W30  =  6(^3-l)V(«-^2-«-^3). 
reducing  to  an  equation  of  the  form 

p«sin230  +  Pp*  +  Qp2  4-i^  =  O (23) 
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With  (i.)  A>B>D>  (J,  and 

/x2  B-D.D-C 


^v-ei,=  -3  +  2^3  = 


v  —  e^ 


7l2  BG 

/x'-^  A-D.D-G 

n'  AC 

m'^  A-D.B-D 


n^  AB 

Therefore  ^^-^-    -  =  2 g^ . 

and  rejecting  the  factor  D—C, 

>-?-<■-&  »'^i=? <") 

<-e-i.-7s(i-3>  i-B-'-'^-'Ke-]) <«> 

SO  that  the  excentricity  of  the  focal  ellipse  of  the  momenta! 
ellipsoid  is  ^3  —  1. 

With  (ii.)  A  >  B>  B>  G,we  are  led  to  an  impossible  result. 

Points  of  Inflexion  on  the  Herpolhodes. 

220.  The  original  herpolhodes  drawn  by  Poinsot  {Tli^orie 
nouvelle  de  la  rotation  des  corjjs)  were  represented  with  points 
of  inflexion,  as  curves  undulating  between  two  concentric 
circles  on  the  invariable  plane. 

But  it  was  pointed  out  by  Hess,  in  1880,  and  de  Sparre 
{Gomptes  Rendus,  Nov.,  1884),  that  such  points  of  inflexion  can- 
not exist  on  Poinsot's  original  herpolhodes,  which  are  curves 
always  concave  to  the  centre,  as  drawn  in  Routk's  Rigid 
Dynamics,  Chap.  IX. ;  like  the  horizontal  projection  of  the  path 
of  the  bob  of  a  conical  pendulum,  or  like  the  path  of  the  Moon 
relative  to  the  Sun,  a  good  figure  of  which  is  given  in  the 
English  Mechanic,  p.  337,  June,  1891,  by  Mr.  H.  P.  Slade. 

The  herpolhodes  described  on  planes  parallel  to  tlie  invari- 
able plane  in  Sylvester's  representation  are  capable,  however, 
of  possessing  points  of  inflexion,  when  the  confocal  of  the 
momental  ellipsoid  attains  a  certain  shape.  (Hess,  Das  Rollen 
einer  Fldche  zweiten  Grades  auf  einer  invai^beln  Ebene* 
Munich,  1880 ;  de  Sparre,  Gomptes  Rendus,  Aug.,  1885.) 
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Denoting  by  h  the  constant  distance  from  the  centre  of  the 
plane  upon  which  a  quadric  surface  rolls,  de  Sparre  shows  that 
the  herpolhode  on  the  plane  has  points  of  inflexion,  when  the 
quadric  is 

(i.)  an  ellipsoid 

(in  a  momental   ellipsoid,  A<B-\-G,  or  -^<7  2+"2'  ^^  ^^^^^ 
points  of  inflexion  cannot  exist  on  the  herpolhode)  ; 
(ii.)  a  hyperboloid  of  one  sheet 

^2  +  12'-^'  =  1>    ^^'<^'>    it'  ^'<^''  and  4,>r2  +  -\' 
a^     b^     c^  a^     b^     c^ 

(iii.)  a  hyperboloid  of  two  sheets 

x^    y"^    z^  .111 

— 5  —  t:j  —  -„  =  1 ,     6^  <  c^y  if  7^  >  ^  +  -o,  whatever  the  value  of  h, 

a^     b^     c^  b^      a^     c^ 

These  herpolhodes  being  similar  to  the  original  herpolhode 
of  the  momental  ellipsoid,  when  referred  to  axes  rotating  with 
constant  angular  velocity  niX^/h^,  can  be  considered  as  defined 
by  the  polar  coordinates  p,  0,  given  in  terms  of  the  time  t,  by 
the  equations  of  §  113, 

p^  =  JcH^v-^u), (1) 

_  =  m+   ^  -^ n (2) 

at  <pv  —  <pu  ^ 

with  u  =  nt-{-(ji)^,  v  =  (jo^-\-t'(^^,  m//x  =  l  — X7^^- 

Denoting  the  velocity  in  the  curve  by  V,  and  its  radius  of 
curvature  by  R,  then,  resolving  normally, 

V^_dpld(  ^de\_   def(lp_  de^\ 
R~dt  p  dA^"  dt)    ^dt  \dt^    ^dty' 
which  will  bo  found  to  reduce  to  an  equation  of  the  form 

^=Pp^+QF-;  (3) 

wh  ere  P  =  771^  -f-  Smn^^v + nHf'v, 

Q  =  ^TYi^ni^'v  —  mn'^<p"v  —  ^nHf'"v  ; 
and  the  corresponding  herpolhodes  will  have  points  of  inflexion 
when  X  is  chosen  so  that  Pp^  +  Q  can  vanish. 

Thus  Halphen  points  out  that  the  algebraical  herpolhode 
of  §  218  will  have  points  of  inflexion,  if  h^  <  \a^. 


AND  THEIR  APPLICATIONS.  235 

221.  The  polhode  being  given  by  the  intersection  of  the  two 
quad  lie  surfaces        Ax~  -{-By^  +Cz-  =l)h^, 
AV  +  Bhf-hCh^  =  D^h\ 
we  may  in  consequence  write 

where       (B^C)a'-{-    {C-A)b^-\-   {A-B)c^  =  lDh\ 

A(B  -  0)0"  +  B{C'-A  W  4-  C{A  -  B)g^  =  im.^ ; 

or  ij 

and  then  -5-7— <  +  rr^ 


a2+X^6'^H-X^c2+X       ' 

the  equation  of  a  system  of  confocal  quadrics,  on  choosing  I 

1..U  .                 7    B-GC^AA--B 
such  that  L  —  — . 1 ^ — I ?t~  • 

Then 

b  -c  -  ^^^         n,  c     a  -  ^^^         /I, 

^  ABC  ' 

By  varying  X  along  the  polhode,  we  find 

2  dx  _  1  d\  dx  _1  X  dX 
X  di~a^+\  dt'  ^^'  'dt~2  c?Tx  di'  '"' 
so  that  the  polhode  is  an  orthogonal  trajectory  of  the  confocal 
surfaces,  for  any  one  of  which  X  is  constant ;  and  two  ellipsoids 
can  be  drawn  on  which  the  curve  is  a  polhode,  of  which  the 
generating  lines  of  the  confocal  hyperboloid  through  the  points 
are  normals. 

When  these  confocals  are  hyperboloids  of  one  sheet,  the 
generating  lines  may  be  made  of  material  rods  w^r  wires, 
jointed  at  the  points  of  crossing ;  and  now  any  such  a  system 
of  rods  forming  a  hyperboloid  is  capable  of  deformation,  and 
assumes  in  succession  the  shape  of  the  confocal  h^^perboloids ; 
the  trajectory  of  any  fixed  point  on  a  rod  being  orthogonal  to 
the  hyperboloids,  and  therefore  capable  of  being  a  polhode,  if 
the  hyperboloids  are  coaxial  with  the  momental  ellipsoid  of 
the  body.  {Messenger  of  Mathematics,  1878 ;  Senate  House 
Solutions  for  1878 ;  Larmor,  Proceedings  Cam.  Phil.  Society, 
1884,  Jointed  Wickeriuork',  Darboux  and  Mannheim,  Comptes 
Rendus,  1885  and  1886.) 


236  ELLIPTIC  INTEGRALS  IN  GENERAL, 

Darboux  has  shown  (Despeyrous,  Gours  de  mecanique,  t.  II., 
Notes  XVII,  XVIII.)  that  if  we  hold  a  given  generator  fixed, 
then  any  point  fixed  in  any  other  generator  will  describe  a 
sphere ;  thus,  if  a  rod  moves  with  three  points  P,  Q,  R  on  it 
connected  by  means  of  bars  to  three  fixed  centres  ^,  ^,  0  in 
a  straight  line,  any  other  point  S  of  the  rod  will  describe  a 
sphere  about  a  centre  I)  in  the  line  ABC,  such  that  the  A.  R. 
(ABCD)  is  equal  to  the  A.  R.  (PQR8). 

The  point  where  the  line  PQR  meets  the  generator  parallel 
to  ABC  will  describe  a  plane,  the  corresponding  centre  being 
at  an  infinite  distance;  and  generally,  if  one  generator  is  held 
fixed,  any  point  on  the  parallel  generator  will  describe  a  plane. 

The  herpolhode  can  now  be  described  by  taking  a  jointed 
hyperboloid,  similar  and  similarly  situated,  and  of  half  the  size 
of  the  former  one  used  for  describing  the  polhode,  with  one 
generator  fixed  along  the  invariable  line  OC,  and  with  the  par- 
allel generator  along  the  normal  PQ  at  P ;  and  now,  if  P  is 
moved  in  a  direction  perpendicular  to  the  hyperboloid  at  P, 
it  will  describe  a  plane  curve,  which  is  the  herpolhode. 

222.  Any  point  fixed  in  a  body  moving  under  no  forces, 
whose  co-ordinates  with  respect  to  the  principal  axes  are 
represented  by  a,  b,  c,  will  have  component  velocities 

cq  —  hr,  ar  —  cp,  bp  —  aq,  parallel  to  the  principal  axes; 

and  will  describe  a  curve  whose  projection  on  the  invariable 
plane  will  be  given,  in  polar  co-ordinates  p  and  0,  by  (§§  104-113) 

,.  =  ,.  +  /y3  +  ,._(-A^+^^^^y 

_{bCr-  cBqf  +  {cAp  -  aCrf  +  (aBq  -  bAqf 

■n 

+  { (c"^  +  a^)  q  —  bcr  —  abp }  ^^ 

Cr 
■\-{{a^  +  b'^)v-cap-bcq]j.  > 

the  moment  of  the  velocity  about  the  invariable  line  OC ;  and 
/),  q,  r  are  given  as  functions  of  t  in  §§  82,  lOG,  and  108. 
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The  equations  are  much  simplified  when  the  point  is  fixed  on 
one  of  the  principal  axes,  when  two  of  the  three  quantities 
a,  h,  c  vanish ;  and  it  will  be  a  useful  exercise  for  the  student 
to  prove  that,  in  these  cases,  the  curve  of  projection  on  the 
invariable  plane  with  respect  to  axes  rotating  with  angular 
velocity  G/A,  G/B,  G/C  respectively,  is  given  by  an  equation 
of  the  form 

x-{-iy  =  k^{ti,(jOa  —  v)y  or  k(j){u,  Wb  —  v),  or  k(/)(u,  Oc  —  v). 

Another  useful  exercise  is  to  deduce  Poinsot's  relations  when 
the  co-ordinate  axes  fixed  in  the  body  are  not  principal  axes. 

Now,  if  the  equation  of  the  momental  ellipsoid  is 

Ax^+By''-{-Cz^-2Ayz-2B'zx-2C'xy  =  Dh^; 
and  if  |),  q,  r  denote  as  before  the  component  angular  velocities, 
and  \,  h.y,  h.^  the  components  of  angular  momentum  about  the 
axes,  the  three  equations  of  motion  under  no  forces  are 

where 

h^  =  Ap  —  C'q  —  B'r,    /tg  =  Bq  —  Ar—  G'p,    h^  =  Cr  —  B'2>  —  A'q  ; 
and  these  equations  are  solvable  by  elliptic  functions. 

(Dissertation  Ueber  die  Integration  eines  Differentialgleich- 
ungssystems ;  Paul  Hoyer,  Berlin,  1879.) 

223.  The  numerical  results  obtained  in  the  preceding  alge- 
braical herpolhodes  can  be  utilized  in  the  corresponding 
problems  of  the  revolving  chain  (§§  205-206)  and  of  the 
Tortuous  Elastica  (§  207). 

Putting    f  =  J,  or  v  =  i(jo^  in  §  206, 
then  ^v  =  e^-^(e^-e^.e2-e^\ 

i<p'v  =  2J{e^  -  ^3  •  ^2 -  ^3) { V(6i  -  ^3^  +  V(^2 -  ^3)} ; 

=  i  ^^'-'^--^"^^ 
or     {s-pv)cos[2\ly -f  { J{e^- e^)  +  J{e.^-e^)  }xw^la\  =  J{8-e^ . s-e^, 
where  s-<pv  =  r'^jlc^. 

In  the  corresponding  problem  of  the  Tortuous  Elastica  of 
§  207,  it  is  merely  requisite  to  replace  x  by  the  arc  s. 
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The  working  out  of  the  analogies  for  the  other  algebraical 
herpolhodes  is  left  as  an  exercise;   merely  mentioning  that 

P(K;  15,11)  =-#.    ' 

and  that,  if 

^  =  J  sin  -  ^>^— ^^^-^ ,, ^  =  1  cos  1 ^, 

(2s +3)^  '  (2s +  3)^ 

de_    1    2s  +  l    1    _J_J; ip'v      1  ^ 

S~V2  2s+3  VS^~V2  V>S^     2S  +  SJS' 

/hw'vdw      u       1   .     ,      Wu 

224.  The  analytical  expressions  in  §§  208,  210  for  the  motion 
of  the  Spherical  Pendulum  and  of  the  Top  or  Gyrostat  show, 
by  comparison  with  the  equations  of  the  herpolhode  in  §  200, 
that  this  motion  may  be  considered  as  compounded  of  two 
Poinsot  representations  of  the  motion  of  a  body  under  no  forces, 
as  given  in  §§  104,  214  (Jacobi,  Werke,  II.,  p.  477). 

The  relations  connecting  these  two  component  Poinsot 
motions  have  engaged  the  attention  of  Darboux  (Despeyrous, 
Govbvs  de  m^canique,  II.,  Note  XIX.),  of  Halphen  (F.  E.,  II., 
Chap.  Ill),  and  of  Routh  (Q.  J.  M.,  XXIIL). 

We  may  put  the  conclusions  arrived  at  by  these  mathema- 
ticians in  the  following  condensed  form,  depending  on  funda- 
mental dynamical  and  geometrical  considerations. 

(i.)  If  the  vector  OH  represents  the  axis  of  resultant  angular 
momentum,  then  H  lies  in  a  horizontal  plane  through  the  point 
G,  where  the  vertical  vector  OG  represents  G,  the  constant 
component  of  angular  momentum   about  the  vertical. 

(ii.)  If  the  plane  drawn  through  H,  perpendicular  to  the  axis 
of  the  Top,  cuts  this  axis  in  G,  then  OG=Gr,  the  constant  com- 
ponent of  angular  momentum  about  OG,  the  axis  of  the  Top. 

(iii.)  These  two  planes,  one  horizontal  and  through  G,  which 
we  shall  call  the  invariable  'plane  of  G,  and  the  other  through 
G  and  perpendicular  to  OG,  which  we  shall  call  the  invariable 
plane  of  G,  intersect  in  a  line  HK  perpendicular  to  the  vertical 
plane  GOG ;  and  if  HK  meets  the  plane  GOG  in  K,  then 
GH'-GH^  =  GK-'-GK^==OG''-OG'=G^-G'r^. 

(iv.)  The  instantaneous  axis  of  rotation  0/  lies  in  the  plane 
HOG ;  and  if  01  meets  GH  in  /,  the  resultant  angular  velocity 
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about  01  is  OIjG)  also       CI/GH^^C/A, 
and  the  velocity  of  C  is  r  .  CI. 

(v.)  By  equation  (i.)  of  §  210,  the  square  of  the  velocity  of  G 

is  (2G-^r^WglA)(c-h  cos  6) ; 

so  that  (7/2  =  (2G''  Wg/A)(c - h  cos  0), 

GH^  =  '>AWg(c-h  cos  6) 

=  2 A  Wghk(^ow  —  pu),  suppose. 
Then,  by  equation  (3)  of  §  210,  with  u  =  nt-i-a).^, 
^lnVc^^'~u = gh\^u  —  pa){^Du  —  ^h){pu  —  pw)  —  (a + ^puf  ; 
and  therefore,  when  u  =  a,b,  w,  we  have  three  equations  of  the 
form        ipa  =  a  +  /8^a,  -  i^'b  =  a  +  ^pb,  i<p'w  =  a  +  ^^w ; 
so  that,  according  to  §  165,  we  may  put  iv  =  b  —  a. 
(vi.)  Now  GH^  =  2AWghh{<p{b-a)-<pih]-G^  +  Gh^ 
=  2 A  Wghk{<pw  —<piC),  suppose, 
where  <piv  -  p(a  +  ?>)=-  (G^  _  Ch^2y2A  Wghk ; 

and  since 

.      G+Gr  .,   ,      .      G-Gr  ,,   ,, 

-yep a,  I    .        w^L7x  =  WP, 


''J{2AWghk)~     ^'^*  "''  ''J(2AWghk) 
and  2  =  k{pb  —  pa), 

therefore  pw'  —  p(b  —  a)=—  y-f    ^    ,», 

(pb-pa)^ 

and  therefore  (§  151)  we  may  put  w'  =  b-\-a. 

(vii.)  The  point  H  moves  in  the  invariable  plane  of  G  with 
velocity  equal  to  the  impressed  couple  of  gravity,  and  parallel 
to  the  axis  of  the  couple ;  so  that  the  velocity  of  H  is  in  the 
direction  HK,  and  equal  to  Wgh  sin  0  ;  and  the  moment  of  tliis 
velocity  about  G  is  Wgk  sin  0  .  GK. 

But  GKsine  =  OG-OG  cosO, 

so  that  p\d^/dt)  =  Wgh{Cr  -  G  cos  6), 

if  p,  <j)  denote  the  polar  coordinates  of  H  in  the  invariable 
plane  of  G. 

Now  p^  =  2AWghk{p{b  +  a)-pu), 

and  cos0=  k{pu  —  \pa  —  \pb)) 

so  that  finally  we  shall  find,  after  reduction, 

d<P^_G^,     H^'(^  +  a) 

dt     2A'^p{b-ha)-pii^^' 
and  therefore  H  describes  in  the  invariable  plane  of  G  a  her- 
polhode  with  parameter  b  +  a. 
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(viii.)  Similar  considerations  will  show  that  the  curve  de- 
scribed by  ^  in  the  invariable  plane  of  G  is  also  a  herpolhode, 
with  parameter  h  —  a. 

If  in  equation  (2)  of  §  210  we  replace  Cv  by  At\  the  motion 
of  00  is  unaltered,  but  now  the  momental  ellipsoid  at  0  becomes 
a  sphere,  and  OH  is  the  instantaneous  axis  of  rotation  ;  so  that 
the  motion  of  00  is  produced  by  rolling  the  cone,  whose  base 
is  the  herpolhode  described  by  H  in  the  invariable  plane  of  (7, 
on  the  cone  whose  base  is  the  herpolhode  in  the  invariable 
plane  of  G,  the  angular  velocity  being  proportional  to  OH. 

(ix.)  But  in  the  general  case,  where  01  is  the  instantaneous 
axis,  the  curve  described  by  /  in  the  invariable  plane  of  0  is 
similar  to  the  curve  described  by  H,  and  is  therefore'a  herpol- 
hode. 

Now  from  (v.),  drawing  GM,  IN  perpendicular  to  OG^ 
OP  =  00'- +  01'^ 

=  0-h'-  +  (2C''Wg/A)(c-0G-i-GM) 

SO  that  OP  varies  as  the  height  of /above  a  certain  horizontal 
plane ;  and  the  locus  of  I  is  therefore  a  sphere,  to  which  the 
point  0  and  this  plane  are  related  as  limiting  point  and  radical 
plane. 

The  motion  of  the  Top  can  therefore  be  produced  by  rolling 
the  herpolhode  described  b}^  /  in  the  invariable  plane  of  0  on 
this  sphere,  with  angular  velocity  proportional  to  01. 

(x.)  It  still  remains  to  be  shown  that  the  cone  described  by 
01  in  space  round  OG  is  a  herpolhode  cone  ;  this  is  left  as  an 
exercise. 

Darboux  shows  that  two  such  hyperboloids  as  those  described 
in  §  221,  with  a  pair  of  generating  lines,  PQ,  PQ'  in  coincidence, 
and  the  opposite  generators  OG,  00  of  the  same  system  inter- 
secting in  a  fixed  point  0,  may  be  used  to  represent  the 
motion  of  00,  the  axis  of  a  Top,  when  OG  is  held  vertical; 
the  point  P  of  intersection  of  the  coincident  generators  being 
made  to  describe  herpolhodes  in  the  invariable  planes  of  G 
and  0,  by  being  moved  in  the  direction  of  the  common  normal 
of  the  hyperboloids. 


AND  THEIR  APPLICATIONS.  241 

225.  The  numerical  results  of  the  pseudo-elliptic  integrals 
of  §§  218,  219,  and  223  can  be  utilised  for  the  construction  of 
similar  degenerate  cases  of  the  motion  of  the  Top. 

Thus,  if  a  =  \(jo^,  6  =  ajj  +  Jwa, 

then  6+a  =  ft)^  +  a)3,  6  — a  =  ft)i; 

and  we  shall  find  cos  a  =  0,  con  ^  =  k,  c?  =  sec  fi,  and 
C  V  =  2  A  Wgh  sec  ^,     G^  =  2  A  Wgh  cos  p. 
The  spherical  curve  described  by  C  is  now  given  by 
sin  0  sin{nt  cos/3  —  \[r)  =  ^{cos  ^(cos  ^  —  cos  0)}, 
sin  6  cos(nt  cos  ^  —  \/r)  =  ^(1  —  cos  ^  cos  0). 

With  Gi=io)a>  ^^^i—ift^s*  and  6  +  a  =  ft)p 

we  find  that  cos  a,  cos  ^,  and  d  are  unaltered,  but  Cr  and  G 
are  interchanged  ;  and  C  now  describes  the  spherical  curve 

sin  6  sm(nt  —  ylr)  =  ^  {cos  ^(sec  /3  —  cos  6) } , 
sin  0  cos(7it  —  V^)  =  x/(l  ~ s^^  /^  ^^^  ^)- 
Again,  with    a  =  iw^,  b  =  co^-^^co^,  5^2=1^'  5^3  =  11' 
so  that  ^a  =  ~  I,  ^6  =  J,  we  find  that 

Z^  =  l,  cosa=-V3  +  l,  cosy8=-|,  c^  =  V3  +  l,  CV  =  4^%A; 
and  the  spherical  curve  described  by  G  is  given  by 
sin^e  sin  3\/r  =  ( - 1  -  2  cos  0)^ 
sin^a  cos  3^/r  =  (1  +  cos  0  +  cos20)^(2  +  2  cos  0  -  cos2^). 

To  realise  this  motion  practically,  place  a  homogeneous  sphere, 
of  radius  c,  inside  a  fixed  spherical  bowl  of  radius  a,  in  contact 
at  an  angular  distance  of  60°  from  the  lowest  point,  and  spin 
the  sphere  about  the  common  normal  with  angular  velocity 

V{=«-)}^  ■ 

The  sphere  if  released  will  roll  on  the  interior  in  this  curve. 
As  another  numerical  illustration  we  may  take 
5^2  =  48,     5r3  =  44, 
when  ^K  + W  =  2,  ^|a)3=  -4  ; 

p\w^  +  >3)  =  -  ^'f  0)3  =  6ijS. 
Also,  with  i72  =  30,     5^3  =  28,     0)3/0)1  = 'i^2, 

^i^g=_5-#^6,     Ff^3=l-W6»   etc. 

G.E.F.  Q 
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22G.  It  is  convenient  to  represent  the  two  parts  of  i/r  by 
"^/tj  and  i/rg,  such  that 

cZt/ti^I  G+Cr       1  d\[r^_   jip'a   . 

dt  ~2      A      l+cos6)      dw" <pw—(pa 

dyj^^^l  G-Gr        1  dA}^__^ifb_. 

dt  ~2      A      1  —  cos  0     du  ~pb  —  ipu 

also  to  put  x  =  \^i~'S^2»  whence  Euler's  anale  (l)  =  -^+(A-G)rtlA, 

and  cZx^Or-Gco^^ 

cZiJ         ^  sm2^ 
an  expression  obtained  by  interchanging  G  and  Gr  in  i/r. 

With  a  =  'pwp  6  =  a)i+9'ft)3,  a  change  of  ^  into  —  g  interchanges 
G  and  Or,  while  a  change  of  p  into  —'p  interchanges  G  and 

—  Gr :   both  changes  of  sign  change  G  and  —  G  and  (7r  into 

—  Gvy  and  thus  reverse  the  motion. 

The  following  degenerate  cases  of  the  motion  of  the  Top  will 
afford  an  exercise  on  the  preceding  results  of  §§  210,  224: — 

A.  With  h  —  a  =  wy  or  g— p  =  0, 

n_  ^_c_l+  cos  a  cos  ^ 
Gr     Ti      cos  a  +  cos  fi 
G^r^l'IA  Wgh  =  cos  a  +  cos  /3 ; 
and  by  §  215,  x  is  now  pseudo-elliptic;  and 

X  =  V(cos  a  +  cos  I3)j{\gll)t  -  i, 
where        i=  tan-i   /       (^-o>^  ^  -  eos  e)(cos  ^  -  cos  g) 

^  \  1  +  cos  a  cos  p  —  (cos  a  +  cos  p)cos  0 

_  ,.    -i>v/{(cQs  /3  — cos  O)(cos  ^  —  cos  g)} 
sin  0 
,>^{l  +  cosg  cos/5  — (cosg  +  cos  i8)cos  0] 

=  cos  ~  ^— ■ r-^ '^^ -• 

sm  t^ 
The  angular  velocity  of  H  round  G  in  the  invariable  plane 
or  G  is  now  constant  and  equal  to  ^G/A. 

B.  With  7;  —  (X  =  0)1 + 0)3,  or  q  ^p  =  1, 

a      G      c     1+d  cos  a 

cos  ^  =  -  -  =  -  = ~-^  , 

Gr     II       cosa  +  a 

OV72^%A  =  cosa+c^, 

and  the  spherical  curve  described  by  G  has  cusps  on  the  circle 

given  by  6  =  B;  and  now 

X  =  s/{^o^cL  +  d)J{^gll)t-i\ 

where       f -tan-  W^  (c^-cose)(cos0-cosg)       ^^^^ 
^  \  l4-<xcosa  — (cosa  +  a)cos0 
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The  angular  velocity  of  H  round  G  is  again  equal  to  ^OjA. 

C.  With  6  +  a  =  a)i,  or  ^-1-^  =  0, 

,  _  (7r  _  1  +  cos  a  cos  13  . 
~  G  ~  cos  a  +  cos  ^ 
and  now  i/r  is  pseudo- elliptic,  and  given  by 

V^  =  x/(cos  a  +  cos  P)s/(i9ll)t  -  i ; 
while  the  angular  velocity  of  H  round  C  in  the  invariable 
plane  of  C  is  constant  and  equal  to  ^Gr/A. 

D.  With  6 +  a  =  0)1  +  0)3,  or  g+j9  =  l, 

^     Cr     \-\-d  cos  a 

cos  /3  =  -,,  = — 1-' 

'^      6r       cosa+a 

and  the  angular  velocity  of  H  round  C  in  the  invariable  plane 
of  G  is  again  ^Gr/A. 

E.  With  5  =  1,  6  =  o)i + 0)3,  (r  —  Cr  =  0,  and  x/rg  disappears  ;  and 
now  cos /3  =  c/h=l,  the  Top  being  spun  originally  in  the 
upright  position. 

Now  if  the  Top  falls  ultimately  to  the  extreme  inclination  a, 
we  find  that  (7V/2^  Wgh  =  1  +  cos  a  ; 

and  subsequently,  after  a  time  t, 

sin  J0  =  sin  Ja  sech{sin  \a^(gll)t)y 
Grt       .      ,    /cos  Q  —  cos  a  . 
^=2A-"°    V    i  +  cos9    ' 
so  that  the  integrals  for  t  and  i/r  are  pseudo-elliptic. 

F.  With  q  =  0,b  =  (i)i,G  —  Gr  =  0,  and  i/rg  again  disappears;  but 
now  cZ  =  l,  and  the  Top  does  not  rise  to  the  vertical  position. 

For  numerical  illustrations  of  this  motion,  take 

a  =  f(t)3,  and  g^  =  16,  g^=ll,  when  ^a=— f; 
or  5^2  =  ^^'  93  =  ^^}  when  ^a=--4. 

G.  With  p  =  l,  (X  =  a)3,  G  +  (7r  =  0,  and  x/r^  disappears;  now 
cos  a=  —  1,  and  the  Top  passes  through  its  lowest  position. 

For  numerical  examples  of  pseudo-elliptic  cases,  employ  the 
results   ^(0)1+^0)3;  15,  11)  =  J,  and  ^i>(a)i  +  ^o)3;  48,  44)  =  2. 

H.  With2>  =  l  and  q=l,  G  =  0  and  Gr  =  i);  and  the  motion 
reduces  to  plane  revolutions,  as  in  §  18. 

I.  With  p  =  l  and  q  =  0,  G  =  0  and  Gr  =  0;  and  the  motion 
reduces  to  plane  oscillations,  as  in  §  3. 

K.  With  p  =  l,q  =0,  (i=l,  cos/3=  —  1,  cos  a=  —  1,  the  pen- 
dulum is  at  rest  in  its  lowest  position. 
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The  Trajectory  of  a  Projectile,  for  the  Cubic  Law  of  Re- 
sistance. 

227.  An  immediate  application  of  the  function  ^(u,  v)  of 
§  201  occurs  in  the  sohition  of  the  motion  of  a  body  under 
gravity  in  a  resisting  medium,  in  which  it  is  assumed  that  the 
resistance  of  the  medium  is  in  the  direction  opposite  to  motion, 
and  that  it  varies  as  the  cube  of  the  velocity. 

Refer  the  motion  to  oblique  coordinate  axes,  one  Ox  in  the 
direction  of  projection  at  the  point  of  infinite  velocity,  and  the 
other  Oy  drawn  vertically  downwards. 

Denote  by  w  the  terrriinal  velocity  of  the  projectile  in 
the  medium ;  so  that  if  W  denotes  the  weight  in  pounds,  the 
resistance  of  the  air  at  a  velocity  -y  is  a  force  of  W(v/wy 
pounds,  and  the  retardation  produced  is  g{vjw)\ 

The  equations  of  motion  are  then 

(P-x_  __  g  /ds\^dx 

dt^"     wKdt)  'ds' ^  ^ 

d^y  _  __  g  fdsV  dy 

dt^~     wAdl)  ds^^ • ^^^ 

Eliminating  the  term  due  to  the  resistance, 

dx  dhf     d^x  dy  _  dx 
dt  dl^W  di~^'dt 

or,  writing  p  for  dy/dx, 

dp       dt        dp  dx  ..^, 

dr'j-&-°'didr'J ^^^ 

If  Ox  makes  an  angle  a  with  the  horizon,  then 
ds^ _dy^       dy  dx  .  dx^ 

W~dt^'   di  dt^'''''^dt^ 

^~{2r-2psma  +  l), 

and  now  equation  (1)  becomes 

d^x  _  _^  g  fds\^  dx 
df-~'~'vAdt)  ~dt 

=  -|S)V-2p-«+l). 
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Integrating,  noticing  that  dxldt=co  ,  when  p  =  0, 

^^'^Kw     ^  ^^^  -i52sin  a+p  =  JP, 
suppose,  wherep^  —  Sphma-\-Sp  is  denoted  by  P; 

S=-^'* ^^> 


Then.  fro.  (3,  2=.©"-^^^' 


^/pP-^dp; (7) 

0 

W 

=yp-^dp (8) 


so  that  4^  =  ^"*' 

vr  dp 

■vfidp    P      ' 
and  %-fP'^'^V (6) 

0 

while  ^=lp\ 

dt     w 

w 

0 

228.  The  integration  required  in  (6)  is  similar  to  that  of 
ex.  8,  p.  65,  discussed  also  in  §  157 ;  we  substitute 

z^.m^P^lp, 
where  m  is  some  arbitrary  constant  factor  ;  and  then 

^z^ — ^3  =  { (4m* — g^'p^  —  1 2m^p  sin  a  + 1 2m^}/p^, 
which  is  a  perfect  square,  when 

4m*' —g^  =  Sm^sin^a,  or  g^  =  m*(4  —  3  sin^a) ;, 
so  that  v'(42;^ — g^  =  m^^3(2  —p  sin  a)/p, 

nd  eg^ofg      _     2w?JUp 

dz        _     m^^Sdp  _  dp      _     gdx 

on  choosing  m^  =  J ;  so  tliat 

gx_  /•"    dz 

^=vg;"'^J -(^^ 
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Then  f'.- 


,gx    psing  — 2 . 

and  supposing  x  =  a  Sit  the  vertical  asymptote,  where  j)—^, 
,qa_mna     .9^_1 

m       ,gx_^ 


so  that 


or 


dj;^_J =        !jf!^_;  (10) 

^     dx      ,qa      ,gx      ,ga      ,gx 


and,  integrating,  V  =  / c?^» 

the  equation  of  the  trajectory. 

It  is  convenient  to  write  u  and  v  for  gxjw^  and  ^a/w^ ; 

and  now  —2=/  "^^ ?-» 11) 

0 

to  be  integrated  by  the  preceding  rules  of  §  198. 
Rationalizing  the  denominator  <p'v  —  <pu,  it  becomes 
f"^v  —  <p"^u  or  4(^'^t>  —  ^%), 
since  5^2=^^  5  ^^^  resolved  into  linear  factors,  it  becomes 

4(pv  -  <pu  ){<jo^v  -  <pn){ui\v  -  (pu\ 
where  w,  co^  denote  the  imaginary  cube  roots  of  unity,  viz., 

Now,  resolved  into  partial  fractions, 

(§>'v  —  p'u  ~    4c(^''^V  —  p'^u ) 

1  ^'v-^p'u     1     p'v  +  ^'u       1      pv  +  ^'u 

2  pv  —  ^u    2    copv  —  ^u       2     coyv  —  pu 

1  p'v  +  ^'u    1    ^'a)v-^p'u    1  2^V'y  +  p''U, 
—     ^  -^ 1_  -(J,  — ^ . { 1  ^ ) 

2^1?  — ^t6     2    po)V  —  ^u     2     ^ocrv  —  pu  ^     ' 
on  making  use  of  the  results  of  §  196,  when  5^2  =  0. 
Then 


w^  J    2^v  —  ^u         J    2^a)V  —  pu  J    2p w^v  —  pu 

wliich  is  prepared  for  integration  as  required  in  §  198 ;  and  since 
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=  —  log  (riy  —  u)  +  log  o-u  —  ufv + constant 
=  -  log  ^^^Vf-  =  -  log  ^(  -u,v); 
therefore  the  result  of  the  integration  may  be  expressed  by 

^^  =  —  log  <p(  —  u,  v)  —  CO  log  <p(  —  u,  a)V)  —  co"log  (/){ —  a,  arv)....{lS) 

The  conditions  of  Homogeneity  of  5^  19G  also  show  that  the 
last  equation  (13)  may  be  written 

•^  ^,  =  -  Sutv  -  log  -"^ -  o)  log    ^  -  (o^log   -^^ — 5 ', 

or  simply 

•^  =  -  3uf  y  -  log  a{v  -  u)  -  u>  log  (t{wv  -  it)  -  co-log  (r(ct)-i'  -  ?^ ),  (14) 

subject  to  the  condition  that  y  =  0,  when  it  or  a;  =  0. 

The  equation  is  left  in  the  complex  imaginary  form,  as  there 
exists  no  theorem  for  the  expression  of 

log(r(a)i'  — u)  in  the  form  P-\-iQ', 
unless    we    introduce    a    new    function    #(a,  a),   defined    by 
(Halphen,  F.  E.,  L,  p.  151) 

^(a,  a)=J{l{a  +  ia)  +  ^{a-ia)]da. 

0 

229.  For  the  expression  of  the   time  t  in  the  trajectory, 
equation  (8)  leads  to 

when  resolved,  as  before  for  y,  into  partial  fractions ;  so  that 

^  =  —  log  0(  — 16,  V)  —  W^log  </>(  —  W,  WV)  —  W  log  (/)(  —  16,  urv)y 

or  =— log  —arlog— -co  log ^ S 

or  simply 

=  —  log cr{v  —  u)  —  a)-log (r(cov  —  u)—co log (r{cD~v  —  u ),    (1 6) 
subject  to  the  condition  that  t  =  0,  when  a;  or  u  =  0. 


248  ELLIPTIC  INTEGRALS  IN  GENERAL, 

By  addition, 

^2+^,1=  -31og0(-u.  v)  +  logcf>(-u,  v)<p(-u,  wv)<p('-ii,  wHy, 


a-{v  —  u)(t{wV'—  u)(t((jo^v  —  u) 

OOf 


*  arV  arcoV  crw^V  a^U 

and  this  last  term,  when  expressed  in  a  real  form,  is  equal  to 

(Halphen,  F.  E.,  I.,  p.  232.) 
This  can  be  proved  independently  ;  for 

J        fv  —  fii             J    2  pv  —  ^u 
—  I  —T^ — 7 —  =  losf(0V  —  0'u)  + a  constant (17) 

230.  For  the  purpose  of  the  expression  of  y  and  t  in  ascend- 
ing powers  of  x  or  u,  it  is  useful  to  employ  the  function 

A V^",   which    we    may    denote    by    \lr(  —  u,v)    or    -^ ; 

so  that  \l/{  —  u,v)  =  (tu  (p(  —  u,  v),  and  i//-  =  1,  when  u  =  0. 
We  may  now  write 

gylw^  =  —  log  \fr(  —  UyV)  —  co  log  ^(  —  u,  cov)  —  co^log  i/r(  —  u,  oo^v), 

gtjw  —  —  log  \/r(  —  UyV)  —  CO^iog  l/r(  —  U,  (joV)  —  CO  log  \/^(  —  U,  (O^v). 

Differentiating  logarithmically, 

—    -^  =  —  ^'(t>  —  16)  4-  tv 

.If  2  niO 

on  expanding  the  second  side  by  Taylor's  Theorem  ;  so  that, 
integrating  again, 

\og\lr(-u,v)=-^pv+^^v---^,p''v+,..,  (18) 

Then,  with  (r/2  =  0,  and  p(jov  =  (i)pv,  etc., 

logi/r(-u,a)''^v)=-^,ft)V^+3T^''y-^to^"^+...;  (20) 
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so  that  ^2/  =  :jgV'V._«^^)„+^^pW")„-...) (21) 

S  =  3(|P'-|V"'^+|V«^'  — •)■ (-2) 

and  here  u = gxj w^,  g.^  =  0,  g^  =  ^V(4  —  3  sin^a),  pv  =  l, 

pv  =  J  sin  a,  pv"  =  | ,  ^  y'"  =  J  si n  a,  ^^'"^ y  =  4 - ^sin a,  ^("%  =  ^si ° «> •  •  • 

231.  When  ^j,  pg.  P^  denote  the  values  of  p  corresponding  to 
three  points  defined  by  the  values  £Cj,  x^,  x^  of  x,  or  i/^  Ug,  U3 
of  1/,,  such  that 

X^  +  X2  +  X^  =  0,    or    Ul  +  'W2  +  '^3  =  *^ 

then,  according  to  §  145, 

(PlP2Ps)^=PlP2P3-(P22h+P3Pl+PlP2)^^^^+Pl+P2+Ps'  (23) 

This  Theorem  follows  also  as  a  corollary  of  Abel's  Theorem, 
as  applied  in  §  16G  ;  and  it  is  interesting  to  proceed  to  the 
determination,  in  a  similar  manner,  of  the  corresponding  values 

of  2/1  +  2/2  +  2/3.  and  ^i  +  f.2  +  ^3- 

Changing,  in  §  166,  aj  into  p  and  y  into  F^,  then  from  (7)  §  166, 

^2(^2/1  +  ^2/2  +  ^2/3)  =PlPl  ~  ^#1  +^2^2  "  ^#2  -^PsPs  "  ^#3 

3    /p,^Sa+p^Sl3     p^^Sa+p.2S^     P3^Sa+p^S^\  ^  _  SSa^^ 
a^-l\Ps-PvPi-P2    P1-P2P2-PS    P2-P3-P-^-pJ        «'-!' 
•^{dt,  +  dt,+dQ  =  P,-^dp,-{-P,-'sdp^+P,-hdp, 

3     f(ap,  +  fi)(2\Sa  +  S^)  \^      SaSa 

a^-n  {pz-Pi){Pi-P2)     *"J      «^-i' 

Therefore 

=  —  log(a  —  1)  -  w^log(a  —  o))  —  ft)  log(a  —  w'^) ;  ••  (25) 

where  a  =  ^2_-i:3  =£:3__i:i_^£^^ £2,   (26) 

i>2-P3         Ps-Pi         P1-P2 
and  a  =  00  ,  when  p^  =p^  =p^  =  0. 

As  a  corollary  from  tlie  preceding  expressions  for  y  and  t  in 
terms  of  cc  or  u,  it  follows  that 

<r(v — u^)(r(V'-'U^)<r(v  —  ttg)  _     1 
ah)  crU^a-u^crUs  a  — I 
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232.  By  taking  ^'3  =  0  and  2^3  =  0,  then 

Pi+P2—PiP2^^^^'=^^y  o^  l/Pi4-l/2)2  =  sina, 
when  x^  +  x.^  =  0,  or  u^  +  u.2  =  0. 

Now,  from  equations  (13)  and  (16), 

-iiVi + 2/2)  =  -  log(^w,  -^v)-co]  og(^u  -  co^v)  -  oo^ogi^u  -  w^^v) 
=  _llog^fi^|I^V3tan-/-^. 

--^log^r-^3^\%x/3tan-^y^^V 

2     ^|p%  — ^^v)     ^  2^u+p; 

In  particular,  when  u  =  w^,  then 
and        ■?!=  _8„,f.-llog^q^-^^3  tan-,^^. 

VP'  25.  4       &        _1^'2^  2^^  2^2 +  ^V 

91=  _liog<P^^)'+1^3tan->^?-^ 

w  4     ^      J^-^v    ^2^  2^2  +  ^^ 

so  that  the  expressions  for  y  and  ^  are  pseudo-elliptic ;  and,  at 

this  point,  p  =  2  sin  a. 

233.  We  may  now  investigate  the  properties  of  certain  points 
on  the  trajectory. 

When  n  =  ^w^  —  v, 

then  pu  =  J,  p'u  =  —  J  sin  a,  and  p  =  cosec  a, 

so  that  the  tangent  is  perpendicular  to  Ox. 

The  velocity  in  the  trajectory  is  given  by 

^u{  p^  —  2p  sin  a-{-l)^{p^  —  S^^sin  a  +  3p)~^, 
and  this  is  a  minimum,  by  logarithmic  diiferentiation,  when 

p  — sina      _.^^:z^E.^i!liLtL_n 
^^  — 2psina4-l     ^^  —  3p^sin  a  +  3j9  ~    ' 

or  p2cos2a+_psina"-l  =  0 (27) 

If  the  tangent  AB  makes  an  angle  ^  with  Ox  at  the  point  A, 

.,  sin  B 

then  ^  =  — r-So\' 

^     cos(a  — ^) 

so  that  the  relation  becomes 

tana=--2cot2^  =  tan^--cot^ (28) 

Then       V(4  +  tan^a)  =  tan  /3  + cot  (3  =  2  cosec  2/3, 
or  >v/(%3)  =  W(^  ~  -^  sin^a)  =  |  cos  a  cosec  2^. 
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The  relation   (28)  is  equivalent  to  a  number  of  other  re- 
lations, such  as 

tan(2^  —  a)  =  tau  a  —  tan  2^  =  tan  a  -|-  2  cot  a, 
t&n(a  - 13)  =  cot% 

tana={cot(a-/3)l*-{tan(a-/3)}^ 
3  tan  a  +  tan^a  =  2  cot  2(a  -  /3)  =  cot(a  -  /3)  -  tan(a  -  /3), 
tana={cot(a-/8)}^-{tan(a-i8)}*,  etc. 

Also,  since  7?  =  -^ — t-, 

^      sin  a  —  :^^  u 

therefore,  at  these  points  of  minimum  velocity, 

p'2i^  =  ^(4~3sin2a)  =  3^3,  and  r^u  =  (j^, 

and  therefore  p2u  =  ^u,  or  u  =  §a)2,  as  in  §  160. 

The  integrals  for  y  and  t  at  these  points  of  minimum  velocity 

are  therefore  pseudo-elliptic,  and  depend  on 

(8^-1)^(4^^-1)  ^^ V(?^=nV(^^^l)' 
integrals  first  considered  by  Euler  (Legend  re,  F.  E.,  I.,  Chap. 
XXVI.). 

We  find,  by  differentiation,  that 


1  d        J(i^--i)  +  JS 

W3         3 


..(30) 


V(4s'-1)     ^(4s5-l)  +  V3V(48'-iy 

^      JV3       ,        _3 s-^, 

by   means   of  which   the   results    can   be   constructed ;    and 
noticing  that,  if  s  =  pv,  ^(4s'  —  1 )  =  f'v,  ^,  =  0,  (/j  =  1 ,  then 
V(4^-l)  +  >/3 "       2    , 

^3^?_l,  +  ^3(2.-l)  =  ^  (''  -  ^<"^)' 
we  find  finally,  when  u  =  |a)2. 

5'2//'^  =  l^2f««'2-2a>2f«^  +  J  logK'^-fft).,)-}V3tan-V(v-§a)2),  (32) 
gt/w  =  2vfft)2-§^2f«»'2  +  i  log^('y-§a)2)+i>v/3  tan"  V(^- §0)2).  (33) 
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234.  Denoting  by  6  the  angle  which  the  tangent  at  any 
point  makes  with  Ox,  the  tangent  at  0,  the  point  of  infinite 
velocity,  and  by  0  the  angle  which  it  makes  with  the  tangent 
at  A,  the  point  of  minimum  velocity,  then  6  =  /3  —  ^,  and 
.  _  _ ^!lL^ _    sin(/3-0)     . 

so  that     sina-.S^-u^l^cos(a-^  +  <^) 

2  p        sm(/5-0) 

and  :Vu  =  ^^^  ^  sin(/3- 0) -  2  cos(a-/3  +  0) 

9  Pn«  ^  CQ<i^-^)  +  itan«sin(/3-^) 
sm(^-0) 

-      ^"^^«  sin(^-^) 

=  —  2  cos  a  cosec  2B  .    ,'  — ^  ; 
^sm(/3-0) 

and  since 

^1^2  =  -  %/(%3)  =  -  W(^  -  3  sin^a)  =  - 1  cos  a  cosec  2^, 

therefore    "^^4^=  ?>-, 
sin(/3-0)     ^§0)2 

Qj.  tan0^g?^u-g?^§a)2  .g^s 

tan  ^     <^'vb  +  ^'§0)2 

Therefore,  at  points  defined  by  Up  Ug,  where  the  tangents 

make  equal  angles  with  the  tangent  at  A, 

Thus,  if  Ui  =  0,  then  ^2  =  0)3;  and  the  tangent  where  u=w2 
makes  an  angle  2/3  with  Ox. 

By  the  principle  of  Homogeneity  of  §  196,  we  can  select  any 

arbitrary  value  of  ^3,  and  it  is  convenient  to  take  <73  =  1;  and 

.„  gx     u    ,,  ox        „  ^gx        „  / 

now,  if  '^-^  =  -,  then  0—,  =  m^&u,  9-^  =  rrv^P  u, 

where  m^=g^,      m  =  (4  —  3  sin^a)  ^^3. 

With  g2  =  ^,93=^,  we  have  found,  in  §  166, 

Again,  if  —  =^,  then 

^v  =  (4  -  3  sin^a)"*,  p'v  =  ^3  sin  a(4  -  3  sin^a)"^  =  -  ^3  cos  2/3 ; 
so  that,  as  a  increases  from  0  to  Jtt,  ^'v  increases  from  0  to  ^^3, 
and  V  increases  from  w^  to  f  wg. 
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Denoting  the  analytical  expression  for  tan^/tan/5  in  (34) 
by  Xy  then  X  is  independent  of  a  or  y8,  and  therefore  a  Table 
of  numerical  values  of  X,  with  u  or  mgxjv^  for  argument,  will 
serve  for  all  trajectories. 

It  will  be  a  useful  numerical  exercise  for  the  student  to 
prove  that  corresponding  values  of  u  and  X  are 

,  4/3(^3  +  1)- V2. 

,         1  . 

,  V3  +  1-V24/3. 

2^2'       2 ' 


|a>2,  0 ; 

rft>2»  — 

0)^,  —  1 ; 

rft'2'  — 


^^2»     2 


,  4/3(V3  +  l)  +  V2 


Examples. 
Prove  that,  with  g^  =  0,  g^=  1, 

3  1 

3.    jj(w-|coXu+|(0,)=^|j^^3- 


4.  yCi^^  =  -^u-fV3  Unh- V3?^4--'- 

'''J^'u+J'6  ^  ^^^'^  ~  ^'^  ^^^  ^^^  ~  S«2)-tV -v/3  tan  -  V(w -ftog)- 

^'JpZ-JS  ^  ~ "^'^  ^^^ ^^'^^ ~ >2)+tW3  tan " ^^y ( w - ;-!a,,). 


7.  Integrate  (^3tf')"\  (pu)"^^  (p?^)-^. 


CHAPTER    VIII. 

THE  DOUBLE   PERIODICITY  OF  THE  ELLIPTIC 
FUNCTIONS. 

235.  Besides  pointing  out  the  advantage  of  the  direct  Ellip- 
tic Functions  obtained  by  the  inversion  of  the  Elliptic  Integrals 
(§  5),  Abel  made  an  equally  important  step  (Crelle,  II.,  1827) 
in  showing  that  the  Elliptic  Functions  are  doubly -periodic 
functions,  having  a  real  period,  4fK  or  2K,  as  already  defined 
in  §  11,  and  an  imaginary  period,  ^K'i  or  2K'i,  where,  as 
before  in  §  11, 

0 

Doubly-periodic  functions  make  their  appearance  when  we 
consider  functions  of  a  complex  argument  w  =  u+vi. 

Denoting  x  +  yi  by  z,  we  have  already  discussed  in  §  179  the 
system  of  confocal  conies  given  by 

;^  =  c  sin  w,  or  c  cos  iv,  when  it  or  v  is  constant. 

In  this  case  w=  l—rr^ i,.-, 

and  the  poles  of  this  integral,  as  defined  in  §  54,  are  given  by 
z=  ±c,  the  foci  of  the  confocal  system  of  conies. 
Changing  the  origin  to  a  focus,  then 

r    dz 

'"'"'J  J{z,2c-zy 

and  z  =  2c  sin^  Jtt;, 

2c  —  2;  =  2c  cos^  Jt(;, 
dzjdw  =  c  sin  w. 
Denoting  by  r,  r  the  focal  distances  of  a  point,  then 

r^zz^^x^  yi)(x  —  yi)  =  4!chm%{u  +  vi)sm^i{u  —  vi), 
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or  r=2c  sin  |(u  +  t;i)sin  |(u— m), 

r'  =  2c  cos  h{u  +  vi)coH  ^{u  —  vi) ; 
so  that  r'  ■\-v  =  'lc  cos  vi  =  2c  cosh  v, 

/— r  =  2c  cos-M/, 
giving  the  confocal  ellipses  and  hyperbolas,  for  which  v  and  u 
are  constants. 

It  is  convenient  to  denote  x  —  yi  by  s' and  u  —  vi  by  w' ; 
and  now  the  Jacobian 

J  or  ^ — -[  =  c  .sin  wsinw  =  Wr . 

^(u,  V)  * 

236.  Now,  if  we  consider  the  integral  (11)  of  §  38, 

then  •  2;  =  sn^Jtv, 

l—z  =  QIi^w, 

dz/div  =  sn  ^iv  en  ^w  dn  Jty  ; 
and  the  poles  of  the  integral  are  given  by  2;  =  0,  1,  and  1/k. 

Denoting  by  r,  r';  r"  the  distances  of  a  point  from  these 
poles  or  foci  0,  0',  0"  in  fig.  26,  then 

r'  =  sn  Jtysn  Jtf;',  r  =  cu^tvcn^w\  kr"  —  dn  ^w  dn  ^w' ; 
or  by  means  of  formulas  (2),  (3),  (5),  (28),  (29)  of  §  137,  with  ^w 
and  ^w'  for  u  and  i;,  and  therefore  u  and  iv  for  u+v  and  u  —  v, 
,  Q.nvi  —  Q,nu  1  dnvi  —  dnu 


w- 


k¥'  = 


dnvi+dnu  /c^  cnm+cnu' 

cnmdnu  +  cnudnw     k"^  dnvi  —  dnu 


dnvi-\-dniJb  k^  cnvidnu  —  cnudnvi* 

cnmdnu+cnudn  w      ,„  cnm  — cnu 


en  w  +  en  16  "      en  vi  dn  u  —  en  uAn  vi 

From  these  relations,  by  the  alternate  elimination  of  u  and  r, 
r + r'dn  vi  =  cn  vi\ 
r  —  r'dn  u  =  en  u  f* 
or  kr"  -\-  kr' en  vi = dn  vi\ 

kr"  —  A;/cn  u  =  dn  u  /' 
or  A;r"dnw  — A;rcnm  =  l— A;l 

A:7'"dn  u  —  A;?'  en  16  =  1  —  ky 
the  vectorial  equations  of  one  and  the  same  system  of  confocal 
(►rthogonal  Cartesian  Ovals  (fig.  26) ;  also  J^krr'r".    (Darboux, 
Annates  scientijiques  de  Vecole  nomiale  sup^rieure,  IV.,  1867.) 
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As  we  travel  round  one  of  these  curves  and  make  complete 
circuits,  each  enclosing  a  pair  of  poles  of  the  integral  w,  defined 
either  by  0  and  1,  or  1  and  Ijk,  the  integral  increases  by 
constant  quantities  ^K  or  ^K'i,  the  corresponding  periods  of 
the  elliptic  function  sn^Jtt;,  as  in  §  55. 


Fig.  26. 


By  making  k  =  0,  we  obtain  the  degenerate  case  of  the 
confocal  conies,  and  now  K=^7r,  while  K'=^  ;  so  that  the 
circular  functions  have  a  real  period  27r  and  an  infinite 
imaginary  period ;  on  the  other  hand,  the  hyperbolic  functions, 
as  illustrated  by  the  confocal  ellipses,  have  an  infinite  real 
period  and  an  imaginary  period  2-^1. 

Mr.  J.  Hammond  has  shown,  in  the  American  Journal  of 
Mathematics,  vol.  I.,  how  these  Cartesian  Ovals  may  be  de- 
scribed mechanically,  by  means  of  reels  of  thread,  as  in  the 
case  of  the  confocal  conies  of  §  173. 

He  takes  two  reels  of  thread,  of  different  diameters,  fastened 
together,  and  pivoted  on  the  same  axis  at  G.  Now,  if  the 
threads  are  led  through  a  pair  of  the  foci,  0  and  0',  the  curves 

r±lr=c 
will  be  described,  if  the  diameters  are  in  the  ratio  of  I  to  1. 

By  leading  the  threads  round  an  oval,  as  in  fig.  26,  theorems 
can  be  obtained,  connecting  arcs  of  confocal  Cartesian  Ovals, 
analogous  to  those  of  Graves  and  Chasles  for  elliptic  arcs. 
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237.  By  inversion  of  this  system  of  confocal  Cartesian  Ovals, 
we  shall  obtain  another  system  of  orthogonal  quartic  curves, 
with  four  concyclic  foci  A,  B,  (7,  D,  defined  by  the  vectors 
z  =  a,  P,  y,  S,  suppose  ;  and  now 

w=fdz\J(z—a  .  0-/3  .z  —  y.  z  —  ^) ; 
or,  writing  w  for  wlJia  —  y  .  ^  —  S),  then,  from  §  66, 
B  —  S.z^a         91        a  —  /3.z  —  S  „,       a  —  B.z  —  y      ,   „, 

a-S.z-fi  -    '  a-8  .z-fi  ^    '  a-y.z-jS  ^ 

Denoting  by  r^,  rg,  rg,  r^  the  distances  of  a  point  from  the 
foci  A,  B,  C,  JD,  then,  from  these  equations, 

mod.  — — -  -^  =  sn  ^iv  sn  |w',    mod. ^  —  =  en  |i^  en  ^w\ 

mod. —=dn^w  dn  ^w' : 

so  that  we  obtain  the  vectorial  equations  of  these  orthogonal 
quartic  curves  on  replacing  r,  r,  r"  in  the  equations  of  the 
Cartesian  Ovals  by  these  expressions. 

{Froc.  Cam.  Phil.  Society,  vol.  IV. ;  Holzmuller,  Einfuhrung 
in  die  Theorie  der  isogonalen  Verwandtschaften,  1882.) 

238.  We  now  proceed  to  express  the  elliptic  functions  of  the 
imaginary  argument  vi  by  functions  of  a  real  argument  v. 

We  know  that  cos  w  =  cosh  v,  sin'yi  =  isinhv,  tanw  =  'itanh'y; 
and  that  the  function  <f>  or  amh  u,  and  its  inverse  function 
u  or  amh ~  ^  =  log(sec  ^  +  tan  0)  =  cosh "  ^sec  </>,  etc., 
connects  the  circular  functions  of  0,  for  which  k  =  0,  with  the 
hyperbolic  functions  of  u  in  §  16,  for  which  k=1;  and  then 
cosh  It  =  sec  0,  sinhu  =  tan0,  tanht6  =  sin0,  tanh  Ju==tan  J0. 

Now,  if  0  =  amh  y/ri, 

then  cos  (p  cosh  yjri  =  1,  or  cos  (p  cos  i//-  =  1, 

a  symmetrical  relation,  so  that 

■v/r  =  amh  <p/i ; 
and  sin  <p  —  tanh  -yjA  =  i  tan  yjr, 

cos  (p  =  sech  yjri  =    sec  i/r, 
tan  (p=  sinh  \lri  =  i  sin  i/r,  etc. 
Also  d<p  =  i  sech  yfridxlr  =  i  sec  i/rcZ\/r, 

A(95>,  Ac)  =  V(l  +  /cHan^i/r)  =  sec  V^A(V^.  /c J, 
so  that  _^^^_i<^. 

G.E.r.  R 
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If  \l^  =  8im(V,         K)y 

then  (p  =  am(m,  k  ) ; 

and  sn( vi,  K)  =  i — —-/,  or  isc(v,K),  or  itr\(v,K); 

^        ^       cn('y,  K)  V  '    / ' 

cji(vi,  k)  =   — 7 ,,,  or    ncCi',  k)  ; 

^        ^        cn(t',  k)  \ 

,       .  dn('y,  «:')  i  ,       /x 

an(m,  /c)  =    — 7 /.,  or    dc(^',  k  ), 

^        ^       cn('U,  k)  ^ 

connecting  the  elliptic  functions  of  imaginary  argument  vi  and 

modulus  K  with  the  elliptic  functions  of  real  argument  v  and 

complementary  modulus  k. 

Putting  v  =  K\  we  notice  that  sn  K'i,  en  Ki,  and  dn  K'i  are 

infinite;  and  putting  v  =  2K\  then 

sn2K'i  =  0,  cn2K%=-^,  dn2K%=-l; 

also  sn4<K'i  =  0,  cn^Ki=     1,  dn4is:'i=     1. 

239.  The  Addition  Theorems  of  §  116  may  now  be  written 
cn(i6+i;i)  =  (cnu  en  v  —  i^n  ^//dnusn^'dn^')-j-i), 
sn('W/  +  ?;i)  =  (snudn?;  +  ^cntodnt(  snt;  en  f  )-=-!), 
dn(^6  +  m)  =  (dn  UGnvdnv— {k^u  ucnuiinv)-r-  D, 
D  =  en^  y + /c^sn%  sn^^ ; 
remembering  that  the  modulus  of  the  elliptic  functions  of  v 
is  K,  while  that  of  the  functions  of  u  is  k. 
Thus,  putting  v  =  K\ 

cn(u  +  A  ^)  =  -^ ,  sn( ^t  +  iL^)  = ,  dnm  +  A  ^)  =  -^— : 

so  that,  putting  u  =  K, 

■m{K+Ki)  =  -iK'lK,     sn{K+K'i)  =  1/k,     dn(K-\-K'i)  =  0. 
Writing  G,  S,  D  for  en  2u,  sn  2u,  dn  2u,  then  (§  123) 

^     ^       ^     l^-dn(2^6^-iL^)     /c    S—Gi' 
Generally,  when  m  and  n  denote  any  integers,  we  find  that 
cn(u  +  2mK+  2nK'i)  =  ( -  l)^+^cn  u, 
sn(t6+2mir+2?iZ''i)  =  (  — 1)^     sni6, 

dn(u  +  2mir+27iiL''i)  =  (-l)"     dnu; 
so  that  4ir  and  2ir'i  are  the  periods  of  sn  u, 

2K  and  4^^'^  are  the  periods  of  dn  u  ; 
the  periods  of  en  u  being  2{K-\-K'i)  and  2{K--K'i). 
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In  §  164,  we  may  now  write 

Uj  4-  ^2 + '?^3  =  4mir + 4fnK'i ; 
or  in  the  notation  of  the  Theory  of  Numbers, 

Ui  + 1^2 +  1^3  =  0  (mod.  4fKy  ^K%). 

240.  A  combination  of  the  transformations  of  §§  29  and  238, 
to  the  reciprocal  and  to  the  complementary  modulus,  gives 
1  1  cn(/c'i>i,  IkIk) 


ci\{vi,  k)  = 

.     ^_^8n(t',  k)_  isnJKV,  !//)_    sii(Kvi,  Jk/k) 
cn(v,  K  )     K  an(/c  v,  1/k  )     k  dn(/c  m,  ik/k  ) 


dn{vi,  k)  = 


cn('?;,  k)       dn(KV,  I/k)       dn(Kvi,  Ik  Ik) 

snfa  k)__  isnJKV,  !//)_  8n(Kvi 
cn(v,  K)~Kdn{KV,  1/k)~ Kdn(K'vi 
dn(v,  /c')        cn(KV,  I/k)  1 


u 


cn(t;,  k)        dn(KV,  I/k)        dn(Kvi,  ik/k) 
Thus  cn(/c'u,  I/c/k:')  =  cd(te,,  k)  =  sn(ir  —  u,  k), 

or  am(Ac'u,  ^/c/zc')  =  ^tt  —  am(ir  —  u,k); 

as  is  otherwise  evident,  when  we  notice  that,  if 

=  f  (l-K'-coB^(p)~^d(p  =  \f  (1  +^sinV)~*^^. 

0  0 

so  that  \^  =  am(/cu,  ik/k), 

then    K-ii=f{l-K'~cos^\lry^dx{r=     f  {1-H^sin^^y^d(l>, 

\j/  0 

or  0  =  am(ir— u, /c), 

provided  -^/r  =  Jtt  —  ^. 

241.  As  an  application,  take  the  values  of  v^  and  Vg  in  §  210 ; 

,  „        l+cos/3         „  cZ  — cosa         „  d  +  l 

^     1  +  cos  a  1  +  cos  a  ^         14-  cos  a 

,   „         1  —  cos  8         „  cZ  —  cos  a  .,  (Z  —  1     . 

dn-v.,  =  ,-    — '-,     sn^'i;o=      :, ,     cn^i'9=— ,  — * 

"     I  —  cos  a  ^         1  —  cos  a  ^         1  —  cos  a 

so  that,  with  v-^^=pK'i,  v^^  —  K+qK'i,  where  p  and  q  are  real 
proper  fractions  (§  56),  then 

1  —  cos  a  _  _  sn^t'j  _  ^  sn^pK'i  dn^qK'i 

14- cos  a         sn^Vg  ~  cn^qK'i 

1  —  cos  /3  _     sn^-Wj  dn^tjg  _  K^n^pK'i 

1  +  cos  /3         sn2i;2  dn'^t^j  ~      dn'^^iT'-i  cn^qK'i 
d—l_     snh\  cn^V2_     K'hn^pK'isn^qK'i 
<i  4- 1 ""     sn^Wg  cn^t;^ ""       cn^pK'i  cn^qK'i  ' 
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Thence,  expressed  in  a  real  form, 

1  —  cos  a  _  sn^pK'dn^qK' 

1-fcosa  crr^pK' 

or  (§  135)        tanJa  =  tan|[am{09  +  g)Z>'}+am{(^-5)Z',/}], 

a  =  Sim{{p  +  q)K\  k  }+Sim {(p-q)K\  k}. 

Ai      /L.  on\  1  — cos/3     Khn^pK'cn^qK' 

Also  fe  29)  — g=— /o    ^^.  ^ 

M+cosp  dn^pA 

^^xxHPkK\  llK')dnHqKK\  l/Q 

ciiHPk'K\  1/k') 

so  that  ^  =  am{(p+g)/ir',  l//c'}+am{(p-g')/c'ir',  1//}. 

^^^  ^  +1 ""  '^''sn^^^'sn^g^' 

sn2(i^ir^  /c)dn^{ (1  -  g)2ir^ -  JT,  /c} 
cu\ipK\  k) 
or  (Z  =  cos[am{(^  +  g-l)iir'  +  Z,  /c}4-am{(p-g+l)iir'-ir,  k}]. 
In  the  Spherical  Pendulum,  Gr  =  0;  and  therefore  (§  210) 
l—CQS  a  1  —  cos/3  cZ— 1_, 
1  +  cos  a  1  +  cos  ^  cZ  + 1 
,  d-1  ,     sn^^'cnpiT'dnpiiT' 

a+1  ^  ^  sn^iL  en  g'A  dn  git 

or  sn  ( p  —  g )K'  =  sn  pK'  en  g/iT'  d  n  qK\ 

Thence 

sn(g+l^)Z-  ^_.     cn(g+y)ir-  dn(g  +  p)Z; 

^"      sn(g-p)^"    ''°^^~      cn(q-p)K"   ''''^"~      dii{q-p)K 

242.  With  Jacobi's  notation  of  §  189,  the  expression  for  i\/r 
in  §  210  becomes 

.  ,      fcnvAnv,  .  cn^dnvA     ,  -n-/         \  .  tt/         \ 
lyf^  =  { ^ i  H ^ -2  Ju  +  n(u,  -Ui)  +  n(u,  ^'2) 

and  now,  if  we  divide  yfr  into  its  secular  and  periodic  part, 
in  the  form  i/r  =  ^u/K+yfr', 

then  "^  is  called  the  apsidal  angle,  in  the  motion  of  the  Top  or 
of  the  Spherical  Pendulum,  as  seen  illustrated  for  instance  in  a 
Giant  Stride ;  and 

which  must  now  be  expressed  in  a  real  form. 
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From  §  172, 

iZ(m,  k)  =  i/{dnh'i - E/K)dvi 


K     J      Q,Vi\v,  K ) 


~v-v-\-EBxn(v,K) (§185) 


l)y  means  of  Legend  re's  relation  of  §  171. 
Thus,  with  v^=pK% 

\     sn-yj  ^J     2K       ^^     '     '  snpK 

Again,  by  (2)*,  §  186,  since  ZK=0, 

Z(K+  u)  =  Zu  -  Khn  u  sn(Z+  u) ; 
therefore,  with  v^  =  K-\-qK'i, 
yen  v^din  v, 
^' 

Also,  if  p  and  g'  are  proper  fractions,  the  logarithmic  term 
of  i"^  vanishes  (§  264) ;  so  that,  finally. 

In  the  Spherical  Pendulum, 

en  29^'dn  pK' /sn  pK  =  /c'^sn  ^^iT'sn  qK'sn(p  —  q)K' 
=  ZgiT' + Z{p  -q)K'-  ZpK ; 

80  that     J  =  22(^  +  ^)  +  2'Z(gZ',0+Z{(p-3)^',^'}. 

With  the  Weierstrass   notation,  taking  u  in  equation  (8) 
of  §  208  between  the  limits  tOg  and  0)1  +  0)3,  we  find  (§  278) 

t^  =  (a  +  6)fo)i-(fa  +  f6;o)i, 
where  ^=^0)3,     6  =  0)1  +  50)3. 

In  small  oscillations  near  the  lowest  position,  p  and  k  are 
very  nearly  unity,  while  q  and  k  are  small. 
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The  Geometry  of  the  Cartesian  Oval. 

243.  Denote  the  angles  P00\  PO'O,  P0"0  in  fig.  26  by 
0,  6\  6"  respectively ;  then  with  0  as  origin, 

x-\-yi  =  QXi?^w,    x  —  yi^Gn^^w') 

aan.!03.^^^+^^^~^(^~^^) 

Gn\w  —  cn^w'_     1/1  — cmt     1— cnm 


w-VVi+ 


cn^w-\-cn^w       \\l  +  cnu     1  +  cnwy 

or,  in  a  real  form,  with  modulus  k  for  the  functions  of  v, 

la—    If^"^^"^     1  —  en -vX  _ sn  Ju dn  Ji6  snjvdnjt', 

^        \\l  +  cnu     1  +  cnf/  cn^u  cnjv       ^ 

^      cnu  +  cni;  .    ^        snusn'y 

cos0  =  :r-^ ,         sin0: 


1  +  en  u  en  V  1  +  en  u  en  'y 

With  0"  as  origin, 

K\x-\-yi)  =  dii{^^w, 
and,  similarly, 

j^„_dn  I'M;  — dn  Ji{;'_     //l~dnu     1  — dnm\ 
^     "dniu'  +  dn  J^t;'~'  \  \l  +  dnu     1  +  dnw' 
\a"—    If^—^^"^  dnt;  — cni;\_/c%njucnju      sn^v 
^     ~  \\l  +  dnu  dnv  +  cnvJ~       dn  Ju       cn^vdnj-i;^ 
„„     cn'?;  +  dnudn'y        .    ^,,         K^snusnv 


dni'  +  dnueu'v'  dnv+dnucnv' 

With  0'  as  origin,  and 

x  +  yi  =  sn^w, 

then  ^  tan  JO  =  — =— f— ,. 

^        sn  Jw -h  sn  J^(; 

To  reduce  this  to  a  real  form,  similar  to  the  above,  we  require 

two  new  formulas,  not  included  in  Jacobi's  list  (§  137),  but  easily 

derivable  from  it,  namely, 

{dn(u+'y)  ±  cn(u+v)}{dn(u  —  v)±  cn(u  —  v)}=  (c^d^  ±  c^d^^jD, 

[dii{u-\-v)±cxi{u-\-v)}{diT[{u  —  v)^cn{u  —  v)}  =  K\s^^s^^lD. 

Now,  with  ^w  and  \w'  for  u  and  v,  and  u  and  vi  for  u+v 

and  u  —  v, 

1 /^/        //dni6-fenu     dnm  — enw\ 

itanAO=A/  J •  1 r- ,), 

^         \\dnu  — cnu     dnw+cnm/ 

i/Q'_    //dnu+cnu     1  — dnvN     en  Judn  Ju  sn  Jvcn  Ji; 
^    ~  \\dntt,— enu     l+dnt;/  sn  Jit  dnj-y      ** 

^,     —  en  u+dn  It  dn  V       .    ^,  /^sn  16  sn  v 

cos  d  =  — :; r — ,     sin  0  = 


dnu  — enudn-v'  dnu  — enudnv 
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244.  Again,  denoting  the  angles  which  P  subtends  at  O'O", 
0"0,  00'  by  0,  fp\  (j)"  respectively,  so  that 

0  =  71 —  0' —0  y  (j)  =6  —  0^',  (j)"  =  71 —  0  —  0'\ 
then  we  shall  find 

,       1        sn|udnju       cn\v        _    1/1  — en  u     l+cnvX 
^         en  Ji6       snji^dnji;   ~  v\l+cui6     l—cnvJ' 
.      1  ,/_     Ksn^u      Ksn^vcn^v_    l/dnu  —  cnu   1  — dnvN 
"^     cn^udn^u        dn  J?;       ~  VVduu+cnu  i+dnv/* 
,      1  , //  _  ^^  i'^  ^^  i^  en  |t;  dn  |-?;    _    1/1— dnu  dnv+cnvX 
^^  dnju  snjf        ~\\l  +  dnt6  dnv  —  cuv/' 

cnu— cnv  .  snusuv 

cos  0  =  , ,  sin  <^  =  - 

'^i— cni6cn'y  ^1 


en  u  en  t; 


,     on  It  +  dn  u  dn  i;       .       ,         K^sn  usnv 
cos  d>  =  -j ; J — ,     sm  (h 


diiu-\-cnudnv  ^      dntt  +  cn -w.  dn-y' 

.,     — cnv  +  dnudni;     .      „         Khnusnv 

cos  0  =  — J J ,  sm  0  =  T r • 

^  an  t;  —  an  tt  en  V        ^      dn  -y  —  dn  i6  en  -v 

Similarly,  denoting  by  w,  w',  co"  the  angles  which  the  normal 

at  P  to  the  oval  along  which  v  is  constant  makes  with  PO, 

P0\  PO",  we  shall  find 

,     sn  u  en  y    .  sn  u  dn  -y    ,        „        sn  u 

tan  CO  = ,  tan  co  = 


^nv  dn  u  sn  v'  en  u  sn  v 

Drawing  the  three  circles  through  0T0\  0"P0,  0P0\  and 
denoting  the  points  in  which  the  normal  at  P  meets  them 
again  by  Q,  Q\  Q",  we  shall  obtain  similar  simple  expressions 
for  PQ,  OQ,  ...  (Williamson,  Diff.  and  Int.  Calculus). 

245.  The  two  ovals  defined  by  v  and  2^'  — t'  form  a  complete 
curve ;  and  so  also  the  ovals  defined  by  u  and  2K—u. 

Denoting   by  P,  P',   Q,  Q'  the   four   corresponding   points 
defined  by  (u,  v\  (u,  2K'-v\  {2K-u,  v\  {2K-u*2K'-v); 
and  denoting  by  p,  p\  q,  q  their  consecutive  positions  when 
u  receives  a  small  increment  du,  then 
Pp  =  JJdvb  =  K^{rr'r')du 

_  en vi  dn  16  +  en  u  dn m    //en  vi  —  en  u\_j 

dnm+dnu         vVcnm  +  cuu/ 
_dnu4-cnudnv    I /I  —  en  u  en  v\i 
dn  t;  +  dn'it  cni' \  Vl  +  cnu  cni;/       ' 
and  changing  u  into  2K—u,  v  into  2^^'— -y, 

Q,  , _dnK.--cn'^dn'y   l/l—cnncnv\^ 
dn  t;  —  dn  u  en  t*  V  \1  +  en  u  en  w 
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Then   Pff+(yg'=|/°"dDi>      //l-cnucnt>W 
/r  1 +ca  i(  CD  t>  \  \1 +cn  u  cn -y/ 

=  -^ — o   >y (1  —  2  cn  -y  COS  ^ + en^v)d6 ; 

so  that  the  sum  of  the  arcs  described  by  P  and  Q'  is  expressible 
as  an  elliptic  arc. 

Again  Pp-Qq=~2  -rn A/lr-^ ^^ — P^* 

o  f     ^  1      ^2    l  +  cnucnt;   \  Vl  +  cnitcnt'/ 

which  is  expressible  in  the  form 

^^J{1  -  2  dn  ^;  cos  0'  +  dn^v)de' 

2 
H — 27~2~>v/(dn^f  +  2  en  i;  dn  -y  cos  0"  +  cii^v)d(j>' ; 

so  that  the  difference  of  the  arcs  described  by  P  and  Q'  is 
expressible  by  the  sum  of  two  elliptic  arcs ;  and  thus  the  arc 
of  the  Cartesian  Oval  described  by  P  is  given  by  means  of 
three  elliptic  arcs,  which  is  Genocchi's  Theorem  (Annali  di 
Matematica,  VI.,  1864 ;  Mr.  S.  Roberts,  Proc.  L.  M.  S.,  III.,  V.). 

246.  Let  us  examine  the  analytical  properties  and  physical 
applications  of  the  functions 

log  en  ^Wy     log  sn  Jty,     log  dn  ^w. 

Denoting  log  en  ^w  by  ^i  +  i^^i,  when  resolved  into  its  real 

and  imaginary  part,  then 

<Pi+'i'^i  =  i  log  en  ^w  en  J^(;'+|  log  en  Iw/cn  \w' 

_  -  ,     en  \w  dn  \w  en  ^w'&n  \w'     .        _i  .en  ^w'  —  cn  ^w 

—  9  loff ^ — — 1 ^ — ; — —7 — — - — r-  ^  tan    1 — z — -7— -. — 

^     °  dn  |^y  dn  ^w  en  |^y  +  en  ^w 

,,     cn^-y  dnu  +  dnmcn  ifc  ,  .,        ,.    l/l  —  cnu   1  — cnm\ 

=  i  log ; 7——, h^tan-HA/l^i— T-^ .], 

^     ®  dnm  +  dnu  vVl  +  cnu  1  +  cnw/ 

as  in  §  236,  by  means  of  formulas  (3),  (20),  (28)  of  §  137 ;  and 

now  expressing  the  elliptic  functions  of  m,  to  modulus  ic,  in 

terms  of  functions  of  v,  to  modulus  k  understood ;  then 

_j^,     dnu  +  cnudnf         _        _^    //I  — cnu   l  —  cn-yN 

^^""^  ^^dnv  +  dnuent''  ^^~  ^^     V  \l  +  cnu' 1+cnv/ 

Denoting  logsn  \w  by  02+^V^2»  ^^^^ 

.  ,      sn  \w  dn  Jiy  sn  Jw'dn  J^6■'     . ,      _i  .sn  J^y'— sn  Jiw 

—  «  losf ^ — q — \ — \ — 7 — ~ r~  %  tan    %     \    /  ,       , 

^     ^  dn  \w  dn  J^(;  sn  Jiy  +sn  \w 

,,      cnm  — cnu.  .^       ,.    //dnu-fcnw  dnm  — cnm\ 

=  ilog-j ^-7-1 h^  tan  "Ha /(-J n r- :) 

'^     °dnm+dnt6  \\dnu  — cnu  dnw  +  cnw 
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_,,         1— cnucnv       .        _j'  //dnt6  +  cni6  1  —  dn  v\ 
~^    ^dn-y  +  dniicnt;  y\dnu-cnu   I+dnw' 

Similarly,  denoting  logdn^w  by  ^a+^V^s,  it 

,,     cn-yidnu  +  cnudnv^  .  .         ,.    //1-dnu   l-dnviN 

=  h  log —, H  -^  tan  -  h^  ( ^ri-j —  tt-j — '• ) 

^    °         cnt;i+cnu  \\l+dnu   1  +  dnm/ 

,,     dnu  +  cnudnt;  .,       ,    //I— dnu  dni;  — cn-yx 

^    '^    l  +  cnucnt>  \\l+dnu  dn-y  +  cnt;/ 

By  (20),  (21),  (22),  (23)  of  §  137,  we  prove,  in  a  similar 
manner, 

,        li-^-cnw     ,,      cnvi+cnu      .^       ^—i^nvidnu 

IoRa/  1 =  h  lo^ ^ V  ^  tan  - 1— -j : 

®\1— cn^(;     ^     ^  cnvi—cnu  dnt>isnu 

=  tanh  - ^(cn  UQ,nv)-\-i  tan  "  ^(dn  u  sn  t;/sn  u  dn  i;), 

logjJz. — -: =  tanh  " ^(dn  u  en  v/dn  v)  —  i  tan "  ^(cn  u  sn  i;/sn  v), 

,        l/'dn.w-{-cnw\ 

logA  /  (  T )  =  etc. 

°  V  \dn^t;  — en  W 

247.  These  conjugate  functions  <f>  and  xjr  of  the  complex 
u+vi  are  capable  of  representing  the  solution  of  various  physi- 
cal problems  concerning  a  plane  in  which  u  and  v  are  taken  as 
rectangular  co-ordinates,  since  they  satisfy  the  conditions 

'dvb  ~  dv  dv~~      dv, 

Here  it  and  v  are  not  restricted  to  be  rectangular  co-ordinates, 
but  they  may  represent  the  conjugate  functions  of  confocal 
€onics  or  Cartesian  Ovals,  as  in  §§  179,  236,  or  of  any  prthogonal 
system,  which  divides  up  a  plane  into  elementary  squares  or 
rectangles,  as  on  a  map  or  chart. 

As  in  §  54,  we  take  a  period  rectangle  OABG,  bounded  by 
u  =  0,  u  =  2K,  V  =  0,  t;  =  2K' ;  and  now,  as  the  end  of  the  vector 
w  or  u+vi,  drawn  from  0,  travels  round  the  boundary  OABG 
of  this  period  rectangle,  the  vector  w  assumes  the  values 
2tK{i)  <t<l)\  2K-h  2t'K'i{0  <t'<l); 

2tK+2K'i{l  >  e  >  0) ;  2t'K'i{l  >t'>  0). 

When  the  sides  of  the  period  rectangle  are  a  and  6,  we 
replace  u  and  v  by  2Kxja  and  2K'y/b,  where  K'IK  =  h/a. 
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Taking  the  function  log  en  ^w  or  0i  +  i\^i,  then  from  0  to  A, 
\^i  =  0 ;  from  A  to  J5,  ''/^i  =  Jtt  ;  from  B  to  G,  V^i  =  Jtt  ;  and  from 
Cto  0,  -^1  =  0. 

At  ^,  where  u  =  2K,  v  =  0,  then  0^=  —  oo  ;  and  at  C,  where 
u  =  0,v  =  2K,  <p^=oo . 

The  functions  0^  and  i/r^  therefore  satisfy  the  conditions 
required  of  the  potential  and  stream  function,  due  to  electrodes 
at  A  and  C,  of  the  plane  motion  of  electricity  or  fluid,  when 
bounded  by  the  rectangle  OABG. 

The  function  yfr-^  will  also  represent  the  stationary  tempera- 
ture at  any  point  of  the  rectangle,  when  the  sides  OA,  00  are 
maintained  at  temperature  zero,  and  the  sides  AB,  BO  at 
temperature  Jtt. 

When  the  period  rectangle  is  a  square,  or  K=K\  then 
T^^=-j7r  when  u-{-v=2K,  or  along  the  diagonal  ^C;  we  thus 
obtain  the  permanent  temperature  inside  an  isosceles  rect- 
angular prism,  when  the  base  is  maintained  at  one  constant 
temperature,  and  the  sides  at  another. 

Similar  considerations  will  show  that  the  function  logsn  Jic; 
or  02 +'^'^2  '^^^^  &^^^  ^^®  streaming  motion  in  the  same  period 
rectangle,  due  to  a  source  at  0,  and  an  equal  sink  at  0. 

The  function  yfr^  is  now  zero  along  OA,  AB,  BO,  and  Jtt  along 
00]  and  1/^2  will  therefore  represent  the  stationary  temperature 
when  00  is  maintained  at  temperature  Jtt,  while  the  other 
sides  are  maintained  at  zero  temperature. 

A  superposition  of  four  such  cases  will  give  the  permanent 
temperature  when  the  sides  of  the  period  rectangle  are  main- 
tained at  any  four  arbitrary  constant  temperatures.  (F.  Purser, 
Messenger  of  Mathematics^  VI.,  p.  137.) 

Examples. 

1.  Solve  the  equation 

/c2sn*i6-2/c%n2u-hl  =  (). 

2.  Investigate  the  curves  given  by 

dzldw  =  {l-z^% 

3.  Prove  that  the  system  of  orthogonal  curves  given  by 

are  the  stereographic  projections  of  a  system  of  confocal  sphero- 
conics  (W.  Burnside,  Messenger  of  Mathematics^  XX.). 
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Prove  that  the  stereographic  projection  of  the  points 
x  =  Rsnu  dnv,     y  =  RdnuHnv,     z  =  Rcnu  cnv, 
on  the  sphere  x^  +  y^+z^  —  R\ 

whose  latitude  and  longitude  are  6,  <p,  are  given  by 

Prove  also  that 

(i)'-(i)'Hi)'=(i)*Hg)*+©' 

=  R\l-Khn^u-K''sn^v). 

4.  Discuss  the  physical  interpretation  of 

<i-f-^■0.==   tan--^-^ = h^tan"^ > 

^       ^  dn^6dn'y  kcuu 

and  determine  the  single  function  from  which  it  is  derived ; 

also  of    04-^^  =  tanh-^^j -. —    +^tan-^ 

^       ^  dn  71  dn  i;  en  -y 

Interpret  these  expressions  when 

x  +  yi  =  c  am(u  -f-  vi). 

5.  Prove  that,  if     x-\-yi  =  sn  w, 

then  <p-\-iyp'=  (Zw  +  ^xKy 

gives  the  plane  motion  of  liquid  streaming  past  two  obstacles 
given  by  x  =  l  and  l/zc,  x= —I  and  —  l//c  (W.  Burnside, 
Messenger,  XX.). 

2^he  Double  Periodicity  of  Weierstrass* s  Functions. 

248.  A  procedure  similar  to  that  of  §  236  will  show  that  the 
Cartesian  Ovals  of  fig.  26  are  also  the  representation  of  the 
conjugate  functions  of  the  system  z  =  <pw,  obtained  from  the 
definition  of  §  50,  1* 

_  /"°°  dz 

or  dzjdw  =  <p'w=-  J  {4^7?  -  g^z  -  g^), 

where  4>z^ - g^z-g^  =  ^{z -^ e^){z - e.^){z - e^)  ; 

and  z  =  e^,  e^,  e^  define  the  three  foci. 

According  to  §  51, 
9w-e^={e^-e^xi%^J{e^-e^w^    {e.^-e^a^\^{J(e^-e^^-K'i), 
^w-e^=  (^1  -  e^)ds^^(e^  -  e^)w  =     {e^  -  e^)  cn^  { l/{e^  -  e^)w + K'i] , 
<^io  -e^  =  (gj  -  63)  cs2^(ei  -  e^)iv  =-{e^-  e^)dn^^ie^  -  e^yw+K'i] , 
by  §  239 ;  thus  identifying  these  results  with  those  of  §  236. 


w 
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With  the  notation  of  §  202, 

fcrVwV'  /a.wV  /a-.wV . 

and  denoting  the  focal  distances  by  r^,  rg,  r^,  and  u  —  vihy  w\ 

_(T'^V<J{U0'  _(T.{Ui)(T^'  _<T^(T^' 

^      a-w  (tVo  '  ^  ~  (tW  (tw'  '  3  ~~  (tW  crV) 

249.  To  express  these  focal  distances  in  a  real  form,  as  in  §236, 
we  employ  the  Addition  Theorem  (K)  of  §  200,  written 

(t{u 4-  v)(T{n  —  V)  =  (7%  G-^v{(pV  —  So)  —  {pU  —  Ba)} 

=  G-^U  (Ta^V  -  a-a^u  a^v (M) 

Again,  from  §154,  <p{ii  +  v)  —  ea  is  a  perfect  square;  and  we 
may  write      x  —  pu,     y  =  'pv,     s  =  <p{u-\-  v\ 

J{<pu -ea.pv-e^.p>v- By) - J{<^u-ep . fu-ey . ^v-Cg)   ^. 
and  now 

=  au or^u cr^v (TyV  —  o-^u a-^u  <j^v crv,.., (0) 
and  changing  the  sign  of  v, 

(r(u  +  v)(rjn  —  v)  =  (ru  ar^u  a  J)  cr^v  +  a-aU  cTyU  a^v  av. . .  .(P) 
Again,  by  multiplication  with  (N)  and  reduction, 

(t(u-{-v)  (r(u  —  v) 

_  s/(g?^-ga  .pu-e^.  <pv-ea .  fv-e^)  -  (cg-  e^)J{<pu-  Cy .  <pv-ey) 

or 

o'a('^  +  '^)o'^('^  —  v)=^  a-gU  (T^u  (T^v  cr^v  —  (e^-  e^)crU  a-yU  av  cr^v,  (Q) 
(tJ^u  —  v)cr^{u  +  tj)  =  (T^u  g-qU  (t^v  (TqV  +  {e^-e^a-u  cr^u  av  oTyV.  (R) 
Similarly, 

(t{u+v)  (j{u  —  v)  <pv  —  ^u 

or 

(Schwarz,  Elliptische  Functionen,  p.  51.) 
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Now,  from  these  equations  (0),  (P),  (Q),  (R),  with 
w  or  \{u-\-vi)  for  u,  and  w'  or  l{u  —  vi)  for  v, 

^~~  (Tou  (ToiV  crio'fr^.w'  ~      ^  ^       ^  cr^Uar^vi  —  criUcr^vi' 
or     '?%  — ^  /       /  —  """(^1  — ^9)  ''  •» 

^         0-1^  O-gtV  (T2(^  O-gt^^  ^  (T{Ut^(T.pi  —  (T^(T{l)% 

with  similar  equations  for  7^2  and  rg ;  and  thence  the  vectorial 
equations  of  the  Cartesian  Ovals  analogous  to  those  of  §  23G 

r2(rpi  —  r^(T2vi=  —{e^  —  e^cr^oi) 
These  vectorial  equations  again  are  the  geometrical  inter- 
pretation of  the  formula,  immediately  deducible  from  (N), 
a-^w  cr^io'(r^{w  +  w) - a^w cr^(rp(w  +  w') 

=  (^/3  -  S)^'^  (rw'(rj,w  4-  w') (T) 

Making  m^=  —  1  in  the  homogeneity  equations  of  §  196,  gives 

9(v^ ;  5^2. 5^3)  =  -  K-y ;  5^2.  -5^3).  _ 

the  equivalent  of  the  equations  of  §  238,  by  which  a  change  is 
made  to  a  real  argument  and  complementary  modulus  ;  while 

f('»^;  9oj  g^)=  -  il{v]  g^,  -g^), 

o-ivi;  5^2-  5^3)=     M'^l  92^  -9sl 

0-a('^^  5   ^2'  93)  =       0-a('^  '  92^    -  9^)' 

250.  When  a  point  has  made  a  complete  circuit  of  one  of  the 
ovals,  enclosing  a  pair  of  foci,  defined  by  e^^  and  e^,  or  e-^  and  e^, 
z  will  have  regained  its  original  value,  but  w  will  have  increased 
or  diminished  by  20)^  or  2(o^,  defined  as  in  §§  51,  52  by  the 
rectilinear  integrals 


1         » 


80  that  2(t)i,  20)3  are  the  periods  of  the  function  ^u,  and 
p{u-\-2ma)i-{-2n(i)^)  =  pu. 
To  fix  the  ideas  we  have  supposed  the  circuit  of  two  poles 
of  the  integral  made  on  the  enclosing  branch  of  a  Cartesian 
Oval,  but  the  result  will  be  the  same  whatever  be  the  curve, 
provided  it  makes  the  same  number  and  nature  of  circuits. 
Now,  in  §  165,  we  can  have 

u  +  v-\-w=2vio)i-{' 27ift>3  =  0  (mod .  Swp  2o)^). 
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251.  In  §  54  it  has  been  shown  how,  as  the  vector  of  the 
argument  w  traces  out  the  contour  of  the  period  rectangle,  ^w 
assumes  all  real  values:  and  <^w  may  be  made  to  assume  any 
arbitrary  complex  value  at  a  point  in  the  interior  of  the 
rectangle,  given  by  a  determinate  vector  tw^  +  t'co^. 

It  is  convenient  to  put  coj  +  cog  =  —  Wg,  so  that 

Wi  +  a)2  +  ai3  =  0,   with  6^  +  624-^3  =  0;^ 
and  now  ^co^  =  e^,     ^Wg  =  e^,     ^0)3  =  63 ; 

while  f(jo^  =  ^'0)3  =  ^'0)3  =  0. 

The  equations  of  §  54  show  that 


'u  ±  (joo)  —  e^  =  ^' — ^^- 


^(..±co3)-.3=^^^^^^; 

equations  analogous  to  those  of  §  57,  in  Jacobi's  notation. 

Thus,  from  ex.  9,  p.  174, 

4^  2u  =  ^i(, + f{u + ft)i)  +  ^(u  +  C02)  +  K'^ + 0)3). 

With  negative  discriminant,  as  in  §  62,  we  take  e^  as  real, 
and  gp  62  imaginary;  also  coi  =  ^Wg  +  co'g),  ^z='\{'^i  —  ^'^\  and 

^C0i  =  6!p        ^0)3  =  63,       ^0)2  =  ^0)^2  =  ^2- 

252.  A  great  advantage  of  the  Weierstrassian  notation  (at 
first  rather  bafiling  to  one  accustomed  to  the  methods  of 
Legendre  and  Jacobi)  is  that  the  dimensions  of  the  elliptic 
integral  are  left  arbitrary,  and  can  be  changed  by  an  applica- 
tion of  the  Principle  of  Homogeneity  of  §  196. 

When  the  canonical  elliptic  integral  of  §  50  is  normalized 
in  Klein's  manner  (§  196)  by  multiplying  by  A^\  then 

y^        A^'^cZg r  da- ^ 

Ji^^'-g^s-g^)  y  V(4o-3  -  72(7  -  73) ' 

where  s  =  AV,        9  2  =  ^^71^    9s  =  ^hz'^ 

and  now  72^  —  2773^  =  1, 

so  that  the  new  discriminant  is  unity,  and 

If  tTTj,  (^3  denote  the  real  and  imaginary  half  periods  of  the 
normalized  integral,  then 

tiTj  =  0)1  A"^"^',     ^3  =  0)3  A^' 


.T^ 
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The  general  elliptic  integral,  written  with  homogeneous 
variables  as  in  §  155,  is  also  normalized  by  Klein  by  multiply- 
ing by  the  twelfth  root  of  the  discriminant  of  the  corresponding 
quartic,  and  its  half  periods  are  now  CT^  and  CTg. 

If  we  normalize,  for  instance,  the  canonical  integral  (11)  of 
§  38,  written  with  homogeneous  variables  x^,  x^,  in  the  form 

then  the  invariants  g^,  g^,  and  the  discriminant  A  of  the  quartic 

12  *      2 """     1  "      2        I^X-i) 

being  the  expressions  given  in  §  68,  therefore 
A-={tU<1-A;)}^  =  .^(J^O. 
Now  the  half  periods  of  integral  (11),  §  38,  being  2K,  2K% 

We  are  thereby  enabled  to  change  from  Weierstrass's  w^  and 
0)3  to  Jacobi's  K  and  K'y  and  to  utilize  the  numerical  results  of 
Legendre's  Tables.     (Klein,  Math.  Ann.,  XIV.,  p.  118.) 

When    the   discriminant  A  is   negative,  we   normalize   by 
multiplying  by  (  — A)^^^,  and  replace  Wj  and  Wg  by  w^  and  w^ 
(§62):  but  now  the  new  discriminant  yi  —  27y^=  —1,  and 
«),( - A)^  =  2K^{\kk),    w\{ - A-^)  =  2K'ii/(\KK)  (§§  47,  58). 

For  instance,  if  ^2  =  ^  i^  §  ^0,  {-AY^=  i/'^^g^ ;  and  in  §  58, 
J  =  0,  or  2KK=i,  24/(i/c/)  =  4/2;  and  now 

o^2i/''^^9B  =  ^4/2,     co/4/34/r/,  =  iZ'^2  ; 
while  (§  47)  w^'/co^  =  K'i/K^  ij'^. 

Gonfocal  Quadric  Surfaces. 

253.  The  symmetry  and  elegance  of  the  Weierstrass  notation 
is  well  exhibited  in  the  physical  applications  relattng  to  con- 
focal  surfaces  of  the  second  degree. 

The  equation  of  any  one  of  a  system  of  confocal  quadrics 

X  77  2j 

we  put 

a'^-\r\  =  m\<pu-e^),  h--\-\  =  m\(pu-e.^),  c- +  X  =  m-(^m - 63) ; 
and  now  the  inteafral 

dX 2u 


£ 


X 

With  e^>e^>  e^,  we  must  take  a^  <h^<  (V-. 
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Three  confocals  can  be  drawn  through  any  point  x,  y,  z, 
an  ellipsoid,  a  hyperboloid  of  one  sheet,  and  a  hyperboloid  of  two 
sheets. 

Supposing  the  ellipsoid  to  be  defined  by  X  or  u,  and  the 
hyperboloid  of  one  sheet  in  a  similar  manner  by  jm  or  v,  and 
the  hyperboloid  of  two  sheets  hy  p  or  w ;  then  in  going  round 
the  period  rectangle  of  §  54, 

(i.)  u  =p(i),  co><pu> e^  for  the  ellipsoids ;  starting  with  p  =  0 
for  the  infinite  sphere,  and  ending  with  j9  =  l  for  the  inside 
of  focal  ellipse ; 

(ii.)  'U  =  Wi  +  5'ft)3,  e^><pv>e^,  for  the  hyperboloid s  of  one  sheet ; 
starting  with  g  =  0  from  the  focal  ellipse,  and  ending  with 
q  —  \  for  the  focal  hyperbola ; 

(iii.)  -z^  =  rcoi  +  ojg,  e^><pw>e^y  for  the  hyperboloids  of  two 
sheets  ;  starting  with  g  =  1  from  the  focal  hyperbola,  and  ending 
with  g  =  0  for  the  outside  of  the  focal  ellipse  ; 

(iv.)  the  fourth  side  of  the  period  rectangle  gives  imaginary 
surfaces. 

254.  Eeplacing  h^  —  oj^  and  c^  —  a^  by  /3^  and  y^,  so  that 

are  the  equations  of  the  focal  ellipse  of  the  confocal  system,  we 

should  have  to  put,  with  Jacobi's  notation, 

a2+X=    y^Gs\u,K),  62+X=    yMsV^/c),  c2  +  X=    y2ns2(u,/c); 

a2+  J/  =-y2dn2(i^7,/c ),  6^+  v=-y^Qn\w,K ),  c^+  v  =  K^y^sn%w,K); 

C^  —  n^  n2  ^  q2 

where  k^  =  -. .,     k^ 


a^ 


^2_, 


and  now  u,  v,  w  will  be  Lamp's  'parameters,  as  given  in  Max- 
well's Electricity  and  Magnetism,  I.,  chap.  X. 

By  solution  of  the  three  equations  of  the  confocal  quadrics, 
,_aHX.aH/x.aHz/       ,_6HX  .  6Hm  >  ^'+^ 
^-       d'-h^.a'-c'      '    ^~      h''-cK¥-a^     ' 
^2  ^  c}  +  \.c^+fx.c'  +  v^ 
c^  —  a^.  c^  —  6^ 
and  thus  x,  y,  z  can  be  expressed  as  functions  of  u,  v,  w. 
Employing  the  function  s^^  of  §  203, 

„  m\^  „  m%2  m%^ 

e.  —  e„.e,  —  e^    *^      ^o  — e«.eo— ^i  ^ 
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When  h'^  =  c^,  the  ellipsoids  are  oblate  spheroids,  and  the 
hyperboloids  of  two  sheets  degenerate  into  planes  through  Ox ; 
and  now  the  orthogonal  system  is  given  by 

cot'^M.^  cec%     ^  ' ^  ^ 

tanh2v"^sech2v~'^' ^"'^ 

-^^ 4-=0;  (iii.) 

intersecting  in  the  point 

a;  =  y  cotutanh-u, 

y  =  ycecu  sech  v  cos  w, 

z  =  y  cec  u  sech  v  sin  lu. 
When  h'^  =  a^^  the  ellipsoids  are  prolate  spheroids,  and  the 
hyperboloids  of  one  sheet  are  planes  through  Oz;    now  the 
orthogonal  system  is  given  by 

cech^it      coth%      ''  '  ^     ' 

-  ^'  '   y'  =0 (V.) 


sin^i;         cos^v 

.2 


a'^+r,       "'     _..2.  (^jN 

sech^iy     tanh^'K;     '^  '  '         '        ^    '' 

intersecting  in  the  point 

x  =  y  cech  u  sin  t;  sech  w, 

y  —  y  cech  u  cos  v  sech  it;, 

2;  =  y  coth  Vj  tanh  ^(;. 
The  degenerate  case  of  confocal  paraboloids,  where  the  centre 
is  at  an  infinite  distance,  may  be  written 

-— TFi — I — ^-iTg-i—  =  8a(a  cosh  u—x\ (vii.) 

cosn^Ji6     smh^Jit         ^  ^'  ^      "^ 

^s"^-  Si2l^=^<"     cos^-..), (viii.) 

sinh2ft.+c^^  =  ^«(^^^«^^+^^' (i^-) 

intersecting  in  the  point 

X  =  a(cosh  u  +  cos  v  —  cosh  iv), 
y  =  4ia  cosh  Ju  cos  \v  sinh  J?^, 
2^  =  4a  sinh  Ju  sin  Jt;  cosh  hw. 

{Proc.  Lond.  Math.  Society,  XIX.) 

Q.B.F.  S 
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255.  We  may  take  u^  v,  w  as  Lame's  thermoTnetric  para- 
meters, and  now  Laplace's  equation  becomes  (Maxwell,  Elec- 
tricity, I.,  chap.  X.) 

Thus     (p  =  Au+Bv  +  Cw+D(u^  +  v^-\-w^) 

+  2Evw  +  2Fwu + 2  Guv  +  Huvw 
is  a  particular  solution  of  this  equation;    for  instance,  the 
electric  potential  between  two  confocal  ellipsoids,  defined  by 
u-^  and  u^,  maintained  at  potentials  C/j  and  U^,  is  given  by 

When  the  solution  0  is  equal  to  WW,  the  product  of  three 
functions,  U  a  function  of  u  only,  V  of  v,  and  TT  of  'w;  only, 
then  Laplace's  equation  becomes 

SO  that  we  may  put 

FS^==^^+^'  F^=^^+^'  ¥5^=^^+^' 
three  equations  of  Lame's  form  (§  204),  when  g  =  n{n-\-\), 

256.  The  complete  solution  of  Lame's  equation  was  first 
obtained  by  Hermite,  in  the  form 

U=GF{u)  +  G'F{-u). 
Denoting  by  Y  the  product  U^  U^  of  U^  and  U^,  or  F(u)  and 
F{'-Vj),  two  particular  solutions  of  the  general  linear  diflferential 
equation  of  the  second  order,  in  its  canonical  form 

Udu^~  ' 
where  1  is  some  function  of  u,  and  denoting  difierentiation 
with  respect  to  u  by  accents,  then 

Y''=  U{U^+2U;U^+  UJJ^' 

or  T'-2IY=2U^'U^'; 

and       F"-  2/r-  2/'  Y=  2  U^"  U^+2  U{U^' 

=  2I{U^U,^+U^U^)  =  2IT, 
or  r"-4/F-2rF=0, 

the  general  solution  of  which  linear  differential  equation  is 
AU^^^-2BU^U^-\-GU^, 
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A  first  integral  of  this  differential  equation  is 
2FF'-  F2-47F2+(72^0, 
where  (7  is  a  constant,  given  by 

the  integral  of  U^  U^'  -  U;'  U^  =  0. 

In  Lamt^'s  differential  equation 

I =7i{n-\-\)<pn-\-h ', 
and  now,  changing  to  x  =  (pn  as  independent  variable, 

-^{n^-\-n-^)x■^h)^^-2n{n  +  \)Y=0, 

and  this  equation  for  Fhas,  as  a  particular  solution,  a  rational 
integral  function  of  x  or  <pu,  of  the  nth.  order,  which  we  may- 
write  Y=Jl{<pii  —  ^a), 
and  h  =  {^n—iyL<pa. 
Now,  by  logarithmic  difierentiation, 

^2      f^i~F~2.pu-^a' 


^'-^'=^=n 


^2      ^1  ~  F  ~  ""(^u  -  <pa) 
Brioschi  shows  (Coviptes  Rendus,  XCII.)  that,  when  resolved 
into  partial  fractions,  we  may  put 

provided  that 

and  2(^af-Va  =  a 

Then     ^-i-=y}-f^-zf\  El=y\t!^^±^- 

and,  inteffrating-, 

Fu,  or  CT,  =  n^^^"^^^  exp(  -  ufa)  =  Ud>(ii,  a)  ; 
(rot  (Tit/ 

while  ^^2  or  F{  —  u)  is  obtained  by  changing  the  sign  of  u  or  a. 
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257.  Hermite  shows  (Gomptes  Rendus,  1877)  that  the  func- 
tion F(u)  may  be  otherwise  expressed  by 

and  (pu,  called  the  sirnple  element,  is  of  the  form  e^^^(i6,  w), 
<p(u,  ft))  being  a  solution  for  7t  =  1  and  h  =  pco  (§  204). 

To  obtain  the  coefficients  A^,  A^,  ...  in  F(u),  we  suppose 
<f>u  or  e^^^(u,  ft)),  Fu,  ^u  expanded  in  the  neighbourhood  of 
u  =  0  (§  195),  in  the  form  (Halphen,  F.  E.  /.,  chap.  VII.) 

"1  qi  11 

6^-95>(ti,ft))  =  ^+X  +  (X2-^ft))2j  +  (X^-3X^ft)-^'ft))3,+..., 

^       ^^        ^^-        -ii^  "^1    U^-2     +^2    ^n-4  •••• 

Substituting  in  Lamp's  differential  equation 
F"u=  {n{n  +  l)<pu  +  h}Fu, 
we  obtain,  by  equating  coefficients, 

(,t-lXn-2) 
^i~     2(2m-l)     '^' 
(^-l)(^-2)(^-3)(n-4)f        «(rt+l)(2ti-l)    -) 
^2-         8(2ii-l)(2m-3)  r~  10  ^'■- 

On  comparing  the  two  forms  of  the  solution  Fu,  we  find  that 

ft)  =  2a,  and  X  =  fft)  — 2fa. 
Thus,  for  instance,  when  n  —  2,  we  find,  as  in  §  209, 

cZu  o-(a  +  6)(ru        t^^     J>       ^  ^ 
When -^1  =  3, 

Fu  =  (j)(Uy  a^)^(u,  a^)(l){u,  a^) 

=  cly2'P(^'  o))e^'''-(pa^-\-pa^-\-pa^)<p{u,  ft))e^« 
where  a-^-^  a2+ a^  =  o), 

fft)-fai-fa2-fa3  =  X. 
Tliis  fails  when  5r2  =  0,  and  a-^  =  v,  a^^cov,  a^  —  w^v  ;  but  now 
(§229)  Fu=i{^'v-^'u). 


CHAPTER  IX. 

THE   RESOLUTION    OF  THE    ELLIPTIC   FUNCTIONS 
INTO   FACTORS   AND   SERIES. 

258.  The  well-known  expressions  for  the  circular  and  hyper- 
bolic functions  in  the  form  of  finite  and  infinite  products 
(Chrystal,  Algebra,  II.,  p.  322;  Hobson,  Trigonometry,  chap. 
XVII.)  have  their  analogues  for  the  Elliptic  Functions,  as  laid 
down  by  Abel  in  Crelle,  2  and  3. 

Granting  the  possibility  of  the  resolution  into  linear  factors, 
the  individual  factors  are  readily  inferred  from  a  consideration 
of  the  zeroes  and  infinities  of  the  function. 

Denote  2mK-\-2nK'i  by  Q, 

where  m   and  n  denote  any  integers,  positive  or  negative, 
denote  also      Q  +  K    or  (2m-\-l)K-\-  2nK'ihyQ^, 

Q+K+K'i  or  (2m-{-l)K-\-(2n-hl)K'i  by  Q^, 
and  Q  +  K'i  or  2mK+  (2n  +  l)K'i  by  Qg. 

Then  considering  the  function 

sn  u, 
the  zeroes  are  given  by  u  =  Q,  and  the  infinities  by  u  =  Q^ 
(§  239) ;   and  thus  we  infer  that,  if  sn  u  can  be  re.solved  into 
a  convergent  product  of  an  infinite  number  of  linear  factors, 
the  form  is 

snu  =  A    '»=-'»"=-'°^ ^ (1) 

n    n  (i-^) 

)ii=-oo  n=-co  ^  1*^3^ 

the  accents  in  the  numerator  denoting  that  the  simultaneous 

zero  values  of  m  and  ??.  are  excluded. 
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Similarly,  cnu=^BUu(l-^)/]), (2) 

dnu  =  (7nn(l-^)/i)..., (3) 

the  zeroes  of  cnu  being  given  by  u  =  Q^,  and  the  zeroes  of 
dnu  by  u  =  Q2»  while  the  infinities  are  given  as  before  by 
u  =  Q^;  D  denoting  the  denominator  in  (1). 

259.  But  now,  in  demonstrating  the  analytical  equivalence 
of  the  expressions  on  the  tvsro  sides  of  equations  (1),  (2),  (3),  it 
will  fix  the  ideas  if  we  employ  a  physical  interpretation,  such 
as  that  given  in  §  247. 

It  was  shown  there  that  the  real  and  imaginary  part  (norm 
and  amplitude)  of 

log  sn  w, 
where  ^v  =  u  +  v^,  will  represent  in  the  rectangle  OABG  the 
potential  and  current  function  of  the  flow  of  electricity  (or  of 
liquid,  following  the  laws  of  electrical  flow)  from  a  positive 
electrode  at  0  to  a  negative  electrode  at  G,  Jtt  amperes  being 
the  strength  of  the  current ;  but  here  we  take  OA=K,  00  =K' ; 
and  u,  V  are  the  coordinates  of  any  point  in  the  rectangle. 

The  infinite  series  of  electrodes,  which  are  the  optical  images 

by  reflexion  of  these  two  electrodes  at  0  and  0,  will  form  a 

system  on   an   infinite   conducting   plane,  such   that,   if  the 

strength  of  the  current  at  each  electrode  is  27r  amperes,  the 

resultant  effect  in  the  rectangle  OABO  will  be  the  same  as 

before. 

(Jochmann,  Zeitschrift  fur  Mathematik,  18G5; 

0.  J.  Lodge,  Phil  Mag.  1876 ;  Q.  J.  M.,  XVII.) 

Starting  with  a  single  electrode  at  0,  of  current  27r  amperes, 
the  potential  and  current  function  at  any  point  whose  vector 
is  ^t;  or  16  +  ^J^  are  the  noTWj  and  aonplitude  of  log  w ;  and  log  w 
may  be  called  the  vector  function  of  the  electrode  at  0. 

For  an  electrode  at  a  point  whose  vector  is  c  =  a-\-h%  the 
vector  function  bX  z  —  x-\-yi\s  \og{z  —  c), 
which  may  be  written 

log(l-2;/c), 
disregarding  the  complex  constant  log(  — c). 
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The  vector  of  any  optical  image  of  0  in  the  sides  of  the 
rectangle  OABG  being  given  by  fi,  the  vector  potential  of  the 
corresponding  electrode  is  log(l  —  t(;/Q);  and  the  vector  function 
of  the  system  of  images  of  the  positive  electrode  at  0  will  be 

i«g«n'n'(i-^). 

Similarly  the  vector  function  of  the  system  of  images  of  the 
negative  electrode  at  G  will  be 

iognn(i- J). 

But  these  functions,  considered  separately,  represent  a 
physical  impossibility,  and  are  analytically  meaningless ;  their 
difference,  however, 

iog.n'n'(i--)/nn(i-5> 

will  represent  the  vector  function  of  the  whole  system  of  posi- 
tive and  negative  electrodes;  and  since  this  function  satisfies 
the  requisite  conditions  inside  the  rectangle  OABG  as  the 
function  logsn  w,  we  are  led  to  infer  equation  (1),  with  suitable 
restrictions  explained  hereafter. 

For  log  en  1/;,  the  positive  electrode  is  placed  at  A,  the 
negative  electrode  being  still  at  G)  the  vectors  of  the  positive 
electrode  images  are  given  by  Q^ ;  and  now  equation  (2)  is 
inferred ;  while  for  log  dn  w,  the  positive  electrode  is  placed 
at  B,  and  the  vectors  of  its  images  are  given  by  Q^,  the 
negative  electrode  being  at  (7;  and  we  infer  equation  (3). 

When  in  the  rectangle  OABG  we  have  OA  =  a,  OG=hj 
we  take  K'/K=hla,  and  write  K(xla)-\-K'i{ylh)  for  u+m» 
Xy  y  now  denoting  the  coordinates  of  a  point. 

260.  We  now  proceed  to  express  these  doubly  innnite  pro- 
ducts of  factors,  corresponding  to  the  different  integral  values 
of  m  and  n,  by  means  of  singly  infinite  factors  for  different 
values  of  n ;  that  is,  we  combine  all  the  factors  for  one  value 
of  n  and  the  infinite  series  of  values  of  m  into  a  single  ex- 
pression; and  here  we  employ  the  formulas  for  the  trigono- 
metrical functions  expressed  as  infinite  products. 

Interpreted  physically,  we  detei-mine  the  vector  function  of 
an  infinite  series  of  electrodes,  equispaced  on  a  straight  line 
parallel  to  OA. 
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Denoting  the  vectors  of  such  a  series  of  positive  electrodes 
by  'Ima  +  nhi,  the  vector  function  is 

m  =  co  /  z  —  7lbi\ 

log  n  (z-'2ma  —  nbi),  or  log(;s  — 7i6i)n'(  1 — ^ ); 

and  provided  that  (z  —  nbi)/2ma  is  ultimately  zero  when  m  is 
infinite,  or  that  z/ma  and  7i/m  tend  to  the  limit  zero,  we  can 
write  this  vector  function  (Cayley,  Elliptic  Functions,  p.  300) 

log  sin  ^7r{z  —  nhi)la,  (4) 

Resolved  into  its  norm  and  amplitvjjle,  this  vector  function  is 
i  log  J[cosh{7r(2/  —  nh)/a}  —  cos  Trx/a] 

+  i  tan  ~ ^[tanh{  J7r(2/  —  nb)/ a} cot(^Trxl a)].  . .  .(5) 

The  amplitude  or  current  function  is  therefore  constant  when 
aj=(2m  +  l)a;  and  there  is  no  How  across  these  lines,  provided 
however,  as  is  physically  evident,  we  do  not  recede  to  such  a 
large  distance  from  the  origin  that  we  are  not  justified  in 
taking  It  0/2ma  as  zero. 

261.  We  suppose  that  Oy  passes  through  the  centre  of  this 
infinite  series  of  electrodes,  or  that  m  reaches  to  equal  infinite 
positive  and  negative  values;  but  now,  at  a  very  large  dis- 
tance from  0,  the  electrodes  on  one  side  of  a  line,  given  by 
a3=(2m  +  l)a,  where  m  is  a  large  number,  will  preponderate 
over  the  electrodes  on  the  other  side,  and  the  resultant  efiect 
will  be  a  uniform  normal  flow  a  across  this  line,  to  counteract 
which  a  term  of  the  form  —  az  or  loge"^  must  be  added  to  the 
vector  function. 

The  analytical  equivalent  of  this  physical  effect  is  illustrated 
by  the  theorem  proved  in  Hobson's  Trigonometry,  p.  328,  that, 
when  the  integers  p  and  q  are  made  infinite  in  any  given 
ratio,  then  (pz,  the  limit  of  the  product 

(>+ii)-('+2^)('+3-{'-3('-rJ-('-,T.) 

z 

sinTT- (6) 

q/  a  ^ 

The  infinite  product  n(l+c^a3)  is  convergent  for  all  finite 
values  of  x,  if  the  series  Xcn  is  convergent ;  as  is  evident  on 
expanding  the  logarithm  of  the  product. 


-& 
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But  Weierstrass  shows  (Berlin  Sitz.,  1876)  that  the  divergent 

<i-3(i-^j(i-^)... 

can  be  made  convergent  if  the  exponential  factor  e^/*^  is 
attached  to  the  linear  factor  l—z/ma;  or,  interpreted  electri- 
cally, if  to  the  motion  due  to  the  electrode  at  ma,  whose 
vector  function  is  log(l— 2;/ma),  we  add  a  uniform  streaming 
motion  parallel  to  the  vector  ma,  given  by  log  e'l"^  or  z/ma. 
Now,  denoting  the  harmonic  series 

1-1  +  2-1  +  3-1+.. .+p-'bys^, 

^z  =  e^'p  -  '^)^/*  sin(7r;2/a)  =  {plqf%mi7rz/a), 
since  the  limit  of  Sp— log^?  or  s^  — logg  is  Eulers  constant. 

262.  In  a  similar  manner  it  is  inferred  that  the  vector 
function  of  an  infinite  series  of  positive  electrodes,  whose 
vectors  are  {2m-\-l)a-{-nhi, 

m  reaching  to  equal  positive  and  negative  infinite  values,  is 
log  cos  \'7r{z-nbi)la  =  \\og\[QO%h.{'jr{y-nh)la}  +cos(7rir/a)] 

+  ^  tan-i[tanh{ J'7r(2/-'Ji6)/a}tan(j7rfl?/a)],  (7) 
having  lines  of  equal  amplitude  given  by  fl?  =  2ma. 

Therefore  the  vector  function  of  a  pair  of  lines  of  electrodes, 
whose  vectors  are  2ma±nhi,  is 

\ogB>m{\ir{z  —  nhi)la]^m[\'7r{z-\-nhi)la] 

=  log  J{cosh(7i7r6/a)  —  cos(7r2;/a)}  ; 
or,  corrected  by  the  addition  of  a  constant,  which  makes  the 
function  vanish  when  z  =  0,  the  vector  function  is 

,      cosh(7i7r6/<:0  —  cos  (tt^s /a)  _ -,       1  —  2g^cos  (Trg/a)  +  (f"^   ,^. 
^""^  cosh(ti7r6/a)-l  ~  ^""^  (1  -  q^f  '  ^  ^ 

where  q  =  e-'^^^^.  * 

For  a  pair  of  lines  of  electrodes  whose  vectors  are 
(2m+l)(X±?^6^,  the  vector  function  is 

log  co%[\ir{z  —  nhi)la}co^{^'jr{z-\-nhi)l  a], 
which  may  be  replaced  by 

,      cosh(n7r6/a)  +  cos(7r2;/a)_,      1  +  2q^  cos  (irz/ a)  +  g^"      . 
^^  cosh(7i7r6/a)  +  i  ~  ^^  (1  +  q^'f  '  ^^ 

For  the  line  of  electrodes  along  OA,  whose  vectors  are  2ma 
or  (2m+l)a,  the  vector  function  will  be 

log  sin(^7r2;/a)  or  logcos(i7r2^/(x) (10) 
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263.  Under  Cay  ley's  restrictions,  that  m  reaches  to  equal 
positive  and  negative  infinite  values,  and  n  also ;  but  that  the 
infinite  values  of  n  are  infinitely  small  compared  with  the 
infinite  values  of  m  (equivalent  to  taking  the  infinite  array  of 
the  images  of  the  electrodes  as  contained  in  an  infinite  rieet- 
a»gle,  of  which  the  length  in  the  direction  OA  is  infinitely 
greater  than  the  breadth  in  the  direction  OB),  we  can  now 
replace  the  doubly  infinite  products  in  (1),  (2),  (3)  by  singly 
infinite  products,  in  the  form 

71=1  v^~^  ; 

where 

1^2g2»-^cos(7ru/^)  +  g^"-^ 

^—  -*-^  (l_(72n-l\2  V-^^y 

By  putting  u  =  0,  the  values  of  A,  B,  C  are  seen  to  be 
K/^TT,  1,  1;  while  q  =  Qx.^{  —  irK'IK). 

The  common  denominator  D  of  the  three  elliptic  functions, 
which  represents  physically  a  function  whose  logarithm  is  the 
vector  function  of  the  negative  electrodes  at  points  whose 
vectors  are  of  the  form  Qg,  is  the  equivalent  of  Jacobi's  Theta 
Function  of  §  187 ;  and  we  write 


=eon|] 


(l^g2n-l)2 

^  s>m\i\2n-\)lirK'IK] ^^^ 

The  numerator  of  sn  u  will  now  be  the  equivalent  of  the 
Eta  Function,  defined  in  §  192 ;  and  thus 
Hu  =  ^Jk  sn  u  Gu 

=vf^eosi„(Wi^)n{i+4gg^^}.  ...(16) 

The  numerator  of  en  ib  is  represented  by  the  Eta  Function 
of  u-\-K,  and  the  numerator  of  dn  u  by  the  Theta  Function  of 
n-\-K\  and  the  factors  are  so  chosen  that 


INTO  FACTORS  AND  SERIES.  283 

Equation  (6)  of  §  188  may  now  be  written 

e(u+v)e(u-v)e'o=e^ue^v-}i^uR^v; (is) 

while,  by  means  of  (7),  §  137, 

U{u  +  v)B.(u-v)Q''0  =  B.^ue^v-e^uWv (19) 

264.  It  is  convenient  to  replace  i-jru/K  by  a  single  letter  x ; 
and  we  shall  now  find  that  the  constant  factors  are  so  adjusted 
as  to  give  the  expansions  in  a  Fourier  series  in  the  form 

eu  =  l-2qcos2x  +  2q'^cos4x  —  2q^cos6x-\-...,  (20) 

H.U  =  2qhm  x  —  2g'^sin  Sx  +  2^^'^sin  5x— (21) 

It  is  easily  shown  algebraically  that 

"fr(l-52n-l^)(l_^2n-l^-l^ 

=  Q{l-q(z-\-z-'')  +  qXz^-^z-^)-q%z^-\-z-^)+...}  (20)* 
by  changing  z  into  q^z  and  multiplying  by  qz,  when  the  pro- 
duct on  the  left  hand  side  merely  changes  sign  ;  whence  equa- 
tion (20)  is  inferred  from  (15)  by  putting  z  =  e^'^;  and  equation 
(21)  is  obtained  from  (20)*  by  writing  qz  for  z,  and  multi- 
plying by  q^zK 

Written  in  the  exponential  form, 

n=-co 

or  with  q  =  e~°',  a  =  irK'jK,  and  h  =  xi, 

eu  =  2^2"e-"'«+2'»^  Hu=  -2:i2«-ie-(«-i)'«+(2«-i)\...(23) 
Then  9(16+  Z)  =  2^«V«^  3,2e-^'«+2«^ 

H(u-f-  ^  =  22(^-i)2e(2n-i>a^2e-<"-i>'«+(2«-i)«';  (24) 

and  e(u+2K)=     Gu, 

}I{u+2K)=  -Ku, (25) 

Changing  u  into  u-\-K%  or  x  into  x+li\ogq,  we  Snd 
e{u  +  K'i)^iq-h-'^'Ru, 

Rlu+K'i)  =  iq-k-'''eu, (26) 

agreeing  in  giving     k  snusn(u-{-K'i)  =  l, (27) 

and  leading  by  differentiation  to  the  formula 

Z(u  +  K'i)  =  Zu-h{cnudnu/snu)-(i'7rilK\ (28) 

which,  with  (§  176), 

Z{u+K)  =  Zu-{Khnucnu/dnul (29) 

leads  to 

Z{u  -\-K+K'i)  =  Zu-  (sn  u  dn  u/cu  u)  -  ( J-Tri/Z) (30) 
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265.  Jacobi  writes  {Werhe,  I.,  p.  499)  x  for  ^ttu/K,  and 
Ox  for  Qu,  e^x  for  Hu,  O^x  for  }i(u+K),  and  O^x  for  e(u+K)', 
and  now 

=  1  — '2q  COS  2x-{-2q^cos4fX—2q^co8  6x+ (31) 

=  2qhm  X  —  2^^sin  Sx  +  2g"^'sin  5i:c       — (32) 

=  2gicos  a;  +  2g*cos  3ic  +  25'^^^'cos  ox      + (33) 

=  l  +  2gcos2aj  +  2g*cos4aj  +  2g9cos6a;+ (34) 

or,  with    q  =  e~^,  b  =  xi, 

0a3  =  S^2^  exp(-7i2a+27i6), 
O^x  =  E  exp(  —  n^a  +  2'yi?)), 
ei^  =  Ei2«-iexp{-('yi-|)2a  +  (27i-l)6}, 

^2^  =  2        eK^{^(n-ifa  +  (2n-l)h} (35) 

Conversely,  starting  with  these  0  functions  as  defined  by 
these  exponential  series,  it  is  possible  to  rewrite  the  whole 
theory  of  Elliptic  Functions  ah  initio  in  the  reverse  order,  and 
to  deduce  all  the  preceding  results. 

(Jacobi,  Werke,  I.,  p.  499  ;  Clifi'ord,  Math.  Papers,  p.  443.) 
For  instance,  we  find  that 

0(x  +  Jtt)  =  O^x,  0(x  -\-  \i  log  q)=  —  iq'^e^'^Q^x, 
6i(x  +  Jtt)  =  62X,  6-J^x  +  Ji  log  q)=  —  iq~h'''Ox, 
e^{x  +  i-tt)  =  -  e^x,     e^ix  +  \i  log  q)  =       q-h^'^x, 

eix  +  l7r)=     Ox,      e4x+U\ogq)=       q-h^^^e^ (36) 

The  quotient  of  two  6  functions  is  thus  a  doubly  periodic 
function,  of  real  period  2ir  or  tt,  and  imaginary  period  i  log  q. 
The  form  of  the  0  and  9  function  series  shows  that  they 
satisfy  partial  difierential  equations  of  the  form 

dx^  dlogq'  ^     ^ 

and  the  0  functions  are  therefore  suitable  for  the  solution  of 
problems  in  the  Conduction  of  Heat. 

Thus,  if  0(x  cos  a-{-y  sin  a,  q)  represents  at  any  instant,  ^  =  0, 
the  temperature  at  the  point  (x,  y)  of  an  infinite  plane,  of 
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which  y  denotes  the  thermometric  conductivity,  then  at  any 
subsequent  time  t,  the  temperature  will  be  given  by 

e(x  cos  a-\-y  sin  a,  qe'^y^^) (38) 

266.  Similar  considerations  to  those  of  §  258  enable  us  to 

resolve  other  expressions  into  factors  ;  for  instance, 

dnu—Kcnu        .^         .  ,dnu+/ccnu 

or  its  reciprocal 


K  K 

so  that     """^~r""'"= - =  ^/^-^^ 


dnu  —  Kcnu_  k  _    Ida  u  —  k  cnu 

K  dn  t6  +  /c  cnt(-~~  \  dn  i6  4-/ccn  16 


Now  dcUy  or  sn(iir— u)  =  l//c,  when 

iL  =  (4771  + 1  )K+  (2n + 1)K% 
or  cos  ^'7ru/K=     cosh(27i  --  \)\irK  jK ; 

while  dci6=— 1//C, 

when  cos  \irulK=  —  cosh(27i  —  l)Jx-K'7J^ ; 

and  therefore  we  may  put 

dnu  — /ccnu_^^cosh(27i  — l)|7rir7A''  — cos  lirUJK 
K  ~       cosh{2n  —  l)^'7rK'IK+cos^'7rulK 


l^2q-kos{i'TrulK)  +  q''-^ 


where  the  letter  C  is  used  to  denote  some  constant  factor. 

Now,  writing  x  for  ^ttu/K,  and  supposing  x  and  u  real, 

log(l  -  2c  cos  x-\-c^)  =  log(l  -  ce^O  +  ]og(l  -  ce"-^) 

=  —  2(c  cos  X  +  Jc^cos  2x  +  ^c^cos  Sx-{-...), 

log(l  +  2c  cos  x  +  c^)=     2{c  cos  oj  —  Jc'^cos  2x  +  Jc^cos  Sa?  — . . . ), 

,      1  — 2ccosfl3  +  c2  ^,  ,  ,  „       o     .  1  ^       -     .       X 

log  r-T-s r-r?  =  —  4(c  cos  x  +  ^c-^cos  3i»  +  4^  cos  oa;  + . . . ). 

^  l  +  2ccoscc  +  c^  ^  "^  °  ■ 

Therefore,  expanding  the  logarithm  of  (39), 

,      dn  u  —  /c  en  u 
log r 

=  log C- ^l(q'''-hosx+iq^''- ^cos Sx-\-^q^''-hos  5x-\-...) 


=  logC-4(^^^cosa;H-g-^3Cos3a;+i^5Cos5a;+... 

(40) 


q  '  3  1-93—--  '  ;3  i_^5 

^]o^C     !>v      ^  cos(2m-l)|7rit/A^ 

^        ^2m- 1  smh(2m-  l)i,xA7A" 
and,  differentiating, 


/csnu_^Z^.^^^2m-])i7rii:7A' ^^^^ 


the  expression  of  sn  u  in  a  Fourier  Series. 
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267.  By  forming  the  similar  factorial  expressions  for 
/csnu-f^dnu  and  snu+'^cnu, 
and  taking  logarithms,  we  shall  find 

log(/c  snu-\-idnu) 

,      ,     j..^     1        sin(2m  — l)ixt6/ir       ,._. 

=  constant -2iE^^ ^  — ^. r^f— ^^77^,...(42) 

2m  — 1  cosh{'2m—l)^7rK  /K      ^     ' 

lom    sn  u + ^  en  u)  =  constant  —  ^z ~, '  ,  „. (43 ) 

^^  ^  m  coshmTrK  /K  ^     ^ 

and,  difterentiating, 

Accnu-^2.^^^j^^2m-l)i7rZ7^' (44) 

,  TT      ,    TTv     COS  mTTUlK  ..,. 

d^^  =  2K+K^ooshmJw ^"^^^ 

and  therefore,  integrating, 

amU  =  ^^-^+2 r rrr/rr (46) 

2K       m  cosh  mirK  IK  ^     ^ 

We  have  now  found  that,  in  §  78, 

^"'^coshTiTriTV^* 

268.  From  §  263,  we  find,  in  a  similar  manner,  that 
log  016  =  constant + log  n{  1  -  2^271  -  ico^i^^^jK)  +  ^^n -  ^ 

1     Gos(m'7rulK)  ..„. 

=  constant  —  2 ^-r^. ihTW^  \ (47) 

and,  differentiating, 

Zu=^S  -^r^Sv (48) 

jK.     sinh{m7rK  /K)  ^     ' 

Hn%-         -^1   7r%mcos(77i7ru/ir) 

A     iL^    smhimTrK  /K)  ^     ' 

Now,  referring  back  to  §  78,  we  can  put 

^^  "  iT  sinh  nirK'lK~K  1  -  ^^n 

Putting  u  =  0  in  (49)  or  (50)  gives  what  is  called  *'a  5  series," 

m            _^^mq^-  _K{K-E) 
sinh(m7ri^7^)~    i-^2m  ^2       l^^; 
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As  an  exercise,  the  student  may  form  the  similar  factorial 

expressions  for 

1  —  cnu     l  —  anu     1  —  dn  u     dnu  —  cnu      . 

,   ,    ,    -, ,  etc., 

sn  16  cnu         Ksnu  ksuu 

and  their  reciprocals 

1+cnu     l  +  snu     l  +  dnu     dnu  +  sntfc      . 
sn u   '       cnu    '      kshu  '        Kun u     '        '* 
and  thence  determine,  by  logarithmic  differentiation,  the  Fourier 
Series  for  ns  u,  cs  u,  ds  u,  etc.  (Glaisher,  Q.  J.  M.,  XVII.). 

The  applications  of  these  expansions  will  be  found  in  papers 
in  the  Q.  J.  M.,  XVIIL,  XIX.,  XX. 

269.  As  an  application  of  these  q  series,  consider  the  problem 
of  the  electrification  of  two  insulated  spheres,  in  presence  of 
each  other,  of  radii  a  and  h,  and  at  a  distance  c  from  centre 
to  centre,  when  maintained  at  potentials  Va  and  F^,  with 
charges  of  E^  and  Ei,  (Maxwell,  Electricity  and  Magnetism, 
I.,  chap.  XL). 

Then  ^a  =  3aa^o  +  ^a6^'^&>      ^&  =  $a6  If^a  +  S'tb  1^6, (52) 

where  qaa,  qi,b  are  called  the  coefficients  of  capacity,  and  g^j  the 
coefficient  of  induction. 

We  take  u  and  v  as  coordinates,  given  by  the  dipolar  system 

x+yi  =  ktain^{u+vi), (53) 

so  that  t6  =  constant  represents  a  circle  through  the  poles 
(0,  ±  k),  and  v  =  constant  represents  an  orthogonal  circle,  with 
the  pules  as  limiting  points. 

Now,  if  we  revolve  this  system  about  the  axis  Oy,  which 
may  be  supposed  vertical,  the  two  spheres,  if  outside  each 
other,  may  be  supposed  defined  by 

v  =  a  and  v=  — ^,  * 

so  that  a  = /c  cosech  a,  6  = /<;  cosech /3,  c  =  /i:(cotha  +  coth/3) ; 
and  putting  a  +  /3  =  '^,  Maxwell  shows,  by  Sir  W.  Thomson's 
method  of  successive  images,  that 

q^  =  kX  cosech {nrs—^),     ^^t  =  —  ^2)  cosech  nCT, 

qbb  =  kX  cosech(ncT  — a), (54) 

the  summations  extending  for  all  positive  integral  values  of  n 
from  1  to  00 . 

Here  ga&  is  called  Lambert's  Series;  it  is  considered  in  the 
Fundamenta  Nova,  §  QQ. 
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Again,  with  a  — /5  =  a?, 

qaa  —  kll  cosech.  i{(2n  —  l)r;:y+x], 
g^b  = /{;S  cosech  ^{(2n  —  l)TJ  —  x}  ; 
and  by  the  preceding  formulas  it  can  be  shown  that 

/r         /    X    \ 

qbb-qaa  =  fcK-  tanam(^Z'-, /c'j (55) 

When  the  two  spheres  are  equal,  x  =  0,  and    , 

^aa  =  g&6  = /"^S  COSech  1(271  -  1)CT  =  Z^Sj-^-g^^l- 

When  13  =  0,  the  sphere  (3  becomes  a  plane;  and  now 
^aa  =  —qab  =  ^^^  cosech  na  =  a  sinh  aS  cosech  na ; 
which  shows  that  the  capacity  of  a  sphere  of  radius  a  is  raised 
from  a  to  a  sinh  aS  cosech  na  by  the  presence  of  an  uninsulated 
plane  at  a  distance  a  cosh  a  from  its  centre. 

Similar  functions  occur  in  the  determination  of  the  motion 
of  two  cylinders  or  spheres,  defined  by  v  =  a  and  —^,  when 
the  interspace  is  filled  with  homogeneous  frictionless  liquid. 

(W.  M.  Hicks,  Phil.  Trans.,  1880 ;  Q.  J.  M.,  XVII.,  XVIIL ; 
Basset,  Hydrodynamics,  I.,  Chaps.  X.,  XI. ;  C.  Neumann, 
Hydrody7iar)iische  Untersuchungen. ) 

270.  To  illustrate  geometrically  the  singly  infinite  product 
forms  in  §  263  of  the  elliptic  functions,  consider  the  analogous 
problems  of  electrodes  at  the  corners  of  curvilinear  rectangular 
plates,  bounded  by  arcs  of  concentric  circles  and  their  radii. 

The  vectors  from  the  centre  as  origin  of  a  series  of  p 
electrodes,  equally  spaced  round  a  circle  of  radius  a,  will  be 

ctexp  2rxi/p,  where  r  =  l,  2,  3,  ...,  p; 
and  with  polar  coordinates  r,  0,  the  vector  of  the  point  will  be 
r  exp  iO ;  so  that  for  the  p  electrodes,  each  conducting  a  current 
of  27r  amperes,  the  vector  function  is 

log  n{r  exp(i^)  -  a  exp(2r7ri/^)}  =  log(rPe'^^  -  a^), (56) 

by  De  Moivre's  Theorem  (Hobson,  Trigonometry,  Chap.  XIII.). 
Interpreted- geometrically,  the  norm  is  the  logarithm  of  the 
product  of  the  distances  of  any  point  P  from  the  electrodes, 
while  the  amplitude  is  the  sum  of  the  angles  the  lines  joining 
the  electrodes  to  P  make  with  the  vector  0  =  0. 
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We  thus  prove  incidentally  one  of  Cotes's  theorems,  namely, 

that  the  square  of  the  product  of  these  distances  is 

(^Pe^?'»  -  aP){rPe - 'p^  -  aP)  =  t^p  -  2a^r^cos  pO  +  a^^,  ... (57) 

and,  in  addition,  the  theorem  that  the  sum  of  the  angles  the 

vectors  fiom  the  electrodes  to  P  make  with  the  vector  0  =  0  is 

r^sinp^  ..^. 

tan  -1— 7^ — - ; (o8) 

rPcospO  —  aP  ^ 

and  when  the  sum  of  these  angles  is  constant,  the  locus  of  P  is 

an  oblique  trajectory  of  the  curves 

rPco8p6  or  r^sin  ^90  =  constant. 

With  a  single  negative  electrode  at  the  centre,  of  current 
nw  amperes,  half  the  total  current  from  the  n  electrodes  on  the 
circle  will  flow  to  0,  the  other  half  flowing  oflfto  intinit3^ 

Now  the  vector  potential  is,  on  writing  e^  for  r/a, 
log(7'"e^"'^  —  tt")  —  i  log  r"e"^^ 

=  h  log(cosh  no  —  cos7iO)  +  i  tan"^  - — ^ — y. „  —  hinO. . . .(59) 

^     °^  ^  ^  r"cos7iO  — a"     ^  ^ 

We  can  isolate  a  sector,  bounded  by  0  =  0,  0  =  7r/n,  and 
r  =  a;  and  the  preceding  expression  will  represent  the  vector 
function  of  the  electrical  flow  of  hir  amperes,  with  electrodes 
at  the  end  of  the  vectors  r  =  a,  and  at  r  =  0. 

The  amplitude  of  this  expression  will  also  represent  the 
temperature  in  this  sector,  if  the  radius  0  =  0  is  maintained  at 
temperature  0,  while  the  radius  0  =  '7r/n  and  the  arc  r  =  a  are 
maintained  at  temperature  Itt. 

271.  Now  suppose  that  on  the  same  circle  r  =  a,  an  equal 
number  p  of  negative  electrodes  are  placed,  equally  spaced  be- 
tween the  positive  electrodes  ;  the  vectors  of  these  electrodes 
being  a  exp(27'—  l)xi/p,  the  vector  function  is  • 

-log{TPe'P^  +  aP); 
or,  if  moved  out  radially  on  to  a  circle  of  radius  b, 

-\oo(rPe'P^^hP) (60) 

The  vector  function  of  j^  equal  electrodes  at  a  exp  2r7ri/p, 
and  of  2^  equal  negative  electrodes  at  a  exip{2r—l)'rl/p  will 
therefore  be  log(rPe'^^  —  aP)l{rPe^''^^  +  aP) ; 

which,  when  resolved  into  its  novTn  and  amplitude,  is 
^y.2y_2r/yrPcosp0  +  a^P     ..      .i2aPrPsinpO 

G.E.F.  T 
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=  _ta„h->^51£i+aan-^^ (61) 

cosh  pp  suihpp  ^     ^ 

with  p  =  log{r/a);   this  function  will   represent   the  state  of 
electrical  motion  in  a  wedge  bounded  by  0  =  0  and  6  =  7r/p. 

272.  The  substitution  in  the  preceding  expressions  in  §  247 
of  the  conjugate  functions  pO  and  log(r/a)^  or  pp  for  u  and  v, 
leads  to  the  solution  of  corresponding  problems  for  curvilinear 
rectangles  bounded  by  arcs  of  concentric  circles  and  their  radii ; 
and  now  q  =  (hjaY,  where  a  and  h  are  the  radii  of  the  curved 
sides,  while  tt/p  is  the  angle  between  the  straight  radial  sides ; 
so  that  in  the  rectangle  OABC, 

OA^airlp,    BG=hirlp,     OC=AB  =  a-b. 

The  vectors  of  the  images  of  an  electrode  at  0  are  now 
aq^'^/Pexip  2r7^^/p, 
where  n  denotes  any  integer,  positive  or  negative,  and 

For  electrodes  Sit  A,  B,  (7,  the  vectors  of  the  images  are 
ag^"'^exp(2r  —  l)i7r/25, 
a5<2»-i)/Pexp  2ri'7r/p, 
a5<2«-i)/Pexp(2r-  l)i7r/p. 
For  a  given  value  of  n,  the  vector  potential  of  the  electrodes, 
whose  vectors  on  a  circle  of  radius  aq'^fp  are 

aq^/Pexip2ri7rlp  or  aq'"fPe.x^{2r—l)7ri/p 

will  be     \ogU{rPe'^^-aPq'")  or  logn(rV^^  +  a^^») (62) 

Now,  suppose  a  positive  electrode  is  placed  at  0  and  a 
negative  electrode  at  C,  with  the  corresponding  system  of 
imaofes ;  the  vector  function  is 

log  n  (rPe^f'^-aPq^'')/(rPe'P^-aPq^''-^) 

""^  ('!?'■;■  {>-»--('?)'}{-^-C^)') 

on  introducing  a  negative  electrode,  of  current  tt  amperes,  at 
the  origin ;  and,  writing  'ttw/K  for  p6  +  i\og(alr)P,  this  becomes 

^^g^^°^^W^^"l-2^^---^cos(WA-)  +  g^-^' (63) 
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equivalent,  as  in  §  263,  on  omitting  constant  terms,  to 
log  snw. 

A  similar  procedure  with  electrodes  at  ^,  C,  and  B,  C,  will 
lead  to  the  singly  infinite  fiictorial  expressions  for  cnu  and  dnt(. 

Projecting  these  equipotential  and  stream  lines  stereographi- 
cally  on  a  sphere  which  touches  the  plane,  we  shall  obtain  the 
corresponding  solutions  for  the  flow  of  electricity  on  the  surface 
of  the  sphere. 

(Robertson  Smith,  Proc.  R.  S.  of  Edinburgh,  vol.  VII. ; 
M.  J:  M.  Hill  and  A.  J.  C.  Allen,  Q.  J.  M.,  XVI.,  XVII.) 

273.  When  these  electrodes  are  replaced  by  straight  parallel 
vortices,  perpendicular  to  the  plane,  which  is  taken  as  hori- 
zontal, the  potential  and  stream  functions  are  interchanged. 

Suppose  a  vortex  is  placed  at  a  point  P  in  the  rectangle 
OABG ;  to  introduce  the  restriction  that  there  is  no  flow  across 
the  sides  of  the  rectangle,  we  must  suppose  the  motion  due  to 
vortices  which  are  the  optical  reflexions  of  the  point  P  in  the 
sides  of  the  rectangle ;  the  sign  of  the  vortex  being  positive  or 
negative  according  as  the  corresponding  image  has  been  formed 
by  an  even  or  odd  number  of  reflexions. 

The  vectors  of  the  positive  images  will  therefore  be 
2ma-^1nhi±z, 
and  of  the  negative  images 

2ma  +  2nhi  ±  z  ; 
where  z  =  x-\-yi,     z=x  —  yi. 

The  resultant  current  and  velocity  function  at  ^=i+>ji  will 
therefore  be  the  norm  and  amplitude  of 

lo<r  jjj^{2ma  +  27ihi  +  C--){2ma  +  2nhi  +  ^-\-z,) 
lo^  ^^^'(^.2ma  +  '2nbf+^-z){2ma  +  2nhi-{-l-{-^J  ""^  ^ 
At  the  point  P,  this  vector  function,  due  to  all  the  other 
images,  is  therefore 

1  ^-pr-rr  (2ma  +  2nhi)(2ma -\- 2nhi  +  2z)         . 

"         {2ma-{-2nbi+z  —  z){2ma+'Znbi+z+z) 

K'    b  x  .11 

and  writing         i;^  =  -,    and    '2K'-[-2K'i~=u-\-vi  =  iv, 
JtL      Cb  (Jb  b 

this  may,  according  to  §  263,  be  replaced  by 

li{(u  +  vi)  ,^^^ 

"'s  H»H-; • («-^) 
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The  stream  function  at  P  is  therefore,  disregarding  constants, 
,     H(u  +  m)H(u-m)     .,     e^uWvi-WuQi^vi    ..  „.^. 

=  J  log(ns2M.  —  iD&^vi) 

=  J  log{ns2(u,  K)  +  ii^\v,  k')-\}  ',...{m) 
so  that  the  curve  described  by  the  vortex  is  given  by 

ns\2Kx/a,  k)  +  ns\2K'y/b,  k)  =  constant, (67) 

and  all  the  other  image  vortices  keep  up  a  symmetrical  dance, 
by  describing  similar  curves. 

274.  The  vortex  is  stationary  when  at  the  centre  of  the 
rectangle ;  and  now,  changing  to  the  centre  as  origin,  the 
vectors  of  the  images  are  ma-^7ihi,  where  m+'Ti  is  even  for 
the  positive,  and  odd  for  the  negative  images;  so  that  the 
vector  function  of  the  motion  is  given  by 

^^         {2ma-i-i2n  +  l)bi-z}{{2m-j-l)a-\-2nhi-z] 

=        log  2    _  -        ^1    iQg (Qg^ 

^       en  hw  ^     °  l-{-cnw 

Expressed  as  norm  and  amplitude,  as  in  §  247,  this  function 

_  J  .      1  —  cnw  l  —  cnw'^,      \—cnw  l-\-cnw' 

^l-\-cnw  1+cnw'     ^     *=  l  +  cn^y   1— cn^(;' 

,  ,      en  t'i  —  en  it  .  ,  ,      sn  u  dn  t^i  —  dn  u  sn  vi 

=  h  log  — — -^^ hi  log 3 ^-—\ -. 

"     °cn?;i,4-cnu     ^     ^  snu  dn'yi  +  dnusnm 

^     ,    ,cni6     ^     ,    ^snudnm 

=  —  tanh  ~  1 :  —  tanh  "  ^-j . 

en  m  dn  u  sn  v^ 

=  — tanh~Hcnu  cni?)  +  itan"^-i (09) 

^  ^  anu  sn  v 

with  u  =  2Kx/a,  v  =  2K'ylh ;  the  modulus  of  the  elliptic  func- 
tions of  v  being /. 

The  equation  of  a  stream  line  of  liquid  is  therefore  given  by 
en  u  en  V  =  constant,  or 
cn(2Kx/a,  K)cn{2K'ylh,  /c')  =  constant (70) 

Close  up  to  a  vortex  the  velocity  according  to  these  ex- 
pressions would  become  infinitely  great,  which  is  physically 
impossible ;  but  a  solid  core  may  be  substituted  for  this  central 
portion,  and  the  shape  of  this  core  has  been  investigated  by 
J.  H.  Michell,  Phil  Trans.,  1890. 
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275.  When  a  point  is  placed  inside  an  equilateral  triangle, 
the  Kaleidoscopic  series  of  positive  images  is  given  by  the 
vectors  0,  udZ,  (0%,  where  z  =  x-\-yi,  and  o)  is  an  imaginary  cube 
root  of  unity  ;  the  negative  images  being  given  by  z,  wz,  toV, 
where  z'=  —x  +  yi;  the  origin  being  at  a  corner  of  the  triangle, 
and  the  axis  of  x  perpendicular  to  the  opposite  side  (Fig.  27,  i.). 


(i.)  Fig.  27.  (ii.) 

In  addition,  similar  groups  of  six  images  must  be  added, 
ranged  round  the  centre  of  hexagons  forming  a  tesselated  pave- 
ment, the  vectors  of  the  centres  of  the  hexagons  being 
2mh  +  2nhijS  and  (2m  +  l)h  +  {2n-^l)hijS, 
where  h  denotes  the  altitude  of  the  equilateral  triangle. 

In  the  corresponding  doubly  infinite  products,  the  elliptic  func- 
tions will  have  K'IK=J'3,  so  that  (§  47),  /c  =  sin  15°,  2ac/=  J. 
Then,  in  Weierstrass's  notation,  the  vector  potential  at 

for  a  single  source  or  electrode  inside  the  triangle  will,  neglect- 
ing constant  terms  and  factors,  be  expressed  by  (§  278) 
log  0-  (f-^)o- (f-ft).sr  )o- (f-ft)2^) 

(J  {^—2')cr  (^—(jojs')a-  (f— wV) 

o-i(f-^>i(f-«'-J>i(f-<«V);  r (71) 

while  for  a  vortex  or  electrified  wire,  the  vector  potential  is 


log 


o-iC-^  M^-(^^  M^-fo">^  )q-i(^-^  )o-i(f-ft)^yi(f-a)2^ ) 


(72) 


The  nature  of  the  resolution  of  these  functions  into  their 
norm  and  amplitude  is  illustrated  in  §§227  to  231. 

(0.  J.  Lodge,  Phil.  Mag.,  1876;  0.  Zimmermann,  Das  logar- 
ithmische  Potential  einer  gleichseitig  dreieckigen  PlattCy  Diss. 
Jena,  1880  ;  A.  E.  H.  Love,  Vortex  Motion  in  Certain  Triangles, 
Am.  J.  M.,  XL) 
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So  also  for  a  rectangular  boundary  OAGB,  if  we  write 

a  for  ^—x-{-{rj  —  y)i,  or  ^—z, 

/3  for  }-{-x-{-(r}-y)i,  or  l+z, 

y  for   ^■^X^-{yi-\ry)%  or  f+?^, 

(5  for  \-x^{n^y)i,  or  \-z  \ 
z,  —z',  —z,  z  being  the  vectors  of  the  point  P  and  its  images 
by  reflexion  in  the  coordinate  axes  Ox,  Oy,  taken  in  order  in 
the  four  quadrants ;  then  the  vectors  of  all  the  other  images 
by  reflexion  in  the  sides  of  the  rectangle  OABG  being  ranged 
in  a  similar  manner  round  points  whose  vectors  are  2ma-\-2nbif 
it  follows  from  what  has  gone  before  that  we  may  express  the 
vector  function  at  f  of  all  their  images,  taken  as  positive,  by 

log  era  (t/3  a-y  a-S, (73) 

with  Wj  =  a,  0)3  =  hi  ; 

disregarding  constant  factors,  and  exponential  factors  of  the 

form  ex\:){Au-{-Bu^). 

But  when  we  represent  the  vector  potential  of  a  vortex  or 
electrified  wire  at  P,  the  vector  potential  becomes 

_  '°="S:i ; ^''^ 

276.  As  another  illustration  of  the  connexion  of  a  regular 
Kaleidoscopic  figure  with  Elliptic  Functions,  consider  the  solu- 
tion of  the  reciprocant 

{t^+l)c-10abt-\-loa^  =  0, (75) 

,  ^     dy  dhi    J     (Py         d^y 

where  c  =  -7^ ,   a=,%   0= -^,,   c  =  -,    . 

ax  dx^  dx'^  dx^ 

(Sylvester,  Lectures  on  the  Theory  of  Eeciprocants,  VI.,  1888.) 
Mr.  J.  Hammond  has  shown  (Nature,  Jan.  7,  1886,  p.  231 ; 
Proc.  L.  M.  S.,  XVII.,  p.  128)  that  the  integral  of  this  equa- 
tion (75)  may  be  written 

_r (i+ti)dt 

''^^'~Jj{KK-\i)a+tif+h{'^+\i){i--tiyy'''^^^ 

By  turning  the  axes  through  an  angle  ^tan"^(X//f),  we  can 
make  X  vanish  ;  and  now,  replacing  J/c  by  unity, 

^  +  yi-/: (^+^'^<^* (77) 

(1^3'=-^''+^*'  "''^^'  {\^i)'=-^^"'-y'''  0.4). -(78) 

and  ip{x  +  yi)p(x—yi)  =  l (79) 
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Since  (§196)         pa)Z  =  (apz,     fi^z  =  i^<^z, 
where  o)  is  an  imaginary  cube  root  of  unity,  therefore 

<^iii{x-^y%)fu?{x-'yi)^\  (^0) 

which  shows  that  the  curve  is  unchanged  if  turned  through  an 
angle  of  GO"  about  the  origin  (Fig.  27,  ii.). 

Captain  MacMahon  has  shown  that  the  intrinsic  equation  of 
this  curve  may  be  written 

cos3^/.  =  dn(s/c),  with  k-=\J1 (81) 

The  student  may  also  show  that  the  equation  of  the  curve 
may  be  written  in  one  of  the  forms 

am(a;  ±ir,  k)  =  am(2/  ±  K\  k), 
/c'Hn2(cc,/c)  =  /rtn2(i/, /c'), 
K^BU^ix,  k)  =K^iiTr(y,  k), 

dn{x,  /c)dn(?/,  k)  =  k (82) 

with  «:  =  sin  15°,  /c'  =  sin75^ 

As  a  similar  exercise,  the  student  may  solve  the  reciprocant 

tc-5ah  =  0  (83) 

in  the  form  P^^y—  -1.  • (84) 

and  determine  its  intrinsic  equation,  drawing  the  correspond- 
ing curves  (Proc.  London  Math.  Soc,  XVII.,  p.  3G0). 

277.  When  we  expand,  in  ascending  powers  of  u,  the 
logarithm  of  a  doubly  infinite  product,  such  as  that  in  the 
numerator  of  sn  u  in  equation  (1),  §  258,  we  find 

logun'n'(l-'^)  =  logu-u2Q-i-iu22Q-2- Ju320-3-...(85) 

Now,  when  the  origin  is  taken  at  the  centre  of  all  the 
points  whose  vectors  are  Q,  the  coefiicients  of  u,  u^,  u^,  ... 
vanish  ;  but  the  value  of  the  series  is  still  indeterminate,  until 
the  infinite  curve  containing  all  these  points  has  been  defined. 

For  if  P  denotes  this  infinite  product,  and  P'  its  vahie  when 
the  boundary  has  changed  into  a  similar  curve,  then 

logP'-logP=Ju22Q-2  +  it^'2Q-H..., 
where  the  summation  now  extends  over  the  region  lying  be- 
tween the  two  boundaries;  and  now  the  limit  of  2Q~^  is  a 
definite  number,  A  suppose,  while  the  limit  of  2Q"^  ...  is  zero. 

Therefore 

logP'-logP  =  i^u2,  or  P'  =  P6i^"^..;  (80) 

80  that  the  value  of  the  infinite  product  depends  on  the  shape 
of  the  infinite  boundary  (Clifford,  Math.  Papers,  p.  463). 
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But,  as  in   §  261,   Weierstrass  removes  this  ambiguity  by 
attaching  to  each  linear  factor  of  the  product,  such  as 

an  exponential  factor      expf  „ +-  ^^^j  5 

and,  in  the  physical  analogue,  the  corresponding  electrode  at  Q, 
whose  vector  function  is  \og{l—ulQ\  must  have  associated 
with  it  a  uniform  flow  in  the  direction  of  the  vector  Q,  repre- 
sented by  ujQ ;  and  a  streaming  motion  in  rectangular  hyper- 
bolas, whose  asymptotes  are  parallel  and  perpendicular  to  the 
vector  Q,  represented  by  J(u/Q)^. 

Now  in  the  expansion  of  the  logarithm  of  the  doubly  infinite 
product  P,  when  these  exponential  factors  are  introduced, 

\ogP  =  \ogu-lu'lQ-'-iu''i:Q-^-..., (87) 

an  absolutely  convergent  series ;  that  is,  a  series  the  value  of 
which  is  independent  of  the  order  of  the  terms. 

278.  Making  a  new  start  ab  initio  with  the  sigma  func- 
tion (§  195),  as  defined  now  by  the  equation 

where  Q  =  2mft) -h  2?ift)',  and  {i^jwi  is  a  real  positive  quantity,  so 
that  CO,  o)'  correspond  to  w^,  Wg  or  w,^,  u).-[  according  as  A  is  posi- 
tive or  negative,  then  cru  is  the  analogue  of  Jacobi's  Eta  Func- 
tion;  in  fact, 

o-w  =  Oe^^'H^(e,  -  e^)u  =  Oe^"^^^!  W^)' (88) 

(§  263),  where  G,  A  are  certain  constants;   also  logcru  is  the 
same  as  logP  in  equation  (87). 
Now  denoting,  as  in  §  195, 

dloQcu ,      c  1  dHos^  (tu        dtu , 

"^ir-  ^y  ^^'  ^^^  -d^ ''  du  ^y 


^u, 


^^  =  ^  +  K^Q  +  J  +  S 


=  ^-u^i.q-'-u'i:q-'^-..., (V) 

u 

by  differentiation  of  ( U)  and  (58)  ;  so  that,  on  reference  to  §  195, 

we  may  put 

^2  =  60SQ-^    (/3  =  14()2Q-^ (W) 

also    g^^  =  2\'^.5\7l:n-^  ^.//3  =  2*.  3  .  5  .  7  .  11  XQ-^^  etc. 
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Differentiating  (GO)  again, 

P''*=-i-^'(^3 (Y) 

Then  (o-t6)/u,  u^u,  u^pu,  u^p'u,  u^p"u,...,  are  unaffected  by 
the  considerations  of  homogeneity  of  §  19G ;  as  for  instance  in 
the  expansions  in  equations  (21)  and  (22)  on  p.  249. 

A  change  in  (X)  and  (Y)  of  t^  into  u-{-2pw-\-2q(jo',  where  p  and 
q  are  integers,  merely  leads  to  a  rearrangement  of  terms ;  so 
that,  as  in  §  250, 

^(  It  +  2p(jo  +  2q(jo')  =  pu. 
Also,  since  in  Q  =  2maj  +  2710)',  the  arrangements  (m,  n)  and 
{  — m,  —n)  exist  in  pairs,  therefore 

<p'(jo  =  0,     ^'(^4-0)0  =  0,     ^V  =  0; 
and  <^o'Hi  =  4f  .pu  —  ^co.pu  —  ^(o)  +  w) .  ^u  —  ^w 

=  '^fu-g^pii-g^ (AA) 

as  originally  defined  otherwise  in  §  50. 

A  change  of  u  into  u  +  2a)  in  (V)  shows  that,  by  a  rearrange- 
ment of  terms, 

^(u  +  2aj)  =  ^u+2>j, (89) 

where  jy  is  a  certain  constant,  determined  by  putting   u  =  —  o), 

so  that  »?  =  fttJ (90) 

Similarly  ^(u  +  2co')  =  ^it  +  2r]\ (91) 

where  i{  =  ^a)\  (92) 

^nd,  generally, 

^{u-\-2^c^  +  2q(^')  =  ^u-\-2pri^-2qf{ (BB) 

Integrating  (b9)  and  (90), 

(t{u  4-  2a))  =  Ge'^'^"'(rii,  (t{u  +  2w )  =  C'e^'^^'cru  '^ 

where  C  and  C  are  determined  by  putting  u=  —w  and  —(a  ; 
so  that 

(t(u -\-2o))=  -e^^C^+c^W,  o-(K  +  2a)0=  -e^^^'+'^'Vu,  (93) 
and  therefore 

a'iu-\-2pw)=  -(-I)p+ie2p7,(u+pa,)^^^^  (94) 

(7(u  +  2ga)0=  -(-l)<7+V5'?'(t'+5co')o-i6,  (95) 

and,  generally, 

(t{u  +  2^0)  +  2qo)')  =-{-  l)0'+lX9+l)e(2i''?+29^'X«+pa,+9a,')o^,  . .  .(CC) 

■obtained  also  by  integration  of  (BB). 
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The  doubly  infinite  products  in  (^)  may  be  converted  into 
singly  infinite  products ;  and  now 

where  g  =  e'^*''^>  and 

2);a)  =  ^TT^  —  "^^2/ 1  ~^m2  =  i''""  ~  '''■^'^  cosech2(72,ft)Ya)i), . . .  .(97) 

etc. ;  for  the  proof  of  these  and  other  similar  formulas  merely 
stated  here,  the  reader  is  referred  to  Schwarz  and  Halphen. 

Also,  denoting    Q  +  ft),  il-\-w-\-w\  Q  +  w'  by  i\,  i\,  Q.^, 
then  the  function  a-a,u  of  §  202  may  be  otherwise  defined  ab 
initio  by  the  relation 

_     .au  =  e*.-nn(l-^|)exp(j+lg), (EE) 

which  will  be  found  to  lead  to  the  preceding  results. 

Denoting  y-g  log  a-^u  by  —  <p^Uy  we  shall  find  that 

<p^w  =  ^{u  +  i^^),     a  =  l,  2,  3 (98) 

(A.  K  Forsyth,  Q.  J".  M.,  XXII.) 

279.  Returning  to  the  function  G  of  equations  (8)  and  (10),. 
§  215,  and  changing  the  sign  of  the  u's,  we  may  also  write  it 
^ _ (t{v  +  u^-\-u^-\-...+  ■iifj)cr(v  —  Ui)cr(v  —  u^)  . . .  (j{v  —  Um) 

{av)  +  ' 

=  CQ-\-c^fv  +  c.^'v+...-\-c,4>^^'-'^h; (99) 

and  since  we  may  suppose  the  it's  and  v  to  be  all  increased  by 
equal  amounts,  the  condition  (9)  of  §  215  is  no  longer  required. 
Now,  since  G  vanishes  when  v  =  Ury  where  r=l,  2,  3, ...,  /x; 
therefore  the  coefficients  c^,  c^,  c^,  ...,  c^  are  determined  by 
a  series  of  equations  of  the  form 

0  =  Co  +  Ci^'i^^  +  C2^'u,r+...+C;,^(^-l)ltr; (100) 

and  therefore  the  determinant 

I,  ^v,    f'v,    ...,  ^{/*-%    =MGy (101) 

1,    fUr,  f'Ur,  ...,  ^(/*-lH 


where  If  is  a  factor  independent  of  v ;  and  now  this  theorem^ 
as  a  corollary  of  Abel's  theorem,  shows  that  the  determinant 
also  vanishes  when    v=  —  %i^  —  u.,  — ...  —  u^. 
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The  symmetry  of  the  determinant  shows  that  M  must  be  a 
symmetric  function  of  the  us ;  or  writing  Uq  for  v,  and  denot- 
ing the  determinant  by  <I)(Uq,  u^,  u^,  ... ,  Ufi),  then  </>  is  a 
symmetric  function  of  the  u's,  such  that 

ch(u  u       u  x_^^K+Wi+.^+Mn;,,,(7(tt,^        ,pp. 


(crUoy^K<TU,)f^^^...iau],y 


_  ^(t{u  + 1>  +  w)a-{v  —  w)a{vj  —  u  )cr{u  —  v)^ 
~  .  0-%  a^v  a^w 


ip<q,p,  g  =  0,  1,  2, 
and  it  will  be  found  (Schwarz,  §  14)  that 

J.  =  (_l)W/*-i)l!2!3!.../x!. 
Thus,  for  instance,  with  /x  =  2, 
1,  pu,  p'u 
1,  pv,   pv 
1,  ^lu,  pw 

By  forming  a  similar  function  6"  of  the  i/."s,  subject  to  the 
condition  (6)  of  §  215,  we  see  that  (7)  is  an  elliptic  function  of 
V,  which  can  be  expressed  by  C/G\  where  G  and  C  are  given 
by  determinants,  as  above. 

Equation  (CC)  is  also  sufficient  to  prove  that  the  function 
in  (7)  §  215  is  doubly  periodic. 

As  an  application  of  the  principles  of  this  article  and  of 
§§  209,  215,  216,  257,  the  student  may  prove  that  Q  of  §  215  is, 
writing  a  for  u^,  h  for  Ug,  and  u  for  v,  given  by  the  equations 
Q  _  (TJu  +  a)a-{u  +  h)cr{a  +  h) 
a(u  -\-a  +  b)(Tn  aa  ah 
=   1,  pu,p^u  H-|  1,  pw,,  ^'w| 
l,^a,  p^a      I  1,  p2,  p'a 
,  1,  pb,  f-h      ;  1,  ^6,  f'h 

We  thus  verify  the  equations  of  §§  209,  257, 

du  (TUcr{a-\-b)  a-hia-acrb 

=  <p{u,  a)<p(u,  b). 
When  condition  (6)  of  §  215  is  not  satisfied,  then  (7)  reappears 
qualified  by  an  exponential  factot  of  the  form  e^"  when  v  is 
increased  by  2^a)-f  2gct)';  the  function  is  then  called  by  Hermite 
a  doubly  periodic  function  of  the  second  kind;  the  function 
<l){u,  v)  defined  in  §  201  being  the  simplest  instance  of  this 
kind  of  function. 
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280.  Making  the  u's  all  equal,  as  in  §  218,  and  interchanging 
li  and  v,  the  function 

^^  ~    (o-u)/^  +  i(o-'?;)M;*  + 1) 
is  a  doubly  periodic  function  which  can  be  expressed  in  the 
form  of  C ;  but  now  the  coefficients  c  must  be  determined  by 
a  series  of  equations  of  the  form 

0  =  Co+Ci^^  -{-c^fp'v  +..., 

0=        c^(^'v-{-c,^f"v  ■\-..., 

0=        cyv-\-c^f"'v+..., 


Expressed  as  a  determinant  we  may  now  put 


fu-<pv, 
9'\ 


u  —  ^v, 


V, 


Finally,  making  w  =  v,  and  dividing  both  sides  by  (u  — f)^, 
we  find,  in  the  limit, 

...(GG) 


^I  =  n^ 



(  —  1)'^ 

9!Q.          .\2     (Schwarz,  §  15); 

where 

Halphen  denotes  this  function  of  u  by  \^(/A  +  i)i// 
Thus  for  instance,  as  in  §  200,  with  /x  =  l, 

o-2u 

Again,  with  yu  =  2, 
,  o-3u 

By  logarithmic  differentiation, 

ft  u'^  trTlll  

^  log  >/r,,u  =  ^-^  log  ^^;^,  =  n\<p^  -  <^nu\  . . .  .(HH) 

whence  <pniJb  can  be  expressed  rationally  in  terms  of  <piL,  <g'u,  — 
When  u  =  v, 

XU         _(r{/uL  +  l)v _  . 


'u  (p'"u  —  p"%)  =  ^'''^u{<pu  —  ^2u). 


It 
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Also,  when  u  =  0, 

=U((7?(y'*i{«o+<*iPw+ ■••+«/»«''''"  ^M} 

=  rv(-l)''*V; (102) 

and  therefore  afi  =  0,  when  yuf  =  229a)i  +  S^w^. 
281.  In  the  pseudo-elliptic  integrals  (§  218) 
/xv  =  0  (mod.  o)i,  (Dg) ; 
and  now,  knowing  the  number  /x,  the  coefficients  Cq,  c^,  c^,  ...  in 
0  or  x^  are  readily  calculated  from  a  knowledge  of  the  values 
of  ^v,  <gfv,  p"v,  ...  ;  in  this  way  the  results  employed  in  §§  218, 
219,  223,  225,  283  were  inferred. 

Thus,  for  instance,  in  §  219,  we  know  that 
/jL  =  3,  /uiV  =  3a)i  +  W3  J 
pv  =  h,   p'v  =  'Mj2,   ^''v=-Q,  ^'"^=18iV2,  ^/"^=-252,  ...; 
so  that  the  ratios  of  c^,  c^,  Cg,  ...  can  be  calculated  from  the 
equations         {)  =  Cq-\-  ^c^+  ^i^^c^—  6C3, 

0  =  3  V2<^'i  -  6C2  + 1 8^  v^2c3, 

0=     -6Ci  +  18iV-^'2-       252C3. 
Taking  an  arbitrary  value  of  Cg,  say  |,  we  tind,  by  solution, 
o,=  ~9,    Ci=-10,    C2=-3iV2; 
X^  =  f  Csd  ^"u  -  3i  V2  <p''u.  - 10  ^^it  -  9) 
=  fc3{(2^u  +  2)(2jpu-7)-3iV2^''i^}. 


Now  ^^^cr(u  +  3a>,  +  co3V(^^-r) 


0-*U  (T^H 


=^v(.-.){t^>-F' 


so  that,  in  the  algebraical  herpolhode  referred  to  axes  rotating 
with  a  certain  angular  velocity,  we  may  put  • 

{X  +  iyf  =  Axn(su  -e^-^, 
thus  leading  to  the  results  of  §  219. 

As  other  numerical  examples  the  student  may  investigate 
the  results  of  §§  218,  223,  225,  233  ;  also  the  example  due  to 
Abel  {(Euvres,  I,  p.  142),  where  /x  =  5,  5^2=12,  5^3  =  19,  and 
V  =  -3-0)2'  or  iwg',  when  ^t'  =  —  2  or  1 ;  we  then  find  that  the 
values  of  c^,  c^,  c<^,  C3,  c^,  c^  are  proportional  to 

-288,     -36,      -48iV3,        12,    ij^,    0; 
or  -396,     -252,     -\2iJ^,     -24,    ^-3,    0. 


/ 
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Writing  s  for  pu,  then  we  may  put 
XU=-  288  -  .36^16  -  4<SijSp'u  + 1 2^"u + i^S^'^'u 

=       :36(2s2_s_l0)  +  i2i^3(s-4)^(4s3-12s-19), 

=  _  ;36(4s2  +  7s4-7)  +  12i^3(s-l)^/(4s3-12s-19). 

We  thence  infer  that  the  corresponding  pseudo-elliptic  inte- 
grals involve 

_,(8-4)v^(48g-12s-19)_         1^3(28^-8- 10)  _ 
^^^     "    ^3(2^^-^-10)       ""'''  2(8-1)^        "•••' 

,       i(s-l)V(^s3-12s-19)  ^3(482  +  78-1-7) 

or  tan  "  ^^ -/T^Tj-^-r^r    ■  ^\ —  =  cos  ^^^-^ ^^ =  •  •  • ; 

•      x/3(4s2  4-7s+7)  2(s  +  2)^ 

and  now  by  differentiation  we  infer  that 

28 -f  13  __         ds  ^  _2_       _  ^(8-4)^(48^-1 28 -19) 

s-i     ^(48^-128- 19)  ~  ^3  V3(2s2-s-10)      ^' 

48-7  ds  _   2  iG^-l)x/(^s'-12s-19) 

8  +  2     J(4.^'-Us-l9)~JS^^''  ^3(4s2  +  78H-7)       ' 

Thus,  in  the  Weierstrassian  notation, 

pu—pv  "  ^3(2^2^  — ^M/— 10)      ^^       ' 

or  -  -  ^  tan-i  -  -^^^^-^^-^~-     +  ^   /3i^ 

with  ^2  =  1  -'  ^3  =  1 9,  according  as  ^v  =  1  or  —  2. 

These   results   may   be   employed    in   the   construction   of 
degenerate  cases  of  the  catenaries  discussed  in  §§  80,  205,  206. 
Thus,  for  instance,  the  curve  given  by 

r'-  =  Jc%pu-j-2), 

r-^cos( 2jSu  -  oO)  =  jSk(4<r' - 9/^V  +  9Jc% 

is  a  plane  catenary  for  a  central  attraction  nhur  per  unit  oi 
length,  in  which  (§  80) 

t  =  ^2'n^w(r^  -  SJc^),     tp  =  ijSn^wk^ 

So  also  a  tortuous  catenary  is  given  by  the  equations 

r'cos(56  +  ^JSx/Jc)  =  V3/<2rH  3/^V  -  9/.-^), 
under  an  attraction  n^^wr  to  the  axis  Ox. 


/ 
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282.  Other  pseudo-elliptic  integrals  are  formed  by  the  sum 
of  two  or  more  elliptic  integrals  of  the  third  kind,  when  the 
sum  of  the  parameters  is  of  the  form  /Jw  +  gw,  as  in  §  226,  for 
the  expressions  of  ^  and  ^'. 

We  shall  denote  the  integral  of  the  third  kind  in  the  form 
(A)*  ^  19^»  by  ^(^>  '^)>  ^  ^^'^^  we  have  found  is  the  form  of 
most  frequent  occurrence  in  the  dynamical  applications ;  and 
now  (^i)  shows  that 
4>(u,  a)-f  ^(i(^,  h)  —  ^(u,  a-\-h) 

fs^    ,  jiL     P/     .  LM     .11      <jia  —  u)(jib  —  u)(r(a-\-b-\-u) 

=  _ ^ ^'^~"^\  I  1  loo- K^+'M')-g^(^  +  ^^)  .  pu-p(a-hb-u)^ 
'"  pa  —pb        2     &  ^^^  —  u)  —  ^3(6  —  u)     pu  —  ^(f/.  +  b-{-  uf 
by  reason  of  (y),  §  197,  and  (K),  §  200. 

When  a-\-b  =  (aa,  p\a  +  b)  =  0,  $(i6,  a  +  6)  =  0;  and  now 

By  equation  (N),  §  249,  we  may  write 

^^(ci  — u)-ea  \  \pa—ea.pa  —  e^  .pu  —  ej 

=  tanh-^^^-^    or    i  tan-^-^^^  ^^i^«. 

the  latter  form  to  be  employed  in  dynamical  problems,  where 
pa  is  always  imaginary  ;  thence  the  expressions  given  for  ^ 
and  ^'  in  §  226  can  be  inferred. 

As  an  application  w^e  can  put  a  +  6  =  aj^  +  0)3  or  0)3  in  §  209,  and 
thence  deduce  a  degenerate  case  of  the  Spherical  Pendulum. 

Examples. 
1.  Prove  the  following  q  series : — 
(i.)  l  +  2q  +  2q'-{-2q^-{-...=eK  =  J(KiW): 
2g^  +  2g"  +  2g^'^  +  ..._Hir_ 

i-27+2g*-...^eo^ 

^''^  l+2r/  +  2r/-f...     OK     ^^  ' 

(iv.)  {l-2q-^2q'-...y-^(2q^-\-2q^-\-...y  =  {l  +  '2q  +  2q*+...y; 
(v.)  J(KK)^2q^,  q^j\KV^  J:::::l/\728q\  or  -  1/1728^, accord- 
ing as  A  is  positive  or  negative,  when  q  and  k  or  k  is  small. 
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2.  With  the  notation  of  §  265,  prove  the  theorem 

-e{w)e(x)e{y)e{z)+e,{w)e,(x)e,{y)e,{z) 

=  2e,{s)e^(s  -  2/  -  z)e,(s  -z-  x)e,(s  -x-y\ 
where  2s  =  w-\rX-^y  +  z. 

Deduce  the  formulas 
(i.)  /cV^sn  w  sn  'y  sn  r  sn  s 

—  /c^cn  u  en  t'  en  r  en  s  +  dn  u  dn  ^'  dn  r  dn  s  —  fc'^  =  0, 
provided  u-\-v  +  r+s  =  {). 

(ii.)  K^&n  J(u  +  'U  +  r  +  s)sn  ^{ii-\-v  —  r  —  s) 

X&n^{u  —  v-\-T  —  s)^n^{u  —  v  —  r+s) 

(dn^^dn^?dnrdns-Ac-cn^^cn'^cnrcn.s+/cV%nusn^^snrsns-/2) 

~  (dn'wdn?;dn7'dns-/c-cnwcn'i;cnrcns  -/cV^sn^(.sn^'snrsns+/c'-) 

3.  Show  that 

(62  -  e^(T^{ii)(T^{^u)  +  (63  -  61)0-2(^)0-2(3^)  +  (e^  -  e2)o-3(i/.)o-3(3?i) 

=  2(^2  -  ^3)  fe  -  6i)(ei  -  62  V(^)o-'(2^). 

4.  Show  that  Weierstrass'  function  <j{u)  satisfies  the  partial 
differential  equations 

.       So-     ,    ^       So-     ,  ^0"        rv 

Show  that  the  second  of  these  equations  is  also  satisfied  by 
the  function 

(Ta{n)l{{ea  -  e^){ea  -  By) }t  ; 

and  write  down  the  differential  equation  satisfied  by  o-a'^- 

5.  Prove  that  the  projection  of  a  geodesic  on  a  quadric  of 
revolution  on  a  plane  perpendicular  to  the  axis  is  analytically 
similar  to  a  herpolhode  (Halphen,  II.,  Chap.  VI.). 

6.  Evaluate  the  surface  of  an  ellipsoid. 

7.  Construct  some  degenerate  cases  of  trajectories  or  caten- 
aries on  a  sphere,  or  on  a  vertical  paraboloid  or  cone,  employing 
the  numerical  results  of  the  pseudo  elliptic  integrals. 


CHAPTER  X. 

THE  TRANSFORMATION  OF  ELLIPTIC  FUNCTIONS. 

283.  By  the  Theory  of  Transformation  is  meant  the  ex- 
pression, in  terms  of  the  elliptic  functions  of  modulus  k  and 
argument  u,  of  an  elliptic  function  with  respect  to  a  new 
modulus  X  and  of  a  proportional  argument  u/ilf ;  and  then  if  is 
called  the  multiplier,  and  the  relation  connecting  the  moduli 
\  and  K  is  called  the  modular  equation. 

A  particular  case  of  Transformation  has  already  been  intro- 
duced in  Landen's  Transformation  (§§  28,  67,  71, 123, 181, 182) 
in  its  application  to  Pendulum  Motion,  and  to  the  Rectification 
of  the  Hyperbola. 

In  accordance  with  the  plan  of  this  treatise,  we  begin  with 
a  physical  application  of  the  Theory  of  Transformation,  before 
proceeding  to  the  analytical  treatment  of  the  subject. 

Suppose  then  in  §  259  that  an  odd  number,  n,  of  such 
rectangles  as  OABG  are  placed  in  contact,  side  by  side,  so  as 
to  form  a  single  rectangle  OAnBnC,  of  length  0J.„  =  7ia,(and 
height  00  =b;  and  now  put 

OAnlOO=nalh  =  K/K\  .    -, 

OA  100=   a/6  =  A/A', 

so  that  A'/A  =  nK'IK; (1) 

where  K,  K'  denote  the  quarter  periods  with  respect  to  the 
modulus  K  (§  11),  and  A,  A'  with  respect  to  the  modulus  \. 

Let  us  begin  by  placing  a  positive  electrode  at  0,  and  an 
equal  negative  electrode  at  0\  then,  inside  the  rectangle  OB, 
the  vector  function  will  be 

log  sn  Az/a  =  log  sn(  Aoj/a + A'iy/b\ 
with  z  =  x-{-yi. 

G.E.F.  u 
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But,  inside  the  rectangle  OBn,  the  vector  function  of  these 
electrodes  and  their  images  will  be  that  due  to  positive  elec- 
trodes at  2sa  and  negative  electrodes  at  2sa-\-hi,  where  s 
assumes  all  integral  values  from  0  to  n  —  l\  and  the  vector 
function  of  this  system  is  (§§  259,  275) 

log   n    sn  K{z  -  '2sa)/na  =  log  n  sn  {Kxjna + Kiylh  —  ^sKju). 

8  =  0 

The  physical  equivalence  of  these  two  forms  of  the  vector 
function,  as  seen  from  two  different  points  of  view,  shows  that 

sn(Azla)=A    n    8n(Kz/na-2sK/n), 

s  =  0 

or  sn(u/M,\)  =  AIlsn{u-2sK/n), (2) 

where  u/M=  Az/a,     u  =  Kz/na ; 

so  that  M=KlnA  =  K'IA'; (3) 

this  is  the  formula  for  the^rs^  real  transformation  of  the  sn 
function,  of  the  nth  order. 

Similar  considerations  will  show  that 

cn{ulM,X)  =  BIlcxi{u-2sKln), (4) 

dn(ulM,\)  =  CIldn(u-2sK/n) (5) 

If,  as  in  §  263,  we  put 

q  =  exp(  —  tfK'/K),  and  r  =  exp(  —  ttA'/A)  ; 

then  r  =  q'\ (6) 

and  X  is  less  than  k. 

It  simplifies  matters  to  place  the  rectangle  OB  in  the 
middle  of  n  such  rectangles  placed  side  by  side,  and  now  s 
ranges  from  —  ^('ri  — 1)  to  ^{n  +  l)\  and  combining  equal  posi- 
tive and  negative  values  of  s,  we  find,  according  to  (7)  §  137, 

/    /7IT^^      A         ^=^ft-^>   sn%-sn22sa)  ,^, 

sn(Wif,  X)  =  J.snu    11    -^ ^-^. h-, (7) 

^   '  s^i    1  — /c^sn^  2sa)  sn V  ^  ^ 

where  co  =  Kjn ; 

or  y  =  ^i- o-V^, (8) 

connecting  y  =  sn(u/M,\)  and  x  =  su{u,  k),  a  =  sn{2sK/n). 

284.  Next  suppose  that  n  equal  rectangles,  such  as  OABG, 
are  piled  on  each  other,  so  as  to  form  a  single  rectangle 
OABnCn,  where  OA  =a,  OGn  =  nh  ;  and  now  put 
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OAIOCn=^alnh  =  KIK\ 

OA/OC  =   a/6  =  A/A'; 

so  that  K'/K=nA'/A (9) 

The  physical  equivalence  of  a  positive  electrode  at  0  and  an 
equal  negative  electrode  at  C,  and  of  their  images  in  the  rect- 
angle OABG,  with  the  positive  electrodes  at  ^.sK'iyjh  and  the 
negative  electrodes  at  {2s-{-l)K'iy/b  in  the  rectangle  OABnCn 
and  their  images,  shows  in  a  similar  manner  that 

8n(Az/a,  X)  =  ^  n  sn(Kx/a + K'iyjnh  —  28K'i/n), 
where  s  may  assume  all  integral  values  from  0  to  n  —  1,  but 
preferably,  from  —^{n  —  1)  to  i(7i  +  l);  or 

sn(u/if,  \)  =  AUsn{u-2sK'i/n,K),  (10) 

where  u/M = Az/a,    u  =  Kz/a ; 

so  that  M=KfA  =  K'/nA'; (11) 

and  now,  with 

q  =  exp(-'7rK'IK),     r  =  exp(-7rA7A), 

we  have  r  =  q^l^, (12) 

and  now  X  is  greater  than  k. 

Similar  considerations  show  that,  by  placing  positive  and 
negative  electrodes  at  A  and  C,  or  B  and  G,  we  shall  obtain 
the  formulas 

cn(ulM,\)=BIIcn{u-2sK'iln)', (13) 

dn(u/M,  X)  =  a  n  dn(^  -  2sKyn) ; (14) 

these  are  the  formulas  for  the  second  real  transformation  of 
the  elliptic  functions,  of  the  nth  order. 

A  similar  physical  interpretation  of  Transformation  may  be 
given  in  connexion  with  the  curvilinear  rectangles  bounded  by 
concentric  circular  arcs  and  their  radii,  as  discussed  in  §  270. 

285.  Besides  the  first  and  second  real  transformations  in 
which  q  is  changed  into  q"^  and  q^'^,  now  denoted  by  r^  and 
r^,  there  are  in  addition  n  —  l  imaginary  transformations, 
when  71  is  a  prime  number,  in  which  q  is  changed  into  (io^q^^^\ 
denoted  by  r^,,  where  p  =  l,  2,  3,  ...,  n—l,  and  o)  is  an 
imaginary  Tith  root  of  unity ;  so  that,  corresponding  to  a  given 
value  of  K,  the  modular  equation  of  the  nth.  order,  if  prime 
willlDC  of  the  ('Ji-t-l)th  degree  in  X,  having  the  roots 

^oo»    ^0'    ^1'    ^2'  •••'    ^n-l> 

of  which  two  only,  X     and  X^,  will  be  real ;  X^  <  /c  <  Xq. 
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We  need  only  consider  the  Transformations  of  prime  order, 
as  a  Transformation  of  composite  order,  Tnn,  can  be  made  to 
depend  on  the  transformations  of  the  mth  and  nth.  order. 

The  diflferent  transformations  of  the  m^ith  order  are  formed 
by  changing  q  into  2™/^;  so  that  the  number  of  transformations 
for  any  number  in  general  is  the  number  of  divisors  of  min ; 
reducing  to  n+l,  as  before,  for  a  prime  number  n. 

For  a  transformation  of  order  n^  there  is  one  real  transforma- 
tion for  which  q  remains  unaltered,  and  we  thus  obtain  the 
formulas  for  Multiplication  of  the  argument  u  by  n. 

286.  After  this  physical  introduction,  we  can  proceed  to  the 
general  algebraical  theory  of  Transformation,  as  developed  by 
Jacobi  in  his  Fundamenta  nova  theorice  functionwm  ellipti- 
carum,  1829. 

The  theory  in  its  generality  consists  in  the  determination  of 
2/  as  a  rational  algebraical  function  of  x,  of  the  form 

y=uir, (15) 

where  U  and  V  are  rational  integral  functions  of  x, 

U=anX''  +  an-ix''-'^+...+a^x  +  aQA  ,^g. 

V=bnX^-\-bn-iX''-^+...  +  \x  +  hJ ^       ^ 

SO  as  to  satisfy  a  differential  relation  of  the  form 

Mdii      dx  ,-^. 

vy=v^ <'^> 

where  X=  ax^+  4:hx^-\-  6rf+  4:dx  +  e,  \  .^^.v 

Making  the  substitution  of  (15),  we  find  that  we  must  have 

\dx  dx/  _  dx 

and  the  first  condition  requisite  is  that 

.lC7^  +  4i?[73F+6at/2F2  +  4i)f7F3-|-^F^  =  ZT2,...(19) 
where  T  is  a  rational  integral  function  of  a;,  of  the  {2n--2)th 
degree  ;  and  now,  if  we  can  make 

^=KS^-4D- (2«) 

where   if  is   a   constant    multiplier,   the   Transformation    is 
effected. 
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But  if  U  and  V  are  both  of  the  nth  degree,  or  if  one  of  the 
tith  and  the  other  of  the  {n-l)i\\  degree,  so  that  either  a„  or 
hn  (not  both)  is  zero,  this  is  necessarily  the  case  ;  for  any 
square  factor  in  {U,  Vy  will  appear  as  a  linear  factor  of 

dx  dx ' 

which  is  also  of  the  (2?i--2)th  degree,  and  can  therefore  only 
differ  from  T  by  a  constant  factor  M. 

The  Transformation  is  now  said  to  be  of  the  nth  order. 

By  taking  X  of  the  sixth,  instead  of  the  fourth  degree,  Mr. 
W.  Burnside  has  derived  hyperelliptic  integrals  (Proc.  L.  M.  S., 
XXIII.)  from  the  elliptic  element  dy/^Y,  similar  to  the  hyper- 
elliptic integrals  of  §§  159,  160,  by  means  of  substitutions  of 
the  second,  third,  and  higher  orders. 

Now  denoting  by  a,  /3,  y,  S  the  roots  of  the  quartic  A^  =  0, 
and  by  a,  P\  y\  S'  those  of  F=  0 ;  so  that,  resolved  into  factors, 

Z=  a{x-a){x-P){x-y){x-S\ 

then  A{U-aV){U-p'V){U-yV){U-S'V) 

=  aT\x-a){x-l3){x-y){x-S); 

and  now  a  factor,  such  as  U—aV,  must  be  composed  of  linear 
factors,  such  as  a;  — a,  and  of  the  squares  of  factors  of  T. 

In  the  expression  y=U/V  there  are  at  most  2n  +  l  arbitrary 
constants  ;  and  in  determining  [/"and  Fso  as  to  satisfy  relation 
(19)  we  determine  2n  —  2  of  these  arbitrary  constants;  thus 
there  remain  at  disposal  three  arbitrary  constants,  correspond- 
ing to  the  three  constants  involved  in  an  arbitrary  linear 
transformation,  such  as  that  obtained  by  writing  (§  13U) 

{lx-\-m)l{Vx+m)  for  x, 
as  exemplified  in  §§  153,  IGO,  where  the  constants  I,  m,  l\  m 
are  chosen  so  as  to  make  X  and  F  quadratic  functions  of  a;- 
and  2/^- 

When  X  and  F  reduce  to  quadratic  functions  of  x  and  y, 
the  elliptic  functions  degenerate  into  circular  and  hyperbolic 
functions :  and  now  there  is  no  Theory  of  Transformation, 
except  for  the  change  from  circular  to  hyperbolic  functions,  as 
in  §  16. 
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287.  Jacobi,  in  his  Fundamenta  nova,  works  throughout 
with  the  differential  relation  for  the  sn  function  (§  35) 

Mdy  _  dx  _-.  .^^. 

connecting         fl3  =  sn(u,  k)  and  y  =  sn(ulM,  X). 

Now,  if  y=U'/v, 

then,  since  u  =  0  makes  x  =  0  and  y  =  0,  3/  and  therefore  U 
must  be  an  odd  function  of  x,  the  other,  F,  being  an  even 
function ;  so  that  for  an  odd  order  of  the  transformation 
U=a^x  +  a^x^+...+anX'',  V=bQ-[-h^x^+...+hn-ix''-\ 
Since  x  =  l,  y  =  l;  x  =  1/k,  y  =  l/\;  etc.,  are  simultaneous 
values  of  x  and  y,  the  relation  connecting  x  and  y  may  be 
written  in  any  one  of  the  following  forms, 

1+  2/  =  (l+  x)A^/V,  or  F+  U=(l-^  x)A^; 
1-  y  =  (l-  x)A'yV,  V-  U={1-  x)A'^; 
l  +  Xy  =  (lj^^x)G^IV,        V-{-\U={l-\-Kx)C^; 

l-Xy  =  (l-.^x)G'yV,        V-\U={1-KX)G'^; (22) 

where  A  and  G  are  rational  integral  functions  of  x,  of  the 
^(n  —  l)th.  degree,  which  become  changed  into  A'  and  G'  when 
x  is  changed  into  —  a; ;  so  that  we  may  put 
A=P+Qx,    A'  =  P-Qx, 
G=P'-hQ%     G'  =  F-qx, 
where  P,  Q,  P\  Q'  are  even  functions  of  x ;  and  therefore 
\-y  _  l-x/P-Qx\^      l-\y  _  1-kx/P'-QxV  . 
l-hy~l+x\P  +  Qx)  '     l-{-\y~l-^Kx\P'-Q'x)  ' 

_   P^  +  2PQ    +Q'x^_x  ^r^  +  2rq  +  KQ'V       .««. 
giving   y-Xp,_^ 2PQ^2 _^ Q2^2 - X  P'H 2/cP'QV + Q"'x^' ' ' ' ^    ^ 

When  the  order  n  of  transformation  is  even,  we  put 

U = a^x-{-a^x^-\- . . .  +  an-ix^~\     F=6o4-&2^^+"-+^«^*^5 
and  now    F+  ^  =  (1  +  ^)( I  +  kx)B\      V-\-XU  =  D\ 

y-U==(l-x)(l-Kx)B'-\     V-\U=J)'^; (24) 

where  B,  D  are  rational  integral  functions  of  x,  of  the  (Jti  —  l)th 
degree,  changing  into  B'  and  D'  when  x  is  changed  into  —x; 
so  that  we  may  put 

B  =  R-{-Sx,     B'  =  R-Sx; 
D  =  R+Sx,    D'  =  R'-S'x; 
where  R,  S,  R\  S'  are  even  functions  of  x. 


.(25) 
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288.  The  number  of  independent  constants  represented  by 
the  a's  and  6's  in  U  and  V  can  be  immediately  halved  by 
noticing  that  a  change  of  \h  into  u-\-K'i  has  the  effect  of 
changing  x  into  IJkx  and  y  into  IjXy  {%  239);  and  therefore  of 
interchanging  U  and  V. 

An  algebraical  simplification  is  thus  introduced  by  writing 
xl^K  for  X  and  y/^\  for  y,  as  in  §  143 ;  the  differential  rela- 
tion now  becomes  of  the  form  (Cay ley,  American  Journal  of 
Mathematics,  vol.  9) 

dy  _  pdx 

^(l-t^y^+yT  J(l-2ax^+x^r 

and  2a  =  K+l/K,     2/3  =  X  +  l/X,  (26) 

su(u,  k)  sn(pi6,  X)  . 

connectmg  x  =  — ^-7 — -,     y  =  — ^^-tt — -> 

^K  "^  ^X 

and  now,  if  y=  JJ/V, 

U=Bn-iX  +  ...B^x^-^+B,x^     V=B,-^B^^+...Bn-ix^-\ 
for  an   odd  order  n  of  transformation,  involving  only  n  co- 
eflBcients    Bq,   B^,    ...,   Bn-i,   and    therefore   n  —  1   arbitrary 
constants  in  y;   also         Bn-i=pBQ. 

It  follows  then  that,  in  the  original  relation  y=U/V,con- 
necting  ic  =  sn(u, /c)  and  y  =  su{u/M,\),  if  a^  —  x^  is  a  factor 
of  U,  then  I—k'^o^x^  must  be  a  corresponding  factor  of  V;  and 
we  thus  obtain  the  expression  of  2/  as  a  function  of  x  given  in 
equation  (8),  and  in  addition  the  relation 

X  =  ilf2/c«na2, (27) 

so  that  we  may  write 

2/=i^^-n^^, (28) 

Professor  Cayley  writes  equation  (25)  in  the  form    > 
(1+  ^V+  S,y'+...)dy  =  p(l+  R,x^+  R^x' -{- . .  .)dx, 
y  +  lSy  +  iS,y'^+...       =p(x  +  iE,x^  +  iR,x' +..,), 
where  the  R's  and  >S's  are  the  zonal  harmonics  of  a  and  /S. 

289.  Writing  this  equation  (28)  in  the  form 

which  is  an  equation  of  the  7ith  degree  in  x,  the  roots  of  whicli 
are  a;  =  snu,     m\(u±2w),  ... ,     sn{u±(n  —  l)a)}, 
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where  co  =  ^K/n  or  2K'i/n  for  the  two  real  transformations,  we 
find  that  the  sum  of  the  roots 
X       /  u      \      «=K»i-i) 

,S-C¥'^)==Xr^-+2-)'" (29) 

or  combining  the  equal  positive  and  negative  values  of  s, 

X       /u^\  .-,2snucn  2sa)  dn  2s(a 

^sn^^,XJ  =  sn^  +  i:    i_,.,^2,,,3^2^ 

rf-      ^  +  ^  1-AV  ' ^^  ^ 

the  expression  for  y  when  the  product  in  equation  (8)  is  resolved 
into  its  partial  fractions ;  and  similar  expressions  hold  for  the 
en  and  dn  functions  (Jacobi,  Werke,  I.,  p.  429 ;  Cayley,  Elliptic 
Functions,  p.  256). 

290.  We  need  not  therefore  confine  ourselves,  with  Jacobi, 
to  the  Transformations  of  the  sn  function ;  but  we  may  some- 
times find  it  preferable  to  seek  the  relations  connecting 

X  =  cn(u,  k)  and  y  =  cn{u/M,  X), 
when  (§  85 ;  Abel,  (Euvres,  I.,  p.  363) 

Mdy dx  _-.  ,Q-. 

or  the  relations  connecting: 

x  =  din{u,  k)  and  y  =  dn(ulM,\), 

-^-      ^(i^^^^2,;,.)=^(i_j^,._,.)=^^; (32) 

relations  already  given  in  (4),  (5),  (13),  (14)  of  §§  282,  284, 

But  Prof.  Klein  points  out  (Math.  Ann.,  XIV.,  p.  116)  that 
it  is  the  differential  form  of   §  38  (really   Riemann's  form), 
connecting         z  =  sji\u,  k)  and  t^sn^ufM,  X), 
and  leading  to  the  relation,  on  writing  k  for  k^  and  I  for  X^ 

^{U.l-t.l-lt)~  J{4>z.l-z.l-kz)~^' ^"^"^^ 

which  is  the  most  fundamental  in  the  theory  of  the  elliptic 
functions  sn,  en,  and  dn ;  the  periods  now  being  2K  and  2K'i, 
instead  of  4^  and  2K'i,  etc.  (§  239) ;  the  quadric  transforma- 
tions (of  the  second  order) 

z  =  x^,     1— flj^    or    1—kV, 

t  =  y\     l-y\    or    1-Xy, (34) 

leading  immediately  to  the  preceding  transformations  of  the 
sn,  en,  and  dn  functions. 
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291.  The  Theory  of  Transformation  may  be  developed  en- 
tirely from  the  algebraical  point  of  view ;  but  Abel  has  shown 
how  the  form  of  the  transformation  of  the  nth  order  may  be 
inferred  from  the  elliptic  functions  of  the  nth  parts  of  the 
periods,  called  by  Klein,  modular  functions. 

Thus  taking  the  first  i-eal  transformation  connecting 
0  =  sn2(t6, /c)  and  t  =  si\^(ulM,X) 
in  relation  (33),  then 

i-t={i-z)  n(i-p'  -^A 

l-lt  =  {l-kz)Il(l-'k/3zy-^D, 

D=  Jl{l-kaz)\ (35) 

where  a  =  &n^2sK/n,     /3  =  8u'\2s-  l)K/n, 

and  the  products  extend  for  all  integral  values  of  s  from  1  to 

i{n-l). 

The  form  of  the  factors  is  inferred  by  Abel  from  the  con- 
sideration that 

(i.)  when  t  =  0,     -a/if  =  2s A  +  2sA'i, 
where  s  and  s'  are  integers ;  and,  from  equation  (3), 
i(.  =  2sKln+2s'K% 
z  =  sn^2sK/n  =  0,  or  a; 
(ii.)  when  t  =  l,    u/M=  (2s  - 1  )A  +  2s  A% 

u  =  {2s-l)Kln-\-2s'K% 
z  =  sn\2s-l)Kln  =  B  or  1; 
(iii.)  when  t  =  1/^,  ulM=  (2s  -  1)A  +  (2s'  - 1  )A% 

u  =  (2s-l)K/n+(2s'-l)K% 
z  =  sn^{{2s-l)Kln^K'i}  =  l/kl3  or  l/k. 
(iv.)  when  ^  =  oo  ,  u/i/=  2sA  +  (2s'  - 1) A'i, 

u  =  2sK/n-\-{28'-l)K\ 
z  =  sn:\2sKln  —  K'i)  =  1  /ka,  or  x  . 
Similarly  the  relations  can  be  inferred  connecting 
z=cn\ii,K)  and  t  =  cn^{u/M,  X), 
or  z  =  dn%u,  k)  and  t  =  cn%ujM,  X), 

not  only  for  the  first  real  transformation,  depending  on  equa- 
tion (3),  but  also  for  the  second  real  transformation,  depending 
on  equation  (11),  and  also  for  any  one  of  the  imaginary 
transformations  of  the  nth  order. 
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292.  In  Weierstrass's  form  the  relation  is 

Mdy  _  dx  _-, 

connecting  x  =  <p{u\  g^,  g^)  and  y  =  <p{ulM',  yg*  Ys)' 
by  a  relation  of  the  form 

and  this  must  be  equivalent  to  relations  of  the  form 

y-€a  =  {x-eM^iy.  or  (x-e^)B^IV,  or  {x-e^)G^IV,    (36) 
for  a  transformation  of  odd  order;  giving 

^y^-y^y-y^={^x^-9r^-9^){^BGflV^; (37) 

so  that  V  must  be  a  perfect  square;  thus  leading  to  the 
requisite  number  of  equations  for  the  determination  of  the 
arbitrary  coefficients  in  U  and  F,  and  an  equation  over,  which 
relation  may  be  made  to  connect  the  absolute  invariants  J 
and  J\  and  corresponds  to  the  modular  equation. 
For  a  transformation  of  even  order,  we  shall  have 

U 

equivalent  to  relations  of  the  form 

A^               x  —  esB^          x  —  Cy  G^         .^„. 
3'--a=(— -^y.,  «r  ^^,,  or  ^y5 (38) 

and  therefore 

^y    722/  ys-  ^j^_^jr-    rp,  (^y) 

293.  In  the  Weierstrassian  form  we  determine  the  relation 
connecting         x  =  <^{u,  J)     and     y  =  ^(u/if,  J'). 

But  without  altering  J'  we  may  write  (§196) 
p{ulM,J')  =  M^p{u,J'); 
and  now,  if  w,  co'  denote  the  real  and  imaginary  half  periods  of 
^{u,  J)  or  pu,  we  may  take  co/n,  m  as  the  periods  of  ^(u,  J')  in 
the  first  real  transformation  of  the  nth.  order ;  and  w,  co'/n  as 
the  periods  in  the  second  real  transformation  (Felix  Muller,  De 
transformatione  functionum  ellipticarum ;  Berlin,  1867). 

The  first  real  transformation,  of  odd  order  n,  may  now  be 
written 

p{n,J')  =  ^+"¥\p{u-^'^)-p^^} (40) 

similar  to  equation  (30)  for  the  sn  function,  and  obtained  in  a 
similar  manner. 
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By  integration  of  this  equation  (§  195) 
f(u,  /')  =  2GiU  +  fu  +~  i    f(u -  2sa)/n)  +  f(u  +  28a,/n),  (41) 

where     G^  =  i'~i~\(28u)ln)=~  i   pi^sc^/n);  (42) 

«=i  «=i 

and  integrating  again, 

log  (r(u,  J')  =  G^u^  +  log  (TU II  cr(u  —  2sa)/?i)o-(u  +  2swln), 

o-(u,  J')  =  Oe^'i^Vu  n  a-{u  -  2soo/n)(T(u  +  2swln).\ (43) 

The  constant  G  is  determined  by  putting  u  =  0,  when 

o=ite-^i«^^-^-^-*^n^ ^    ,1,^^    I  . 

aru         a{u  —  2swln)a{u  +  zscajn) 

_n         ^ 

(r(-2sa)/n)(r(2s(o/n) ' 
and  now 

^  ^  ,=1  <r^(2saj/'yi) 

=  e<^'*X(ru)^n(^i6-^2sa)/7i), (44) 

by  formula  (K)  of  §  200. 

Thus,  for  instance,  with  n  =  S, 

o-(u,  J')  =  e^^-XcTu)\^w-G,), (45) 

where  G^i  =  ^i<«j  =  ^|ft), 

and  therefore  satisfies  the  equation  of  §  149 

iG^  +  ig^f  +  2g^^^ 

or  ^i*-J^2^i^-^3^i-tW  =  0 (46) 

Denoting  by  G^  and  G^  the  transformed  values  of  g^  and  g^, 

they  are  found  by  a  comparison  of  coefficients  in  the  expansion 

of  both  sides  of  equation  (44)  in  ascending  powers  of  u  (§  195). 

Thus,  if  ^=0,  or  ^^2  =  0,  then  ^^  =  0  or  ^g^;  and  taking  the 

value  Gj  =  0,  then  J'  =  0,G^  =  0,Gs=- 27 g^ ;  and      * 

ct(u;  0,  -27g^)  =  (a'uy^u (47) 

Employing   the   principle    of  Homogeneity   of  §  196,   this 
equation  may  be  written 

a(uiJ^)  =  iJS(<Tufpu,  (48) 

leading  by  differentiation  to 

i^muijS)  =  S^u  +  ^'ulpu,  (49) 

and  3K^^iV3)=  -Spu-{-^-^^=  -i^u+^ (50) 

since  ^g  =  0,  as  in  §  47. 
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Thus,  if  ^3  is  positive,  and  w^,  w^  the  real  and  imaginary 
half  periods  (§  62),  then  w^jwc^^i^Z)  and  if  we  take  u  =  fa)2, 
then  <p^u  =  g^  (§§  166,  283) ;  so  that  <pl(jo^  =  0. 

Again,  putting  u  =  0)2  in  equation  (49)  gives 

WVS  =  3,;2 ; (51) 

Making  use  of  the  last  equation  of  §  202,  we  find 

As  a  numerical  exercise  the  student  may  construct  the 
following  table,  and  also  fill  in  the  values  for  u  =  (jo^,  (ji).{,  ^w^, 
^002,  fa)2,  ioo^i  ••• ;  taking  ^^  =  0,  ^3  =  1  ;  these  numerical  results 
are  useful  in  the  problem  of  the  Trajectory  for  the  Cubic  Law 
of  Resistance,  discussed  in  §§  227-234. 


u 

^M 

r^i 

^n 

<TU 

^(4/2  +  1)=^ 
-4/2 
1 
0 

-ix/3(  ^2+1)4 

-v/3 

(V2  +  l)^ 
^'^*^+3^3^2 

7rv3 

V3' 
1     7rV3 

The  Linear  Transformation. 

294.  In  Chapter  II.  the  general  elliptic  differential  dx\^X 
has  been  reduced  to  Legendre's  standard  form 

and  to  Jacobi's,  or  rather  Eiemann's  standard  form  (11)  of  §  38, 

by  various  substitutions,  in  §§  39,  40,  41,  42,  43,  etc.,  which  are 
practical  illustrations  of  the  Linear  Transformation. 

In  §  160,  the  six  linear  transformations  are  given  which, 
according  to  Mr.  R.  Russell,  reduce 

dxlJX  to  the  form  dzlJ{A%''-^^G%'^^-E). 
In  determining  the  linear  transformations,  of  the  form 

y=  U/V=^(aX  +  /3)l{yx  +  S),  (52) 

which  satisfy  Riemann's  differential  relation 
Mdy  __  dx 


J{'^y.l-y.l-ly)     J{^x.  \-x.\-hx) 
connecting     x  =  iiii\u,  k)     and     y  =  su%u/M,X), 


=  duy 
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we  notice,  by  §  139,  that  the  absolute  invariant  J  is  unchanged ; 
so  that,  according  to  §  68,  there  are  six  values  of  I,  given  by 

^  =  ^'     ^Zl'    k'     1-7.'     ■^~^'     ^'"^' ^^^^ 

and  six  corresponding  linear  transformations,  in  which 

Mi    aK+hK'i  ,     ,  .     .  .... 

and     bc  —  ad=l;  (o4) 

mod.  2. 

295.  But   if  we  change  to  Jacobi's   form  by  the  quadric 
transformation,  which  changes  x  into  a;^,  and  y  into  ^/^  then 
Mdy dx ,  . 

and  now,  forming  according  to  §  75  the  invariants  g^,  g^,  A,  and 
J  of  the  quartic  1  —  a;^    i  __  ^2^2^ 


i\ 

.     cK+dK'i' 

-  , 

a,  i 

0   1 

1    1 

|0   1 

1  1   0 

1   0 

1  1 

c,  cZ 

~1    0 

1   0 

1  1 

j  1  1 

0   1 

0   1 

9^ 
and 


l  +  14/c  +  /g^ 
12 


5^3  = 


]-33^-33/o2_  33/^3 
216 


A  = 


/<l-/(;)4 


16 


.(56) 


108/<1-A;)* 

Professor  Klein  writes  rf"  for  /c  or  /c^  and  calls  >y  the  Octa- 
hedron Irrationality ;  and  now  the  absolute  invariant  being 
unaltered  by  a  linear  transformation. 


/= 


(1  +  14^  +  ^2)3       (l  +  14^4_f_^8)3 


(57) 


108^(1-0*         108;y*(l-;yy 

and  the  roots  of  this  equation  in  I  are  found  to  be 

/='-.  H;4;)'  (fif:)''-; <-) 

giving  the  six  corresponding  linear  transformations  of  Abel 
(CEuvres,  I.,  pp.  459,  568). 

In  the  reductions  of  Chapter  II.  that  linear  transformation 
has  been  chosen  which  makes  Jc  or  I  positive  and  less  than 
unity,  and  also  gives  a  real  value  to  the  multiplier  M. 

The  corresponding  values  of  the  multiplier  are  given  by 

i/jif^=i,  ^  -J{l±,)^  -Ki±i',y. 

the  linear  transformations  being,  as  may  be  verified. 

+  ^  ~  *J  1  -  >?^      +  ^  -  i*]  1  -  iijx 
1  +  t]  1  +  f]x'         1  +  ijj  1  +  itjx 


y 


X,      ±  rfX, 
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Landen's  Transformation  of  the  Second  Order. 

296.  The  point  L  (§  28)  in  figs.  2  and  3  has  been  called 
Landens  point,  because  of  the  use  made  of  it  by  Landen 
(Phil.  Trans.,  1771,  1775)  for  his  transformation,  important 
historically  as  the  first  case  investigated  of  the  Transforma- 
tion of  Elliptic  Functions,  being  the  Quadric  Transformation, 
or  of  the  second  degree. 

The  ratio  AD/AE  being  sin^Ja  or  k\  while  EL/E A  =  cos  a 

or  K  ;  therefore,  if  G  is  the  middle  point  of  ^D, 

LG  _AL-AG_AE-EL-iAD 

GA~      AG      "  IAD 

1  —  cos  a  —  J  sin^a  _  (1  —  cos  Ja)^  _  1  —  cos  |a  _  ,      21 

— -^ — ' — ^  — :   o^j —  -:\  ;         ^ —  —  tan  ja. 

Jsm^a  sm^Ja  1+cosJa 

The  ratio  LG/GA  is  denoted  by  X  ;  so  that 

^=m  '='i^r  -'^x  ^'^fr^-'  (i+^0(i+x)=2, 

^\  =  (1-k')Ik,  ^K=il-\)/\\  and  kX  =  2J{k'X\...{59) 

different  forms  of  the  modular  equation  of  the  second  order. 

Still  denoting  the  angle  ADQ  in  fig.  2  by  cp,  we  denote  the 

angle  ALQ  by  ^/r ;   and  now  (§  28)  since  the  velocity  of  Q 

is  n(l-\-K)LQ,  perpendicular  to  GQ,  therefore  the  component 

velocity  of  Q,  perpendicular  to  LQ, 

LQd\lrldt  =  n{l  +  K)LQQosLQG, 

or  d\l^/dt  =  n{l-^K)cosLQG. 

^  ,    .        sinLQG    LG    ^    .,       . 
But  since  — -. — 7^  =  Ttts  =  A,  therefore 
sin  y       CQ 

sinZQa=Xsin^,    cosZQ(7=^(l-XsinV)  =  A(V^,  A) ; 

and  dxlrldt  =  n{l-\-K)A{\lr,  X), 

or  xl^  =  Sim{{l+K)nt,  X} (60) 

Now,  since  the  angle  XQ(7=20  — -i/r,  therefore 

sin(2^--^)  =  Xsin^/.; (61) 

y  ,     1-X     sin(20-^/r)-sinVr_tan(0-Vr) 

'f       ^^^  ^  -lTx~sin(20-V^)  +  sinV^-~tan7"'  "•'^^'^^ 

,        ,      (l+/cOtan^  .,Q. 

or  tani/r  =  ^- — — ^, (63) 

sin  i/r  =  (1  +/c')sin  (p  cos  (p/Acp, 
as  in  equation  (92),  §  67. 

Putting  71^  =  u,  (l+/c')ni  =  f,  then  sin0  =  snit,  sin -^/r  =  sn  y  ; 
and  we  obtain  the  formulas  (90)  to  (98)  of  §  67. 
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297.  Landen  starts  with  the  relation  (61) ;  so  that,  differen- 
tiating logarithmically, 

cot(20  —  ■i/r)(2(i0  —  dxjr)  =  cot  yfr  cZx/r, 

2  cot(2^  -  \[/-)d(l)  =  { cot(20  -  \^)  +  cot  \/r }(Z\/r 
_       sin  20  d\jr 
sin\/r  sin(20  — i/r) 

2(^0  _  cZl/r 


sin  20  cosec  \jr    cos(20  —  •0') 
Now  cos(20  _  ^)  =  ^(1  -  X^sinV)  =  M^,  X) ; 

while     sin  20  cot  i/r  — cos  20  =  X, 

cot  xfr  =  cot  20  4-  X  cosec  20, 
cosec^^/r  =  1  +  (cot  20  +  X  cosec  20)^, 
sin220  cosec^^r  =  sin^  20  +  (cos  20  +  X)^ 
=  l  +  2Xcos20-}-X2 
=  (l-|-Xy^-4Xsin20, 
or      sin  20  cosec  \«r  =  (l  -|-X)^(1  -/c2sin20)  =  (1  +  X)A(0,  k), 
where  k:  =  2^X/(1+X)  ;  so  that,  finally, 

dcf>     _Ul+\)dylr  dyjr     _(1+O^0.  . 

A(0,K)~    A(V.,X)   '  A(^,X)       A(0,/c)    '-^^^^ 

so   that,  if  0  =  am(7i^, /c),  then  i/r  =  am{(l+/c')n^,  X},  and   the 

angle  y^r  may  be  made  to  represent  pendulum  motion  on  the 

circle  CRL,  on  CL  as  diameter,  LQ  meeting  this  circle  in  B. 

The  velocity  of  R  will  then  be  due  to  the  level  of  L',  a  point 
on  CE  produced,  such  that  GL'=GLi\^;  and  now  we  find  that 

Er=CL'-CE=EL, 
after  reduction,  so  that  L  and  L'  are  the  limiting  points  of  the 
circle  AQD  with  respect  to  the  horizontal  line  through  E;  but 
now  the  value  of  g  in  the  motion  of  R  on  the  circle  CRL  must, 
in  accordance  with  §  20,  be  reduced  to  ^g(l  —k')\ 
LQ  _L'D  _EL+ED  _K  +K^  _1+k' 
Again,        ^^  -j^j^  -  EL-ED- k'-k^'I-'k' 

so  that  (§  28)  the  velocity  of  Q  is 

n{l+K)LQ,  or  7i{1-k')L'Q (65) 

The  period  of  R  in  the  circle  CRL  is  half  the  period  of  Q  in 
the  circle  AQD;  so  that,  if  A  denotes  the  real  quarter  period 
of  the  elliptic  functions  of  modulus  X, 

A  =  i{l  +  K)K,  or  (l+X)A  =  ir.  {6Q) 
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298.  Conversely,  as  in  §  123,  we  can  express  the  elliptic 
functions  of  modulus  k  and  argument  (1  +  X)v  in  terms  of  the 
elliptic  functions  of  modulus  X  and  argument  v ;  or  starting 
with  the  motion  of  i^,  we  can  deduce  the  motion  of  Q. 

But  considering  the  motion  of  Q  as  defining  in  a  similar  way 
the  motion  on  a  larger  circle,  to  a  larger  modulus  y,  we  change 
X  into  K  and  k  into  y,  where 

1— y'  ,      1  —  K  2^K       ...  /vi    I      \      «) 

'^=i+y"  ^=1+.'   ^=1+^'   (i+rXi+'^)=2. 

jK=(l-y')ly,     Vy'  =  0 -«)/«'>    and    Ky  =  2Jicy');    (67) 
and  now,  from  §  123, 


dn(l  +  /c.u,  y)  =  -rn o)       :> 


sn(l  +  /c.  u,  y) 
cn(l+/c.  ^^,  y) 


(l4-/c)sn  (u,  K) 


i« 


.(68) 


1  +  /c  sn2(u,  k) 
cn(i6,  /c)dn(u,  /c) 
1  +  /c  sn2(u,  /f) 
called  Landens  Second  Transfortnation. 

With  cc  =  sn('i6, /c),  2/  =  sn(l+/c.  u,  y),  where  y  =  2^Ac/(I+/c), 

then  ^  =  \— -^-, 

i-y2/  =  (l-^v/'c)'     -^. 

F=H-rf^ (69) 

«nH  ^:y  {l-^K)dx 

>v/(i-2/'.i-yY)    x/(l-^M-A2) 

Or,  with  X  =  dn(u,  /c),  2/  =  dn(l -\-k.u,  k\ 

_-l+K  +  X^ 

l  +  2/=2/c  ^7, 

l-2/=2(l-iz;2)  ^F, 
2/  +  y  =  2/ca^2         -F(l  +  ,c), 
2/-y'  =  2(.'c2-^'2)--F(l+Ac), 

F=l+ic-a;2; 

leading  to  the  diiferential  relation,  (3)  of  §  35, 
dy  (1  +  Ac)c?a; 


(70) 


x/(l 


2/2.1/ 


y'^J 


J(\-xKx^-K^) 


THE  TRANSFORMATION  OF  ELLIPTIC  FUNCTIONS.        321 

299.  Denoting  by  T  the  real  quarter-period  of  the  elliptic 
tunctions  to  modulus  y,  then  x=l  makes  y  =  l,OTU  =  K makes 
(1+k).u  =  T  ;  so  that 

(l+/c)^  =  r. 
or  (6G)  (i  +  \)A  =  K=i(l  +  y')T ....(71) 

Also,  A',  K',  r'  denoting  the  corresponding  quarter  periods  to 
modulus  X',  K,  y,  the  imaginary  transformations  of  §  238  show- 
that,  with  iu  =  v, 

s„(l+.'..,V)  =  ^!+'^?".^-<|, 

'  dn('i;,  K ) 

/I   ,    /        x/x     cn(v,  K)dn{v,  k) 
cn(l -h/c  .v,X)=    .  \'y^  2/       /\  ' 
I -{- K  sn\v,  K  ) 

r.   ,                ,x       1-(1+Ac)sn2(i;,  k) 
cn(l 4-/C  .v,y)= J— r      /^" ' 

dn(l  +AC  .v,\)=  -■■   ,    .    o. K, 

''"^^+'^  •  "■y)=  dn(^,0     -  ' (''> 

so  that  A'  =  (1  +  0K',     r'  =  i(l  +  /c)K'. 

or  J{l+X)A'  =  K'  =  (l  +  y')r; (73) 

and  therefore  \  4^=|:'  =  2^' (74) 

An  inspection  of  Landen's  formulas  shows  that  the  dn  func- 
tion has  always  a  rational  Quadric  Transformation. 

Mr.  R.  Russell   shows  {Proc.   L.  M.  S.,  XVIII.)   that   the 
general  rational  quadric  transformations  which  reduce 
dx/JX  to  the  form  dzl^{Az^-[-QCz^  +  E) 
are  always  of  the  form 

'=ml\^Fi''^ ^^^> 

Pj,  P2,  P3  denoting   the   quadratic   factors  of  G,  the   sextic 
CO  variant  of  X  (§  160). 

Thus  if  X^I-x^.\-kV, 

the  sextic  covariant  may  be  written 

leading  to  Landen's  transformations,  given  above. 

G.E.F  X 
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300.  Landen's   Transformation   is   useful,  as   employed   by 
Gauss,  for  the  numerical  calculation  of  K  ;  for  if  we  put  (fig.  2) 

LA=a,  LD  =  b;    and  CA=a^,  CL  =  J{a^^-h^)  =  \(a-h)', 
then     a^  =  ^{a-\-h),  6i  =  V(a6);    and  K=bla,  X  =  hja^.  ...(76) 
\    Now,  denoting  i/r  by  (p^,  and  X  by  /c^,  equation  (64)  becomes 

^^0  _^<^i    „         _  .      /77X 

^(a^cos^<p  +  6%in2^)     J(a^^cos^(p^ -f- h^^sm^(l>{)  '"'^     ^ 

while  01  =  TT,  when  ^  =  ^tt  ; 

so  that 

J  VC^'cosV  +  fe^sinV)  y  x/(^i'cosVi  +  ^i^sin^j ) 


=/; 


iTT 


^((X^^COS^^l  +  6i2siii20  J 

or  A"  =  iria/ai=:iri(l+/ci) (78) 

Continuing  this  process  with  0^,  a^,  and  ^j,  so  as  to  obtain  a 
continuous  series,  given  by  (§  296,  equation  62). 

tan(0,i  -  0.^+1  )  =  -^  tan  0n, 

a,,+i  =  |(a,,  +  6J>    ^n+i  =  x/KW;  (79) 

then  an  and  6,^  tend  to  equality  ;  so  that,  putting 

<^oo=^«>=M.  and  0^=V^' 
y ^((x'-^cos20  ^  ?>2sin2^)  y  J{aJcos^(Pn  +  6'nsin20„) 


V  V 


or 

a      an      jii 


^(^^cos^^  +  yu^din^Yr)"  /x  ' 


•=n  r 


K=:^KnU{l+Kr)  =  i'7rn(l+Kr) (80) 


r^l  r=l 


Denoting  the  modular  angle  of  Kn  by  On,  then 
Kn+i  =  sin  0^+1  =  tan^  JO,, ; 

cos  0,1+1  =  sec^  JO„^(cos  On)y 

and  i+,..^,  =  secHe„=^-(-^g).   . 

SO  that 

K=  Jtt  sec  0>y/(cos  0  cos  Oj  cos  62  cos  O3 . . .)>  i^"^) 

a  formula  suitable  for  the  losrarithmic  calculation  o£K. 
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The  Transformation  of  the  Third  Order,  and,  of  higher 
Orders. 

301.  According  to  Jacobi's  method,  the  transformation  may 
be  written 

1  +  2/     l^-xXi  +  ax)  ' ^  ^^ 

connecting  a?  =  8n(t6,  k)  and  y  =  sn{ulM,  X) ;   and  then 

2a+JHhaV_.j    l^xVa' 
^~    l+TaH2a)a52-j/i_^2^2^.2> («^) 

so  that  l/if=2a  +  l, 

and  l-Xy^l-^/o-^X 

I  +  Xt/     l+/fa;Va  +  Acj7' ^""^ 

leading  to  the  differential  relation 

dy  (2a+l)dx 

J(l-yKl-  XY)    V(i  -  a;M  -  A') ^'^^f 

We  shall  find  that,  expressed  in  terms  of  a, 

.,     a*  +  2o.^  ^.,        /a  +  2V 

'^'  =  "2^r+T'  ^'  =  "\2a-+l)' 

H-2a       '     -^  ]+2a 

so  that     V('cX)  =  ?^^'.        VC^'X^i"^; 

leading  to  the  Modular  Equation  of  the  Third  Order. 

s/{k\)-^^{kX')  =  ^ (86) 

We  shall  also  find  that  this  transformation  may  be  written 
1  -  cn(u/M,  X)  _  1  — en  u/g  +  l  +  g  en  uV 

l  +  cn(^/ir,  X)~l  +  cn  Aa  +  l-acn  w/'  ^^'^ 

1  - dn(n/M,X) ^  1  - dn  u/a  +  l-\-dnuV 

l+dn(u/#.  X)~l+dniAa  +  l-dniJ ^^^^ 

As  a  numerical  exercise  the  student  may  work  out  T:he  case 

of  a  =  Mx/3-l)- 

In  Legeudre's  notation,  with  a;  =  sin0,  y  =  sm\jr,  he  finds 
that  these  relations  are  equivalent  to 

tan  J(<^  +  i/r)  =  (a  +  l)tan0 (89) 

The  Transformation  of  the  Third  Order  was  the  hiorhest  to 
which  Legendre  attained,  until  it  was  pointed  out  by  Jacobi 
in  the  Astronomische  Nachrichten,  No.  123,  1827,  that  Trans- 
formations exist  of  the  fourth,  fifth,  or  any  other  higher  order, 
as  already  explained. 
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Thus  the  transformation  of  the  fifth  order  may  be  written 

1  +  2/     l+Al  +  aic  +  /3W'  ^  ^ 

and  of  the  seventh  order 

1  +  2/     l+xKl  +  axi-^x^  +  yxy  '  ^     ^ 

and  so  on. 

302.  When  the  transformation  of  the  third  order  in  §  157  is 
employed  for  the  reduction  of  the  integral  in  equation  (6),  §  227, 

then  s^=  -K^/P^ (92) 

where  P^p^-Sphin^a  +  Sj^, (93) 

and  iL'=^2cos^a+psin  a  —  l,  (94) 

as  in  equation  (27),  §  233 ;  so  that  ^=0  and  s  =  0  at  the  points 
of  minimum  velocity. 

Now,  with  this  substitution  of  §  157, 

s  =  f{cjxlw^',  0,  -A), (95) 

where  A  =  4  -  3  sin^a  =  27^3,  (96) 

(§  228) ;  and  denoting 


fi 


WV(4sHA)  by  a,     ^i\  by  H^', 

then  ^1^2  =  0,    ^'f02=-VA,   and   H.fl^  =  h'Kj^  {%^n). 

Again  (§  157),        <p\gxlvf^)  =  JjP, 

where    J—p\S  sin  a  —  2  sin^a)  —  3p'^(2  —  sin^a)  +  3p  sin  a  —  2, 

and  /+PV^  =  2{i(sina  +  VA)p-l}3, 

J-PjA  =  2{h{sina-^A)p-lY (97) 

Now  from  §  233, 

^A  =    cos  a(tan  /3  +  cot  /3), 

J(sin  a  +  j^A)  =  J  cos  a(tan  a  +  tan  /3  +  cot  fi)  =      cos  a  tan  ^, 

J(sin  a  —  v^A)  =  J  cos  a(tan  a  —  tan  /3  —  cot  /3)  =  —  cos  a  cot  P, 

,  .,  sin  0 

while  p  =  — 7 2T- 

^     cos(a  —  6) 

Therefore 
Mu;  0,  -A)-^'%Q2Y  =  Z-^+VAPU  ^  i(sin  a  +  VA)p-l 

cos  a  tan  ^  sin  ^  —  cos(a  —  ^)  _  tan(^  —  6)  __  tan  ^ 
~  —cos  a  cot/8  sin  ^  — cos(a  — ^)~'      tan /3     ~tanj8 

=  ^X^.?4::.E>2^orX... (98) 

(§  234)  a  curious  result  of  this  transformation. 
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Again,  since  ^'  5  Wg  =  —  ^' JcDg,  we  may  put 

and  then,  making  use  of  relation  (17)  of  §  229, 

y  _  __  o^ift)2  +  u)(r(i(j0(t)2  +  u)q^  ^0)^0)2  +  u) 

^(1^2  ""  'M')0-(  sft)CD2  —  U)(t{^0I)^(JI)2  —  1^) 

_     q-(  fy  (02  +  '^)o'\  |ft>2  ~  '^^)g^(|w2  ~  '^) 

0-(la)2  -  UJo-'-^C  5^2  +  ^)^(f  C«2  +  '^) 

by  means  of  (K)  §  200,  and  the  relation  p^w^  =  ^  5   ^"^  ^^^^ 
again,  by  equation  (CC)  §  279  and  by  §  293,  reduces  to 

o-3(§a)2  +  u)K|a)2  +  u) 

^  0-(jft)2'-^V3)^4^^^^.^3 

a-(|a)2'4-ui^3) 
_(T(§a2-^;  ^>  -'^)ar.u  /09^ 

~o-(|Q2+^;  0,  -Ar  ' ' ^  ^ 

T^e  Transformation  of  the  Theta  Functions. 
303.  Taking  the  0  function,  as  defined  in  §§  263,  265  in  the 
factorial  form, 

0{x,  q)  =  cl>(q)  n  (l-2g2'-icos  2x  +  q*'-^l (100) 

r=l 

where  0(g')  is  a  certain  function  of  q  which  §  264  shows  can  be 

written  <f>(q)  =  Il{l-q^'\  (101) 

then  changing  x  into  nx,  and  q  into  q'\ 

e(nx,  q'')  =  (p(q'')U(  1  - 2q'"'' - '^cos  2nx  +  g*»'* " 2") 

=  0(g")  il  *~n  { 1  -  2^2'- - icos(2ic  +  2s7r/7i)  +  ^*'- 2} 

r=l     «=0 

(by  Cotes's  Theorem  of  the  Circle  of  §  270) 

Similarly,  with  /i  =  l,  2,  3, 

e^(na;,  9")  =  |||5j-n"n  V(«+«^M,  ?) (103) 

Forming  the  quotients,  and  writing  x  for  liru/K,  then  (§  263) 

«"^'  =  7-^lf'  --  =  5i'|f'  dnu  =  v4f.(104) 
and  thence  we  obtain  the  formulas  for  the  Transformation  of 
the  Elliptic  Functions  of  §  283. 
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Similar  considerations  will  show  that,  when  q  is  changed  to 

\<p\^)i      «=-Kn-i)    \  n         J 

where   /x  =  0,  1,  2,  8;    this  is  left  as  an  exercise  (Enneper, 
Elliptische  Functionen,  §  38). 

Examples. 

1.  Prove  that  a  transformation  of  the  fourth  order  is 

l  —  y_l—x     1—kx/\—Xs/k^ 
\+y~l-\-x  ,1-\-kx\\-Yx^k)  ' 
and  prove  that  the  relation  between  X  and  k  is  then 

and  ilf=(l  +  vV)2.  ^ 

2.  Prove  that,  by  means  of  the  substitutions 

.      ^^_  coshji^sinh^ 

^        ^(cosh  u  +  sinh  u  cosh  0) 

.     .  ^  cosh  Au  sinh  rf> 

or  sinJ0—  ^  ^ 


/. 


sinh  J?-t  +  cosh  Jucosh  0 
d(j) " 


^(cosh  u  +  sinh  u  cosh  0) 

de 


A 


^(coshu+cosO) 

0 

cosh  m0  c?(/) 


=  sech  |i^jPi(sech  Jtt). 


(cosh  'W'  +  sinh  u  cosh  0)''+^ 

_  1.3.5...2m-l \       r--(smhuy»cosnedO 

~ 2n-l .  2n-S...2n-2m-l  J2j     (cosh w  +  cos 0)"+*' 

0 

3.  Prove  that,  with  the  lioinxogeneous  variables  x^,  x^  of  §  155, 
and  writing  X^  for  'dXj'dx^,  X^  for  dX/dX2y  the  general  cubic 
transformation  which  reduces  dxj^X  to  the  form 

dzlJ{Az'  +  C,Gz^+E) 
is  of  the  form    z  =  {lX^  +  mX2)l{VX^^-m'X^  (ex.  8,  p.  174). 

Prove  also  that  the  general  quartic  transformation  may  be 
written  z^{lX  +  mH)l{l'X + m'H), 

where  H  denotes  the  Hessian  of  the  quartic  X  (§  75). 

(R.  Russell,  Proc.  L  M.  S.,  vol.  XVIII.) 
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■  4.  Prove  that  (Cayley) 

_px-\-  *7x^  4-  ^px^ + x^ 

satisfies  the  relation 

dy  _  pdoc 

Modular  Equations. 

304.  In  the  Transformations  of  the  ^ith  order,  which  con- 
nect the  Elliptic  Functions  of  modulus  X  with  those  oi 
modulus  Ky  and  make  r  =  q^,  or  ^^/^  or  w^g^/''  (§  285), 

where  bc  —  ad  =  7i, 

the  Modular  Equation,  which  determines  X  in  terms  ot  k,  is  of 
the  {n+l)th.  order,  as  already  stated,  when  n  is  prime,  and 
has  two  real  and  n  —  1  imaginary  roots. 

We  shall  content  ourselves  with  merely  stating  the  Modular 
Equations  of  simple  order,  connecting  k,  X  and  k,  X',  adopting 
the  form  and  classification  employed  by  Mr.  R  Russell  in  the 
Proc.  London  Math.  Society,  Vol.  XXT. 

Class  I.     71  =  15,  mod.  16; 

p=4/(a)+4/(/cr)+i, 

Q  =  4/(^X  kX)  +  ^(k\)  +  ;/(/c'X') , 
71  =  15,    P3-4PQ  +  E  =  0. 

71  =  31,    (P2_4Q)2_p^^0. 

7?  =  47,    P2-4Q-P(P)i-2(P)§  =  0. 
Class  IT.     7i  =  7,  mod.  16; 

P=^('cX)+4/(/xo-i, 

Q = ^(k\  kX)  -  J(kX)  -  ^{/y\ 

i?=_4^/(AcX/cX). 

77,  =  7,       P  =  0,  or  4/(/cX)+^(/X0  =  l,    (Guetzlaff). 

71  =  23,     P-Pi  =  0,  or  ^{/cX)+^(/cX)  +  (256/cX/cX)^'^=l. 

7^  =  7l,    P3-4P^(P2-Q)  +  2PPi-P  =  0. 

71  =  119,  P«-PH7P'-28P3Q+16Py^)  +  P?^(...)...  =  0. 
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Class  III.     n  =  3,  mod.  8  ; 

Q  =  7(^X  kX)  -  J{k\)  -  s/(kX'), 

71  =  3,  P  =  0,  or  J{K\)-^J(KX)  =  i,   (Legendre). 

71=11,  P-R^  =  0,  or  V('^X)  +  VU'^0  +  (256acXacX)*=1. 

ti  =  19,  P'-7P'R  +  l(jQR  =  0. 

n  =  S5,  P'-R\5P^-UPQ)-{-2R^P-'-RP-^R^  =  0. 

-^  =  43,  pii+...  =  0. 

n  =  od,  P' +...  =  (). 

n  =  83,  P7+...=0. 

Class  IV.    n  =  l,  mod.  4 ; 

P  =  /cX  +  /cX-l, 

Q  =  kX  k'X  —k\  —  kW, 

R=  —  32  /cX  k\  . 

n  =  l,      P  =  0. 

n  =  9,      P6-14P3P  +  64PQP-3P2  =  o. 

^  =  17,    P3-P4(10P2-64Q)  +  26P§P  +  12P  =  0. 

71  =  41,     

71  =  6,       P-R^  =  0,  or  /cX+/cX+(32/cX/cX)s  =  l. 
71  =  13,     P*(P3  +  8i^)±p4(llP2-64Q)  =  0. 
71  =  29,    pi(P2  +  17P^P-9P§) 

±P*(9P2-64Q-13P3p+i5P§)  =  0. 

71  =  37,     

n  =  5S,     P^{P^  +  P*(413P3-2i«P®+...}±E*{35P^..}  =  0.       -^^ 

305.  According  to  Professor  Klein  (Proc.  L.  31.  S.,^.;  Math. 
Ann.,  XIV.)  these  Modular  Equations  are  replaced  by  relations 
between  the  absolute  invariant  J  and  its  transformed  value  J', 
by  the  intermediate  of  quantities  r  and  t,  such  that  J  is  a, 
certain  function  of  r,  and  J'  the  same  function  of  r  ;  and  now, 
n  =  2;     J:J-l:l=  (4t-1)^:  (t-1)(8t+1)2:  27t, 

rT'=r(§60). 
71  =  3;     /:J-1:1=  (r- 1)(9t-1)^:  (27t2-18t- l)^: -64t, 

tt'=1. 
71  =  4;     J:/-l:l=  (tH14-t+1)3: 

(r^-33T2-33T4-l)':108T(l~T)*, 
t  +  t'  =  1. 
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n=6;     J:J-1:1=  (r^-lOT  +  S)^ 

:(T'-^-22T+125)(T2-4T-iy^:-1728T, 
tt'  =  125. 
n  =  7;     J:J-1:1=  (t2+LSt+49)(tHot+1)=^ 

:  (t*+14t^  +  63t24-70t-7)2:  1728t, 
tt'  =  49. 
72  =  13;  J:J-1:1=  (T2H.5T+13)(T*  +  7T=^  +  2()rHl9T+lf 
:  (T2+6T+13)(T^+10T^+46T'+108r^+122T2+38T-l)2:  1728t, 
tt'  =  13. 

The  Multiplication  of  Elliptic  Functions. 

306.  If  we  perform  the  second  real  transformation  upon  the 
first  real  transformation,  we  obtain  a  transformation  of  the 
order  n^,  leading  back  again  to  the  original  modulus  k  ;  because 
the  first  real  transformation  changes  q  into  q^,  and  the  second 
real  transformation  changes  q^^  back  again  to  q. 

We  then  obtain  the  elliptic  functions  of  argument 
u/MM'=nu,    since  iM  =  Kln-A,    M'=A/K, 
in  terms  of  the  elliptic  functions  of  argument  u,  by  a  trans- 
formation of  the  order  n^,  and  thus  obtain  the  formulas  for 
Multiplication  of  the  argument. 

Thus  multiplication  by  2  or  3  can  be  obtained  by  two  suc- 
cessive transformations  of  the  second  or  third  order ;  and  so  on. 

Knowing  that  the  order  of  the  transformation  is  n^,  we 
infer  in  Abel's  manner  the  factors  of  the  numerator  and 
denominator  of  the  transformation,  involving  the  modular 
functions,  the  elliptic  functions  of  the  ?ith  part  of  the  periods. 

Thus  we  infer,  with  the  notation  of  §  258,  that,  for  an  odd 
value  of  n, 

Hnnu=U/V,  (107) 

(sn  I// 
1 T^TT- 
Hn^il/n 


\       sn-ih  n/ 


sn-lig/n/ 

where  m,  m'=0,  ±1,  ±2,  ±3,...,  ±J(n— 1); 

the  simultaneous  zero  values  of  m  and  m'  being  excluded, 

AS  denoted  by  the  accents,  so  that  the  number  of  factors  is 
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Combining  the  factors  by  formula  (7)  of  §  137, 

snnu  =  A  snuIl'irsn{u-\-Qln)sn{u  —  Q/n),    (108) 
where  ^  is  a  constant  factor ;  and  this  may  be  written 

snnu  =  AIlIlsn{ii  +  Qln);  (109) 

where  m,  m'  =  0,  ±1,  ±2,  ...,  ±l{n  —  l); 

the  simultaneous  zero  values  of  m  and  on'  being  now  admissible. 
Similar  considerations  will  show  that 

cnnu  =  BIlIlcn(u  +  Qln), (110) 

dnnu==GIlIldn{u-{-n/ii) (Ill) 

To  determine  the  constant  factors,  change  u  into  u-\-K  or 
u-\-K'i,  when  we  shall  find  (Cayley,  Elliptic  Functions,  §  368) 

^ = ( _ \)Kn-i)^m-^\  2={KiKy^^'-^\  c= (iiKy^^'-^\ 

By  taking  in  §  259  a  rectangle  OAnBnGn,  in  which  OAn  =  nay 
OBn  =  nb,  and  therefore  containing  n^  elementary  rectangles, 
we  obtain  a  physical  representation  of  the  formulas  (109), 
(110),  (111)  for  Multiplication  of  the  argument  by  n. 

Writing  u/n  for  u,  and  making  n  indefinitely  great,  we 
deduce  in  a  rigorous  manner  the  doubly  factorial  expressions 
for  sn  u,  cnu,  dntt  in  (1),  (2),  (3)  of  §  258. 

Again,  by  putting  k  =  0  or  k  =  1,  the  student  may  deduce  as 
an  exercise  the  trigonometrical  formulas  for  the  resolution  of 
the  circular  and  hyperbolic  functions  into  factors. 

(Hobson,  Trigonometry,  Chap.  XVII.) 

The  Complex  Multiplication  of  Elliptic  Functions. 

307.  When  K'IK=  ^D,  and  D  is  an  integer,  we  may  sup- 
pose the  multiplier  n  resolved,  by  the  solution  of  the  Pellian 
equation,  into  two  complementary  imaginary  factors,  so  that 

n  =  (a+ ihJD){a  -  ihJD)  =  a^ + h^D ; 
and  now  the  multiplication  by  n  can  be  effected  by  two  suc- 
cessive multiplications  by  the  complex  multipliers  a-\-ih^D 
and  a  —  ih^D,  each  leading  to  an  imaginary  transformation  of 
the  nth  order,  not  changing  q  or  the  modulus  k. 

(Abel,  CEuvres,  I.,  p.  377  ;  Jacobi,  Weo-ke,  I.,  p.  489.) 

The  first  requirement  then  in  Complex  Multiplication  is  a 
knowledge  of  the  value  of  k  for  which  KjK=  ,JB ;  and  this 
is  found  by  putting  k  =  \',  k=\  in  the  corresponding  Modular 
Equation  of  the  order  D  (§  304). 

The  equation  is  now,  according  to  Abel,  always  solvable 
algebraically  by  radicals  ;  so  that,  returning  to  the  question  of 
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the  pendulum  in  §  15,  it  is  possible  to  determine  by  a  geometri- 
cal construction  the  position  of  two  horizontal  BB',  hh\  as  in 
fig.  1,  cutting  oft*  arcs  below  them,  such  that  the  period  of  swing 
from  B  to  B'  is  ^Z)  times  the  period  from  h  to  U. 

Thus  the  Modular  Equation  of  the  second  order  being 
written  X  =  (l  -0/(l  +/), 

we  find,  on  putting  /  =  X, 

X'H2X  =  1,  or  \  =  J2-\,  when  A'IA  =  J2. 

Putting  K  =  X\  K=\  in  the  Modular  Equation  of  the  third 
order  (§304), 

2^{kk)  =  1,  or  2/c/  =  i  =  sini7r,  when  K'IK=J^; 
so  that  the  modular  angle  is  -^^ir  or  15°. 

When  K'IK=2,  k  =  {J\-\Y  (§71); 

obtained  by  putting  r7r  =  l,  y  =  y  =  J^2  in  §§  298,  299. 

When     K'/K  =  Jd,     2kk'  =  ^o-2^    4/(2/cO  =  i(x/5-l), 
or  {2kk)~'-(2kk')^  =  1. 

When     K'IK=J1,     24/(/cO=l,     2/c/c'  =  i,     4/(2/c/c')=|. 

Collections  of  these  singular  modv2i  required  in  Complex 
Multiplication  are  given  by  Kronecker  in  the  Berlin  Sitz., 
1857, 18G2,  in  the  Proc.  L.  M.  8.,  XIX.,  p.  301 ;  also  by  Kiepert 
in  the  Math  Ann.,  XXVI.,  XXXIX.,  and  by  H.  Weber  in  his 
Elliptische  Functionen,  1891. 

308.  In  the  expression  of  y  =  sn(a-\-ibj^B)u  as  a  rational 
function  of  x  =  snUy  leading  to  the  difterential  relation 

Mdy  dx  ,         ,  ,,-  .,    /TA 

Jacobi   finds  ( Werke,  t.  I. ;    de  Tnultiplicatione  functionuni 
ellipticarum  per  quantitaterro  vmaginariam  pro  certo  quodam 
niodulorum  systemate)  that  we  must  restrict  a  to  be  an  odd 
integer,  and  h  to  be  an  even  integer ;  but  these  restrictions 
disappear   if   we   work  with  the  en  functions;   and  we  can 
even  suppose  that  2a  and  2h  are  odd  integers. 
Let  us  determine  then  the  relations  connectinsf 
x  =  cnu     and     ?/  =  en  |(  —  1  +  i^D)n, 
so  that  1/1/=  -  J  +  UJD, 

leading  to  the  diflferential  relation 

dy  __(-h  +  iiJD)dx 

J(l-yKy''+c^)     Jil-i^.x'  +  c^) 
where  c  =  k/k,  the  cotangent  of  the  modular  angle. 
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If  i)  =  47i— 1,  and  we  denote  {K-\-K'i)jn  by  co,  we  shall 
then  iind  that,  when  n  is  odd, 


but,  when  -?!  is  even, 


j/~^^''^^na^  +  cn(2r-l>J  ^^^'^^ 

ic 
The  arithmetical  verification  for  the  simple  cases  of  Z)  =  3, 
7,  or  15  is  left  as  an  exercise  for  the  student  (Proc.  Gam. 
Phil  Society,  Vol.  V.). 

Formulas  (112)  and  (113)  are  inferred  by  putting 

(1)  2/  =  l, 

when  J(  —  1  +  i^/D)u  =  2'niK  +  2mK'i    (m  +  m'  even)  ; 
and  then  u  =  4<ni'K — (m + m')ft),     cc  =  en  27*0). 

(2)  y=-h 

K  - 1  +  '^>v/^)^t  =  2mK-{-  2m'K'i     (on  +  m'  odd)  ; 
and  then  a;  =  cn(2r— l)a). 

(3)  y  =  ic, 

h{-l+i^D)u  =  {2m  +  l)K+(2m'+l)K'i  (m+m'odd); 
u  =  (4m'  +  2)ir-  (m  +  m'  + 1  )co,  a?  =  -  en  2ra). 

(4)  y=-iG, 

h{  —  l  +  i^D)it  =  (2m+l)K+{2m'+l)K'i     (m-^-m'  even); 
and  then  x= —cn(2r—l)o). 

309.  When  Z)  =  4?i+1  or  1,  mod.  4,  the  relation  connecting 
^  =  cnu  and  7/  =  cn|(  — l+'i^D)u  cannot  be  rational ;  but  Mr. 
G.  H.  Stuart  has  shown  {Q.  J.  M.,  Vol.  XX.)  that  it  may  be 
written  in  the  irrational  form 

-    /r  \   K^ + x\^cj\{2r-  \)ic-x 
y  -  V(^c;a/  \i^-x)r:^^n{2r-l)ic-Vx 
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where  w  =  {K-^  K'i)/(2n  + 1 ), 

a  transformation  of  the  order  n-\-h  ;  and  this  is  equivalent  to 

i-,/=(i-,-c)(i-.)n(i--/^jVF, 

F=  (l_^)nfl  +  — ^«=-,--V; (114) 

\       tcJ      I       cn(2?'— l)a)J  ^ 

this  is  inferred  in  the  same  manner  as  formulas  (111)  and  (112). 

For  instance,  with  n  =  0,  D  =  l,  and  k  =  4^/2,  c  =  1 ; 

c„K-i+i).=vW(g~S 

equivalent  to,  with  i6  =  (l+'^)t;, 

,^      .,        .1— icn^i' 

cn(l  —  %)v  =  'irr-' — 2- 

^  l  +  ^cn'^v 

With  71=1,  D  =  D,  2kk=Jd-2,c  =  J5  +  '2  +  2^(J5  +  2\ 


and  en  J  ( - 1  +  is/o)u  =  J(ic)     \    -  — ?f  S! 


1-? 

a 

id 

1+^' 

a 

where  a  =  en  }^{K-\-K'i). 

310.  Generally  in  the  expression  of  y  =  ^u/M  as  a  function 
of  aj  =  ^i6,  where 

co'/co  or  K%IK=J{-D), 
and  the  multiplier  l/if  is  complex,  of  the  form 

\IM  =  a  +  hJ{-D\ 
it  is  convenient  to  consider  four  classes  of  D. 
Class  A,     i)  =  3,  mod.  8 
Class  B,     j[)  =  7,  mod.  8 
Class  C,     i)  =  l,  mod.  4 
Class  D,    i)  =  2,  mod.  4 
the  class  for  D  =  0,  mod.  4,  not  requiring  separate  consideration. 
It  is  convenient  also  to  consider  the  discriminant  D  (§  53)  as 
negative  ;  a  change  to  a  positive  discriminant  being  effected  by 
the  method  of  §  59  ;  now  (ji)\l(a.2  =  i^D. 

We  can  also  normalize  the  integrals  (§§  196,  252)  by  taking 
^2'-275'3'=  -1>  so  that  g,  =  ^('-J). 
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Class  A.     i)  =  3,  mod.  8  =  8^  +  3  or  4^n-l,  iin  =  2p  +  l. 

The  relation  connecting  x  and  y  can  be  written  in  one  of 
the  three  equivalent  forms 


r=l 

y-e^  =  M'\x-e^)  11  {x-<p{w^-2rwJn)Y^V, 
y-e^  =  M^(x-e^)  H  {x-<p{o,,^-2mJn)}^^y, 
V=  Il{x-^(2rayjn)}; 

leading  to  the  differential  relation 

Mdy  _  dx 

s/W-g-zV-Qs)  ~  J  i"^^^- 92^ -9s) 
This  verifies  in  the  particular  case  of  ^  =  0,  when 

n  =  S,     J"--=0,     g,^:=0,     llM  =  i(--l+iJS)  =  m; 

and  then  e-^^  =  me2,     e^  =  m\. 

This  is  the  simplest  case  of  Complex  Multiplication, 
mentioned  in  §  196,  and  employed  in  §  227  in  the  determina- 
tion of  the  Trajectory  for  the  cubic  law  of  resistance. 

The  form  of  the  general  transformation  is  inferred  from  the 
consideration  of  the  series  of  values  of  u  which  make 
y  or  ^(ulM)  =  e-^,  e.^,  e^,  and  oo  . 

(i.)  When  y  =  e^, 

=    (g  +  i)(ft)2-ft)/)  +  Kft>2  +  0 

u={(g  +  r+i)a),-(g-r+i)a)/}/{-i+iV^) 
=  ^{{q-\-r-hi)-(q-r  +  i)iJD}i-.l-iJI)) 
_-g-7'-i-(g-r+i)(4ri-l)      q+r+^-q+r-^    , 

—  —  2^0)2  +  27-0)2  ~  ^2  ~  '''(^2  +  ^•Dh'^ 

=  —  2ga)2  +  2^0)2  —  CO2  ~  27^0)3/71, 
so  that  X  or  ^16  =  6^  or  ^((jo.2-h2r(ojn). 

(ii.)  When2/  =  S 

u/A/=(2g-flK  +  (2r  +  l)ft)3 
=  (g + r + 1  )ft)2  -  (g  -  r)ft)2', 
-it  =— 2ga)2  +  2ra)2  —  (2r  + 1)0)3/72, 
^u  =  e^,  or  ^(2r+ 1)0)3/71  =  ^(0)3 -2ro)3/72). 
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(iii.)  When  y  =  e^, 

u=  —  2(^(02+ 2ra)2  —  ^2  —  i^"^ "  ^  )^J^* 
pu  =  e^,  or  f{w2+(2r-l)ooJn}  or  p(wi  +  2ra)Jn). 
(iv.)  When  y=<x> , 

u/M=2q(ai  +  2r(as  , 

u=  —  2gft)2  4-  27'a).2  +  2r(joJn, 
and  ,  ^u  =  p{2rooJn). 

Hence  the  form  of  the  Transformation  is  inferred. 
By  addition,  we  find 

y~      (xP-G^xP-''  +  G^P-K..f 
where  7i  =  2^9+1;   and  we  shall  find  that  A^  =  2G^;  and  the 
^'s  and  (r's  are  symmetrical  functions  of  e-^^,  e^,  63,  and  there- 
fore functions  of  g.^,  g-^or  J;  while  G^  has  the  same  significa- 
tion as  in  §  293. 

By    employing    the    Modular   Equations    given    above,   or 
employing   Hermite's   results   {Theorie  des  equations  modu- 
laires),  we  find 
D=S,      J=0,  g,  =  0,     J{g,-^l)=l,    5^3  =  W3. 

jj  —ii^     j_— — ,    92  —  2'    ^^~~27    ' 

A^  =  2G^=-i(jn-\-i),    A^=         jg"^ — ,    ^3=-^— ^y-~. 

D=19,    J=-2\    g,  =  S,    J(g,  +  l)  =  S,     g,  =  J19; 

A,  =  2G,=  -J19-i,  .42=K25  +  5Vl9),^3=-4(Vl9  +  6i), 

these  values  of  A^,  A^,  A^,  A^  were  calculated  by  Rev.  J. 
Chevallier,  Fellow    of   New  College,  Oxford,  who   has   also 
verified  the  case  of  Z)  =  1 1 . 
1)  =27,     /=- 2^x53 --82,  etc. 

n=S5,  g,=is/HiUo  +  i)Y,  g,+i  =  m(s/o  +  l)r 
i)  =43,     /=-2i2x53,      ^^  =  80,      J{g^-{-l)  =  S\ 

g^  =  Sx7  X  ^43  (Hermite). 
A,  =  2G,=  -6(^43-^^),    ^2=4(279  + 11^43), 

^2=1051+73iV43,   etc. 
D  =51,     J-= -64(5-1-^17)3(^17  +  4)2  (Kiepert). 
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D=67,    J=-2^xo^xn^    92  =  ^4^0,     xA^2  +  l)  =  3x7, 

^3  =  7x31xV67  (Hermite). 
D  =163,  J=-2^'x5^x2S^x29^  ^{g^+l)  =  3x1  xll, 

<73  =  7x  11x19x127x^163  (Hermite). 

Class  B.     D  =  7,  mod.  8  =  8^  +  7  =  4^1-1,  if  7i  =  2p  +  2. 
The  relations  connecting  y  =  ^{u/M)  and  a?  =  pu,  where 

i/ilf=-j+iVA 

are  found,  in  a  manner  similar  to  that  employed  in  Class  A ; 
y  —  e^  =  M'\x  —  e^){x  —  Cg)  11  {ic  —  p{w.2  +  2r(joJn)  }^^V, 

y-e,=  M^'ll{x-^{a)^-2rwJn)Y-^  F, 

2/-e,=  *        M^'n{x-p{co^-{-2rw^/n)y^^V, 

F  =  (ic  -  63)  n%  -  K2rft,3/n)}2. 

As  simple  numerical  applications, 

iJ  =  7,     ^/c/c=g,     »^=-26'     ^2  =  4'     ^2  =  -y-' 

J)  =  15,  ^KK  =  sin  18°  ( Joubert). 

In  these  cases  the  Jacobian  notation  is  almost  more  simple, 
as  given  in  §  308. 

Class  C.     i)  =  1,  mod.  4  =  4'?^  + 1. 

The  relations  connecting  x  =  <^u  and  y  =  p(u/M),  where 
llM=-i  +  iiJD, 
cannot  now  be  rational ;  but,  according  to  Mr.  G.  H.  Stuart, 
we  can  express  the  relations  in  the  irrational  form 


y 


^9  W^f^-^iyn^'^"K"^"2^i"J 

y-piw^      \x-ej   ,.1  /         4^-  +  l     \' 

^""^V        271+ l^V 
a  relation  which  may  be  said  to  be  of  the  order  n  +  ^;  and 
this  is  equivalent  to 


(      ^^'  W 


47'  +  1 

^-^^2¥^^1^'^ 
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Class  D.     D  an  even  number. 

In  this  class  the  simplest  function  to  employ  is  the  sn  func- 
tion ;  for  instance,  with 

K'lK^Jt,  then  /c  =  V2-l; 

sn% 
~~     2  ^ 
and  sn(l-|-i^2)?i  =  (l+?'^2)snu:; o    2.)    ^  >   ' 

where  co  =  K^^  ~  ^^')  \ 

leading  to  the  equations 

A-      " 

\-\-y~\—KX 

\  "^  sn  ft)/ 
1  —  x-y  _  1  —  a;/l  +  /cag  sn  0)^ 
l+/c^     l-fa'Vl— /cajsno)/ 
connecting  a;  =  sntt      and      2/  =  ''5^(l+^x/^)^- 


sno) 


V^+,^ 


Also 


sna)  =  >^(  — ^),     sn^2ft)  =  ^^  __   . 


These  transformations  show  that  it  is  not  possible  to  express 
cn(l-|-i^/2)M,  in  terms  of  cnu,  or  dn(l4-'^^/^)'^  ^^  terms  of  Uy 
by  a  rational  transformation. 

With  ^7^=2,  then    /c  =  (V2-l)-   (i^Tl), 
and  the  relation  connecting  ic  =  snu  and  ;?/  =  sn(l +  2i)it  may 
be  written 


\       sn'^2ft)/\       sn'^4 


_,.      n.x  o^g  .^w.  X       sn'^4ft)/ 

where  co  =  K-^^"  ~  '^-^0  \ 

equivalent  to  the  relations 

I  — y  _  1  —  kx\        sn  o)  I  sn:jft) 

\       sno)/      \       sn3( 


1— yy  __  1— a;  |        sn  2a)  i  sn  4ft) 

l+zcT/TTS  L  ^      a;     I  L X 

\       sn2a)/    \       sn4a)y 
so  that  cn(l-f  2^)it  has  a  factor  dnit,  and  dn(l  +  2/)u  has  a 
factor  en  xi. 

G.E.F.  V 
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When  K'IK=JQ,  then  k  =  {J'i  -  J^^){2  -  JZ) ; 
and  the  corresponding  relation  between  snu  and  sn(l+i^6)'M/ 
to  be  written  down  is  left  as  an  exercise. 

{Proc,  Gam.  Phil.Soc,  Vols.  IV.,  V.) 

It  can  also  be  shown,  in  the  preceding  manner,  that  the 
relation  connecting  x  =  ^ii  and  y  =  p(u/M)  where 

and  D  is  an  even  number  2m,  can  be  expressed  by  the  relations 
r=mr  /  2r  — 1       \^2 

2/  - 63  =  M\x - 63)  n  jic -  ^(wi  -  ^^^^2)]  -^  ^> 

As  numerical  exercises,  we  may  take 
(i.)  i)  =  2,  when  ^2  =  30,  ^3  =  28,  (7i= -1  +  1^2; 
(ii.)  i)  =  4,  when  (72  =  11,  5^3  =  7,     Gi=— 2  +  ^. 

311.  In  conclusion  we  may  quote  from  Schwarz  some 
general  remarks  on  doubly  periodic  functions. 

Every  analytic  function  0%  of  a  single  variable  u  for  which 
-Jin  algebraical  relation  connects  (}i{'w-{-v)  with  (f)U  and  <l>v  is 
said  to  have  an  Algebraical  Addition  Theorem ;  and  then  (ftu 
must  be  an  algebraical  function  of  ^u  (Chap.  V.). 

Every  such  function  is  then  an  algebraical  function,  or  an 
exponential  function  (circular  or  hyperbolic  function),  or  an 
elliptic  function,  which  can  be  expressed  rationally  by  ^Vb  and 
f'u  (Chap.  VII.). 

Elliptic  functions  are  doubly  periodic.  A  function  of  a 
single  variable  cannot  have  more  than  two  distinct  periods, 
one  real  and  one  imaginar}^,  or  both  complex.  For  if  a  third 
period  was  possible,  the  three  sets  of  period  })arallelograms 
obtained  by  taking  the  periods  in  jmirs  would  reach  every 
point  of  the  plane,  so  that  the  function  would  have  the  same 
value  at  all  points  of  the  plane,  and  would  therefore  reduce  to 
a  constant  (Bertrand,  Galcid  integral,  p.  602). 
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Abel,  in  generalising  theJie  theorems,  was  led  to  the  discovery 
of  the  hyperelliptic  and  Abelian  functions. 

Thus  ii'  X  in  §  169  is  of  the  fifth  or  sixth  degree,  we  obtain 
functions  of  2  variables  and  4  periods;  if  of  the  7th  or  8th 
degree,  of  3  variables  and  6  periods;  and  generally,  if  X 
is  of  the  degree  2p  +  l  or  229+2,  there  are  p  variables  and 
2p  periods ;  but  this  would  lead  us  beyond  the  scope  of  the 
present  treatise,  and  the  reader  who  wishes  to  follow  up  this 
development  is  recommended  to  study  Professor  Klein's  articles 
'* Hyperelliptische  Sigmafunctionen"  Math.  Ann.,  XXVII., 
XXXIII..  etc. 


APPENDIX. 

I.  The  Apsidal  Angle  in  the  small  oscillations  of  a  Top. 

The  expression  given  by  Bravais  in  Note  VII.  of  Lagrange's 
Mdcaniqijue  analytique,  t,  II.,  p.  352,  for  the  apsidal  angle  in 
the  small  oscillations  of  a  Spherical  Pendulum  about  its  lowest 
position  is  readily  extended  to  the  more  general  case  of  the 
Top  or  Gyrostat,  if  we  employ  the  expression  on  p.  261,  §  242, 
as  the  basis  of  our  approximation. 

We  divide  the  apsidal  angle  ^  into  two  parts,  "^^  and  "^g* 
such  that  i^^  =  at]^  —  co-^^a, 

i'^^=hr]^-o)^^b; 
and  now  put  a  =  0)3  — 80)3,     h  =  a)^  +  q(ji)^, 

where  q  and  s  are  small   numbers ;   so   that,  expanding  by 
Taylor's  Theorem  as  far  as  the  first  powers  of  q  and  s,  we  may 

put  f  Ot  ^  »73  +  S««>3  ^^3  =  ^3  +  ^^3^3' 

and  now,  by  means  of  Legendre's  relation  of  p.  209, 

But,  from  equation  (B),  §  51, 

dnV(^i-63>^  =  ^^^'^^^'  =  l--^^^^ 

^1  ~"  ^3  ^1     ^3 

so  that,  integrating  between  the  limits  0  and  Wj, 

^1^1  +  f(«i  +  ^3)  -  f^3  =  (^1  -  (^s)/^^W(^i  -  es)udu, 

0 
or  r]^-{.e^(jo^=     ^(e^  — Cg)^  (Schwarz,  §  20). 

Also  (§51)      (^1-^3)0)1=     J{e^-e.,)K', 
so  that  tj^  +  ggtoi  =  —  ^{e^  —  e^){K — E) ; 

and  therefore  i"^^  =  i^tt  +  soa^^^if-^^  —  e^)(K — E) , 

i%=  gwgVK-eg)^. 

340 
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But,  from  §  210,  when  a  and  /3  are   very  nearly  tt,  their 
approximate  values  are  given  by 

since  ^"w^  =  2{e^  -  e^){e^  -  e^), 

and  K^^  ^^^^^    k"'  =  ^-^^^  (§  52) ; 


C0t2J^  = 


K^ 


e,—e, 

K 
K 


1        ^2 
'2 


and  therefore  (e^  —  e^s^oo^  ^  — ^  cot^  Ja  cot'^  ^^8. 

Also  (§  210) 

G  +  Cr~  —p'a~  —  pXo).^  —  swg) 

ga)3^"ft)3_gei-e2_gy^ 


^  SWg^'wi       8  ^2  —  63      S  K^  ' 


SO  that        (ei--e3)gV^  -  ((JX^j  "^ ^ot^ Ja  cot^^. 

K—E 

Therefore  "^^ :;:;:  |-7r  + — ^ — '^'^o*'  i«  c^*'  2/^' 


^^^s+syz^^^i"""'*^- 


But,  ultimately,  when  k:  =  0  and  /c'=l, 
then  ^=j7r,  and  \i{K-E)!K''  =  \ir  (§  11,  170); 

so  that  "^i^i  ::::^  Jtt  +  ^tt  cot  la  cot  ^^, 

"^2^  (rr^^fJJTT  cot  Ja  cot  J/3. 

This  reduces  for  the  Spherical  Pendulum,  in  which  C^r  =  0,  to 
^::::  i7r(l  +f  cot  |a  cot  J/3):::::  |';r(H-|  sin  a  sin  ^), 
when  a  and  ^8  are  nearly  tt,  thus  agreeing  with  Bravais's  result. 

When  a  =  'jr  and  G  +  Cr  =  0,  this  approximation  fails;   but 
the  student  may  now  prove  that  the  apsidal  angle  is 


^^{^-V(4ftv^Jf 


This  will  be  the  apsidal  angle  when  the  Top  is  spinning  in 
the  vertical  position  with  small  angular  velocity  r,  and  is  then 
struck  with  a  slight  horizontal  blow. 
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II.  The  Motion  of  a  Solid  of  Revolution  in  infinite  friction- 
less  liquid. 

The  reductions  of  the  Elliptic  Integral  of  the  Third  Kind 
in  §  282  in  consequence  of  the  relation 

a-\-b  =  Wa, 
in  connexion  with  the  Top  and  Spherical  Pendulum,  are  useful 
also  in  constructing  degenerate  cases  of  the  motion  of  a  Solid 
of  Revolution  in  infinite  liquid,  as  mentioned  in  §  211. 

We  refer  to  Basset's  Hydrodynamics,  Vol.  I.,  Chapters 
VIII.,  IX.,  and  Appendix  III.,  also  to  Halphen's  Fonctions 
elliptiques,  IL,  Chap.  IV.,  for  an  explanation  of  the  notation ; 
and  now  T  the  kinetic  energy  of  the  system  due  to  the 
component  velocities  u,  v,  w  of  the  centre  0  of  the  body  along 
rectangular  axes  OA,  OB,  00,  fixed  in  the  body,  00  being  the 
axis  of  figure,  and  to  component  angular  velocities  p,  q,  r  about 
OA,  OB,  00  is  given  by 

T=iP(u^  +  v^)  +  iRiv'^  +  iA(ip^+q^)  +  iOr^  (A) 

(to  which  the  terms 

P'{up  +  vq)  +  P'wr 
may  be  added  in  the  case  of  a  body  like  a  four-bladed  screw 
propeller,  or  like  a  rifled   projectile  provided  with  studs  or 
spiral  convolutions  on  the  exterior). 

Then  the  Hamiltonian  equations  of  motion  are 

_^9r__   dT      dT_ 

dtdv    ^dw^''du~^' ^"^^ 

ddT      dT      dT     „ 

S9S-^9^+^bT  =  ^'  (^) 

ddT      dT  ,     dT       dT  ,     dT     J. 

dt  dp        dq      ^  dr         dv         dw  ^  ^ 

d  dT      dT  ,    9T      dT  ^    dT    ,, 

-j7^ JP;5-+r^ u- — \-w^    =M, (o) 

dtdq      ^  dr         dp         dw        du  ^  ^ 

ddT       dT  ,     dT       dT  ,     dT     ^^  ■ 

5^97-^9p+^9g--^9lZ  +  ^9^  =  ^-   ^^^ 

When  no  forces  act,  so  that  X,  Y,  Z,  L,  M,  N  vanish,  then 

equation  (6)  shows  that  Or  or  r  is  constant. 

Multiplying  equations  (1)  to  (6)  by  u,  v,  xu,  p,  q,  r  in  order, 

adding  and  integrating,  shows  that  T  in  (A)  is  constant. 
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9T   -dT   dT 

du*  dv'  diu' 


7sT    7)T    7)T 
Multiplying  (1).  (2),  (3)  by  .-,  — ,  5-,  addins  and    in 


tegrating,  proves  that 

(-— )  +{-.-)  +1.^—)    ia  constant;   or 

P%ii^-{-v^)  +  Rhu'  =  F\  (B) 

F  being  a  constant,  representing  the  resultant  linear  momentum 

of  the  system. 

Similarl}^  it  is  shown  that 

dTdT    dTdTdTdT.         ^    ^ 

h;^-  ^r-  +;:r-  ^—  is  constant ;  or 

AP{up  +  vq)  +  GRwr=G,  (C) 

where    G   is   a   constant,  representing  the  resultant  angular 
momentum  of  the  system. 
From  equations  (A)  and  (B), 

A{f^-q^)  =  '^T-  Gr'~  -  Riu^  -  P{u^  + 1;^) 


^2T-Cr^~+F^{^-^{F-'-Rhv') 


and,  from  equation  (3), 

so  that  %u  or  Rw  is  an  elliptic  function  of  t. 

Taking  the  axis  Oz  in  the  direction  of  the  resultant  impulse 
F,  and  denoting  by  y^,  y^,  y^  the  cosines  of  the  angles  between 
Oz  and  OA,  OB,  00,  so  that 

Pu  =  Fy„     Pv  =  Fy^,     Rw  =  Fy,; 
then,  with  Euler's  coordinate  angles  6,  </>,  yjr, 

yj=  —  sin^cos^,     y.^  =  sinOsin^,     y3  =  cos0, 


P(up-{-vq)  =  F sin  6(— peon <p  +  q  sin  (l))  =  Fsm^9  T  ^ 


so  that 


dt  ~     AF  sin^d 
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2AF    l+cosO^    2AF     1  ^ cos e~  dt  '^  dt  ' 
suppose ;  and  then 

d<h  AyJr     (.      C\       0 Ft -G  cos  6 

dt  dt      \      AJ  AFsm^Q 


=('-S 


^  di       dt 


The  equations  given  by  KirchhofF  (  Vorlesungen  uher  mathe- 
matische  Physik,  p.  240)  for  a,  ^,  y,  the  coordinates  of  0  with 
respect  to  fixed  axes  O'a,  0'/3,  O'y  (O'y  parallel  to  Oz)  are 

^«=    A-f+^+Z^sl^^ (7) 

dT        sr        dT 
^^=-«i^""23^-«^9r^' (^> 

dt  du        dv         dw  ^  ^ 

where  a^,  a.^,  ag  denote  the  cosines  of  the  angles  between  O'a 
and  OA,  OB,  DC;  and  ^j,  ^^,  fi^,  the  cosines  of  the  angles 
between  0'/3  and  OA,  OB,  00. 

Expressed  b}^  Euler's  coordinate  angles, 

Oj  =  cos  0  cos  0  cos  i/r  —  sin  ^  sin  i/r, 
02  =  —  cos  0  sin  0  cos  xjr  —  cos  ^  sin  i/r, 
ag  =      sin  0  cos  xjr ; 

/3i=     COS0COS0  sin\//"  +  sin  ^cosi//-, 
^2  =  —  cos  0  sin  ^  sin  i/r  +  cos  ^  cos  l/r, 
/^g  =     sin  0  sin  \/r ; 
while  ^  =  sin  ^  0  —  sin  0  cos  <p  \jr, 

g  =  cos0^  +  sin  ^sin  ^i^, 
r=  0  +  cos^i/r; 

so  that,  after  reduction, 

Fa=Acos\lrO  +  {Cr  —  A  cos  6 i^)sin  0  sin ^, 
i^/3  =  ^  sin  ^  d  —  (0?'  —  J.  cos  0  \jr)sm  6  cos  \^, 

4r  =  5sin^0+Jcos% 

Writing  Fx  for  i^cos  0  or  Rw,  equation  (D)  becomes 

suppose,  where  ^^*^ /I  \7?~"  p)* 
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Denoting  the  roots  of  the  quartic  X  =  0  by  Xq,  x^,  x^,  x^, 
we  may  put,  according  to  §§  151,  152, 

X  ""  Xr^  I 

x-x  =-^:f^  ^-^11^2, 

and  now,  when  x  oscillates  between  ojg  and  x.^, 
u  =  nt  +  6D3. 

The  letter  u  has  been  used  here  in  two  senses,  to  agree  with 
the  ordinary  notation ;  this  need  not  however  lead  to  confusion. 

Differentiating, 

x  =  ^(u  +  c)-C{w-c)^^2c 
^1  p{u-c)-^''2c 

2  ^(u  — c)  — ^2c 
^1  pXu-c)-{-p{u  +  c) 

2  ip{u-c)-p(u-{-cy 


X 


<^2c  -\r9k^-c)-\-  K'"'  +  c)  ; 


so  that  we  must  write  v  for  2c  and  u  for  u  — c,  to  agree  with 
Halphen's  notation. 
Now,  to  determine  y, 

=  -p +^ti"^{^2c  +  ^(u--c)  +  K^+c)}, 
Py=(^+^^-^2c)i^-^7i{f(u-c)  +  f(u+c)} 

so  that,  in  a  complete  period  2a)i  of  the  motion,  the  point  0 
will  have  advanced  parallel  to  O'y  a  distance 

/  F^  \ 

also  (§  162)  6j32c  =  coefficient  of  —x^  in  X. 
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We  now  suppose  that  u  =  a  makes  :c=l,and  u  =  h  makes 
x=—l;  then 

l-^^    -pX^u-pa)      ^  .     ^     -P'c(pb-pu) 
(pa-pc)(ipu-pcy  (pb-pc)(pv.-pcy 

f'a  f'c    _  _  .G-GFr     p'b  p'c    _  .O-^-GFr 
(pa - pcf  ~     ^   AFn  '  {<pb - fcf  ~ ^^AFn  ' 
Then 

du       (pa  —  pc)(pu — pa) 

pa  —pcpw  —  pa 

-Ui'^-a)  +  il(u+a)-^a; 

^y  III  ~~  af 
and  similarly 

ii^.=  -im-o)  +  ^(b  +  c)}u  +  i\og^^^y, 
and  therefore 

where 

Also 

sm'e  =  l-x-={l-\-x)(l-x) 

^      phjpu  -  pa)(ph  -  pu) 

(pa  -  pc)(pb  -  pc)(pu  -  pcf 
_  (r^2ca(u  —  a)(T(u  +  a)(r(b  —  ii)(r(b-{-u) 

~  cr{a  —  c)cr{a  -\-  c)(T(b  —  c)ar(b  +  c)cr\u  —  c)or^{u  +  c)* 
so  that 

cr(tt  — c)(7(u  +  c) 
giving  the  projection  on  a  plane  perpendicular  to  Oz  of  th& 
motion  of  a  point  on  the  axis  DC,  relatively  to  0 ;  also 
P(u+vi)-=  -FsinOe-'f'', 

p  +  qi  =  (-8me\l/'  +  ie)e-f'\ 
We  find  also,  as  in  §  224,  that  if  the  values  a^  and  b^  of  u 
correspond  to 

then  ttj  —  6i  =  a  —  6. 
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But  now  introduce  the  condition 

when,  according  to  §  282,  x/r  becomes  pseudo-elli'ptic. 
Putting     i=t^r.-^M^^J^, 


and,  employing  h  instead  of  a,  this  may  also  be  written 
SO  that  1+^^.1+^,^1-^.,.1-a.v 

I+CCq.  l  +  X^       l-i»o-  l-^a 

and  therefore  each  is  equal  to  —1,  and 

iCo.'r„4-a:^a^+2  =  0, 
since  XQ-\-Xa+x^-{-Xy  =  ()\ 

and,  changing  to  the  complementary  angle, 

#=tan-iJ?-=-^^-:-^^^ 
-sin    y     ^_2^2       -CO.S    y      2-2.X*      ' 

with  iCa  >  aJ^  >  i»  ^  iC7  >  a^o- 

Differentiating, 

g^ ^^+^X1  ±||^a ±^^>     v^hile  f^  =  nJX, 

so  that  g^^^^+^7-(l+^^%)^_^^(^^^^^) 


=  Jn(a;o+^a)-'Ji'  ,       o 


a;o+a?a-(l+a^oa?a)a; 
1 


provided  that    n{xQ + aja)  =  G/A F,    n(  1  +  XqXo)  =  Cr/il . 

The   quartic   X  must   therefore   break    up    into    the    two 

,    ^.        ^      Gx    ,   Cr     ^  1       o  ,    Gx      Cr     ^  , 

quadratics  x^  — ttt  +  -^ 1     and     x-  +  -r-^ r ""  *^  5   *^' »" 

^  AFn     An  AFn     A 

so  that  the  requisite  relation  when  a  +  h  =  wa,  is 

22._a,-^_^=^^iA (K) 
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Now 

'    ^  '    j^       IxB—x.x  —  Xy       /fl/-,  .   Or     GcosO         „Al 

so  that       sm^^  siii  2f  =  ^Z,     sin^^  cos  2f  =  ^     — ; 

and  ^=mt  —  \l/', 

where  m  =  j7i(a;o+i:ca)  =  i6^Mi'. 

Also,  from  (7)  and  (8), 

F(a  cos  \/r  +  /3  sin  i/r)  =  JL^ 

=  A  n^X/sin  0  =  J.-^  sin  0  sin  2^ ; 

F(a  sin  \l/-  —  /3  cos  \[/)  =  {Or  —  A  cos  0\fr)sm  6 

GrF-G cos  0  a      -    ^       ^. 

— __ —  —  _  —jifi  sin  6  cos  2s. 

Fsm  0  ^ 

Therefore      Fa  =  An  sm  0(sm  2^ cos  ^/r  —  cos  2^ sin  \/r) 

=  An  sin  0  sin(2^— i/r) 

=  J[?i  sin  ^  sin(297i^  — 3-v/r)  ; 

F^  =  An  sine  cos(2^- 1/.)  ' 

=  An  sin  ^  cos(2m^  —  3i/r), 

Now  in  the  motion  of  a  point  on  00,  relative  to  0, 

sin  0  e'^  =  sin  0  cos(mt  —  ^)-{-isin  Osin{mt  —  ^) 

=  ^lmtf     k'-'^O'Xa-X       .     lx^-X.X-Xy\ 

where  x  =  cos  0. 

When  h  —  a  =  way  and  ylr-^  —  yp-^  or  ^  is  'pseudo-elliptic,  we 
shall  find  that  G  and  (7r  are  interchanged,  and 

n{xQ-\-Xa)  =  GrlA, 
n{l+x^Xa)  =  GIAF', 

and  then  2T-0r^-  ^  =  0  ;  (F) 

XL 

so  that  P2(u^  4-  v')  =  F^sin^e, 

p--\-q^  =  nhin^O. 
As  a  numerical  exercise,  we  may  take,  in  addition  to  (F), 
G  =  4>AFn,     Or  =  2j7An ; 
then  X  =  ir4-30ic2+16V7a;-15 

=  {x'  -  2j7x  +  :^)(x^  +  2  V7a^  -  5) ; 
^0=^7  +  2,  a-3=-V7  +  2V3,  a;2  =  V2/-2,  0,-,=  - ^7-2^3; 
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pc  =  2^7  +  3,        pc  =  -  8^7  -  20,  p2r  =  5,  p'2c  =  4^7. 
Now  we  shall  find  that 

sin30  cos  S{nt  -  x/.)  =  ( -  {j  +  J7  cos  0  -  J  cos^e)^ 
sin^O  sin  8(71^-1/.) 

=  ( J^7  _  2  cos  0+  hj7  COS20)V($  -  >v/7  cos  0-  i  C08«f)). 


MISCELLANEOUS    EXAMPLES. 

1.  Construct  a  Table  exhibiting  the  connexion  between  the 
twelve  elliptic  functions 

sn  u,  ns  ti,  dc  u,  cd  u  ; 
en  u,  ds  u,  nc  u,  sd  u  ; 
dn  u,         cs  u,  sc  u,        nd  u. 

2.  Construct  a  Table  of  the  values  of  the  sn,  en,  dn  of 
u-\-mK-{'nK'i  in  terms  of  sni6,  en 'it,  dnu;  also  of  the  elliptic 
functions  of  ^{mK+nK'i),  for  m,  7i  =  0,  1,  2,  .... 

3.  Prove  that,  accents  denoting  differentiation, 
(i.)  sn  u  dn"u  —  sn"u  dn  u  =  sn  it  dn  u,  etc. 

{snu)\  snw-sn'u,  (snuy 

(ii.)  (cnu)2,  cnucnX  (cnu)^ 

(dnuf,  dnudn'u,  (dniif 


=  /%ni6cnudnu. 
(G.  B.  Mathews.) 


4.  Denoting  by  (m,  n)  the  function 

sn  (U,n  —  Un)cr\  (Urn  +  Un) 
Cn  {Um  —  Un)sn{Urn  +  U„)' 

prove  that 

(4,  1)(4,  2)(4,  3)(2,  3)(3,  1)(1,  2)  +  (4,  1)(2,  3)  +  (4,  2)(3,  1) 

+  (4,  3X1,  2)  =  0. 
Denoting  hy  A,  B,  C  the  functions 
8n{t  —  xyT\(y  —  z)     iin{t  —  y)m(z—x)     sn(^  — g)3n(a;— y) 
sn{t-^x)sn{y+zy    sn{t  +  y)iin{z+xy    sn(^  +  0)sn(a;  — ?/)' 
prove  that  ABC-\-A+B+C=0. 
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5.  Prove  that 

yr2u 
K  sn  vdv  =  2  tanh  -  \k  sn^u). 

0 

(ii.)  /K8n(2u-{-a)du  =  t&uh-^{Ksnum{u-\-a)}. 

0 

(iii.)  /log  Ds  u^it  =  JxiT'  —  hK  log  l//c. 

0 

6.  Determine  the  orbit  in  which 

P  =  h\u^'{-aV),  the  apsidal  distance  being  a. 

7.  Rectify  r^  =  (xWfa 

8.  Prove  that  the  perimeter  of  the  Cassinian  Oval  of  §  161 

""*•'   *^.'-W('-?)-W('-S). 

or  4aif,  ''=2^Jv'^Jy~2^lv~Jy' 

and  draw  the  corresponding  curves. 

9.  Prove  that  the  length  of  the  curve  of  intersection  of  two 
circular  cylinders,  of  radius  a  and  6,  whose  axes  intersect  at 

right  angles,  is     8a  /      ( -i  _  2  •  2^)  ^0'  '^^  =  ^V^^  J 


and  verify  the  result  when  a  =  b. 

10.  Prove  that  K  and  iT'  satisfy  the  differential  equation 

A 
d/c 

Deduce  the  relation 


.K-'^)f}-i^=^- 


dKj.,     ,AK' 


dk  dk     ^k(\-k)' 

and  thence  deduce  Legendre's  relation  (§  171). 

11.  Prove  that  zj^  and  CTg  of  §  252  satisfy  the  differential 

equation  ,/(J-l)— +^  dJ^m  =  ^' 

12.  Deduce  the  Fourier  series  for  snu,  cnu,  dnu  of  §§  266, 
267  from  the  series  for  Zu  of  §  268,  making  use  of  Landen's 
Transformations  and  of  equations  (28),  (29),  (30)  of  §  264. 
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13.  Prove  that 

...   fu     g?7^  +  tt)i)     pV  +  ft>2)  .  P"(^  +  fa)3)^Q. 

14.  Prove  that,  if  a  variable  straight  line  meets  the  curve 
in  (a?!,  2/i)(«2, 2/2X^3*  2/3)'  ^^len  (§  166) 

:Vi      2/2      2/3 

15.  Denoting  the  integral 
xydx 


f 


y^  —  ax 


by  fa;, 


where  2/  is  given  as  a  function  of  x  by  the  equation 

x^-\-y^—^axy  =  l, 
prove  that,  for  three  colli  near  points, 

fiCi + fiCg + fiCg  =  3a. 

16.  Prove  or  verify  that,  with  g2  =  0j  the  solution  of  Lamp's 
differential  equation 


(^^•)  .,.//2  =  6^^t  +  V(%3)  is  2/  =  F^-W(%3); 


1  c?22/_, 

(Halphen,  M^moire  sur  la  reduction  des  Equations  diffSren- 
tielles,  1884.) 

17.  Determine,  by  means  of  elliptic  functions,  the  motion  of 
liquid  filling  a  rectangular  box,  due  to  component  angular 
velocities  about  axes  through  the  centre  parallel  to  the  edges. 

(Q.  /.  M.,  XV.,  p.  144  ;  W.  M.  Hicks,  Velocity  and  Electric 
Potentials  betiveen  iiarallel  'planes,  p.  274.) 
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18.  Prove  that,  with  a;  =  jTrw/co  and  A  =  irjlco  (§  278), 

and   thence   convert   the   formulas  (M)   to(T)  of  §  249   into 
Jacobi's  notation. 

19.  Prove  that  (§  264,  20*) 

r=oo  7/1=00 

IIQ=    n(l-^2r)^    Xg^n^+m^ 

r=l  m=0 

J  (6m+l)2 

20.  Prove  that 

^_  tanh^TriTVir 

^'"•^  ix~        ■^\anh2(7-J)7rir7ir 

21.  Prove  that,  in  Appendix  IL,  p.  346, 

^2c-K^x~6)==^^^2— 2' 

^^''^^^  =  MFn\-Am^^ A^^ )' 

Work  out  the  case  of 

rr^Gr''-F-yR  =  {i, 
G  =  2AFn,     Gr=2j2An. 
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